ALGEBRAIC MANIPULATION

P H.CFand L.CM

D Basic Operations on Algebraic Fractions
» Square Roofs of Algebraic Fractions

After completion of this unit, the students will be able to:

» find highest common factor (HCF) and least common multiple (LCM) of algebraic expressions.

» use factor or division method to determine HCF and LCM." -
» know the relationship between HCF and LCM. =

» use HCF and LCM to reduce fractional expressions involving +, —, x, +.

» find square root of an algebraic expression by factorization and division.




3.1 HIGHEST COMMON FACTOR (H.C.F) AND LEAST COMMON
‘ MULTIPLE (L.C.M)

3.1.1 Highest Common Fadior {(H.CF)

Tﬁe'highest commbn factor of two or more algébraic expressions is the
~ expression of highest degree which divides each of them without
remainder.

The abbreviatipn of the wofds highest common factor is H.C.F.

a1 We can find the H.C.F of two or more than two algebraic expressions
by the following two methods:

(i) Factorization

(i) Division

H.CF BY FACTORIZATION METHOD:

Method of finding highest common factor by factorization is explained
by the following examples:

 EXAMPLE-1
‘J F lndthe H.C.F of-l_ 12p3 qz’ 3p2qr3-and 4p2q3r
i S e
" ~ SOLUTION:

Eégﬁt‘é‘rjliz‘atian‘of, 12p°¢% =RxPx 3x plx [plx p x4 % q

X FxXrxr

gxqxr




EXAMPLE-2
Find H.C.Fof 2x* +3x+1, 2x* +5x+2 and 2x* —x—1
SOLUTION:

Factorization of 2x* +3x+1 = 2> + 2x+x+1
=2x(x+1)+1(x+1)
= 2x+1) (x+1)

Factorization of 2x’ +5x+2 = 2x° +4x+x+2
=2x(x+2)+1(x+2)
= (2x+D) (x+2)

Factorization of - 2x? —x—1 = 2x* = 2x+x—1
=2x(x-1)+1(x-1)
=2x+1) (x—1)

Common factor = 2x+1

Thus HC.F = 2x+1 .

EXAMPLE-3

Find H.C.Fof  24(6x* -x’ —2x*) and 20(2x® +3x’ +x*)

SOLUTION: Let P(x) = 24(6x* —x’ —2x%)
= 24x%(6x* —x-2)
= 24x°[ 6 —4x+3x -2
= 24x7 [2x(3x - 2) + 1(3x— 2)] |
P(x) = 24x*(2x+ 1) (3x—2) = 2 x2x3xx’(2x+1)(3x=2)
Also let O(x) = 20(2x° +3x° +x*) 3
= 20x*[ 2 +3x+1]
= 20x*(2x7 + 2x+x+1)
= 20 [ 2+ D+ 1+ D) |
=20+ D) (2x+ 1) _
=2 x5xx’ xx}(x+1)(2x+1)
Common factors = 2* xx* x (2x+1)
Thus H.C.F = 4x* (2x+1)
59




R EXAMPLE=4
| Find H.C.Fof x> -4, x> —7x+10 and x* +x—6

SOLUTION: Factorization of x* -4 = (x-2) (x+2)
Factorization of x° —7x+10
: 2 : =x?—5x—2x+10
: : ‘ = x(x—-5)-2(xx-35)
=(x-3) (x-2)
Factorization of x’+x—6
L . =x’+3x—2x—6
i ' = x(c+3)—2(x+3)
- s L =G+3) (-2
Common factor = x—2 '
ThUSSHICF =X = 2

EAERCISE - 3.1

Lk

2 6pgr, 15grs 4
e A }1442-’”: 2lab’

6 4abS, 8a’be, Gab'e




H.C.F BY DIVISION METHOD

In order to find the H.C.F by division method, arrange the given
expressions in descending powers of the common variable.

Divide the Iarger degree polynomial by another one. Get the remainder.
Take the previous divisor as the dividend and this remainder as the
divisor. Divide and get the remainder.

Go on repeating the process till we get zero as the remainder. The last
divisor is the required H.C.F.

EXAMPLE-1

-Find the H.C.F of (x> —x’ +x—1)and (x = x* —=3x+3)
by division method.
1

2 -x?+x-1 |x3—x2‘—3x+3

SOLUTION:

Pl txxl
—4x+4 =—-4(x-1)

Now dividing- —4x+4 by —4, weget x-—1
5 2]
x—1l¢-x?+x-1

Thus HC.F = x -1

Remember that:

H.C.F is not affected by multiplying or dlvndlng the polynomials
with any number during the process of finding H.C.F.

61



EXAMPLE-2

FlndHCFof 23 +6x +5x+2 5%} +10x —3x—6 and
3x +6x +2x+4

w S :
SOI.UI'!ON: a2l « b 5
2 2x +6x2+5x+2 5% +70x* = 3x—6
fes! o
; ' X2
105 +20x° —6x— 12
+ 10x3 +30x% + 25x + 10

—10x2 —31x-22

~ Now dividing — 1 0x* —31x—22 by ~I’, we get 10x° + 31x+ 22

x—1
1087 +31x+ 22 [0 + 6¢° +5x+2
. s
e e S 10+ 30x% 4 25% 510
L AT 210 £ 3057+ 22x
ok ' —x° +3x+10
x10
_ —10x? + 30x+ 100
R  FI0X° F3IxF22
e ’ 61x+122

s

122 by 61, we get x+2

: P)-t.m.;
.“. iﬁm"ﬁh 'g'!i § P




" Now 3x% +2

x+2 137 +6x2 +2x + 4
+ 3x’ +6x°
2x+4
+2x+4
0

Thus HC.F = x+2

EXAMPLE-3

If x—a is the H.C.F. of x> —~x—6 and x’ +3x—18 then find the
value of a.

SOLUTION: Clearly, (x — a) divides both x’ —x—6 and x° +3x-I8,
so x = a makes both polynomials zero.

ie. a>—a-6 =0 and a’+3a-18 = 0
a’-a—6 = a’+3a-18
4a = 12
a=

Divisor

A polynomial D(x) is called a divisor of a polynomial P(x),if
P(x) = D(x). Q(x)for some polynomial O(x). <7

3 "—f,-sW? ‘
For example: ToEER R
Let'P(x) = (x—2) (x+3) ‘and"D_(x) = x—2 ek wr‘“. qrﬂ”
! A &

then clearly D(x) is a d:wsor'.offl(;c) e nm 5 ”w mﬂ .

Since P(x) = (x—2) (x+3)
= D(x). Q(x) where O(x) = Jssr}ér




JEXERGISE 3.2

Find the H.C.F by Division Method.

I x'+x2+1, x*+xX>+x+1

2. 6°+7%° —9x+2, 8x4.+6x3 —15%7 +9x -2

38 4 +2x" —6x , 4’ —8x+4

4 XP+7°+12x , X —2x"—I5x

| 5. X¥—x?—x+1 B O ]

6. x° —xz—x.-z X +3xP—6x—8

7/ ¥2+3x—4 X —2x*—2x+3

8. 3¢’ —14x" +9x+10 , 155 —34x* +2Ix 10

9. '+ 0+ 4x+2 , 67 +5¢° +x, '+ 3 4 xP + 2+ 1

10. P +x* —5x+3 , X’ ~7x+6 , X’ +2x° - 2x+3

3.1.2 Least Common Mulfiple (L.C.M)

The least common multiple of two or more algebraic expressions is the

expression of lowest degree which is divisible by each of them without
remainder.

The abbreviation of the words least common multiple is L.C.M.
We can find the L.C.M by factorization method:

LCM BY FACTORIZATION:

— i, To find L.C.M by factorization, consider the following examples:
el ¢ "




EXAMPLE-1 |
Find L.C.M of 12p’q’, 8p°qr’ and 4p’e’r
SOLUTION: g 5
Factorizaﬁo‘n of 12p°¢* =(2]x{2]x 3 x [p]x

Factorization of ~ 8p°qr’ =|2|x1{2|x 2 x/p|x

Factorization of  4p’q’r=12)x|2/x/p

L.C.M = Product of common factors X product of uncommon factors
= (2 xp’xq’ xr) x 2x3x% pxgxr? )
= 4p q r><6pqr
= 4x6poXPXq2xq5<r$<;'2
LCM = 24p°¢°F

Remember that:

Common factors are not repeated whlle taklng product of
common factors.

EXAMPLE-2
Find L.C.M of 18ab’c’, 6ab’c’ and 24ab’c’.

" SOLUTION: | |
Factorization of  [8ab’c’ =

Factorization of  6a%bc’
Factorization of  24ab’c? =

Thus L.C.M = Product of common factors x product of uncommen.faetors‘ it

= (2_x3xaxb2xcj)x(_2_><2x3xa)

E (6ab IR (20) e o sl
LGM;=Teabics | . e n..:l '




EXAMPLE-3 . |
Find L.C.M of x*—49 and x’ —4x-2I
SOLUTION: - 249 =x2-72
: : = (G-7) (x+7)
and x*—4x-21 = x> —7x+3x-21
= x(x=7)+3(x-7)
=@x-7) (x+3)
| c':ommbn factor = = x-7
~Product of. uncommon factors = (x+7) (x+3)
L. CM = Product of common factors x product of uncommon factors
' = x-7)x(x+7) (x+3)
= =77) (x+3)
=’ -49) (x+3)
LCM =x" +3x* —49x— 147 .

Exsnmse =33

§

. 3a'b’c? , 5a°b°c’
4 x'yz , 0’z , xy’
6 %64, 16

8y 9g;+32 y+y o ||

s‘v.

,rlo(ax S AN

= i -_flz. x.? 1.. &3‘) H‘J‘!"'fy(\”\ -6-+ y6




3.1.3 Relationship between HCF and LCM

If 4 and B are two algebraic' expressions and H.C.F. and L. C M 6f

these is represented by H and L respectively, then the relatlon among
them can be expressed as:

- [4xB = HxL]
It is called a formula between L.C.M. and H.C.F.

PROOF: Suppose that

A B
—=x and —=y
H H
A = HxS S S (i)
B=Hy ... (ii)

Since there is no common factor between x and y- .

. Therefore L = Hxy

HL = H(Hx.y) (Multiplying both the sides by H)

= (Hx).(Hy)
HL = AB.
_ Important results:
oo
w o
w 4-5k

Note. If 4 and B are two algebralc expressions, | then we find H C. F
first, before finding the L. CM B AT e e ,,;1

IfH.C.F of two algebrau: expressrons is given then we can‘i 3% ;
find L.C.M. B b S i

87 -



EXAMPLE-1

- L.C. M and H.C.F of two algebraic express:ons is 2x+1) (-1
. and (2x+ 1) respectively. If one expression is (x—1) (2x+1), then
" find the other.

~ sowmioN: L = 2x+1) (> 1)
' H=2x+1
A=GE-1) (2x+1])
Bli=7-
We havethat AxB = HxL

HxL
A

e

_ (2x+1]) ﬁcz—.l) (2x+1)
(x-1) 2x+1)

_ x4 DE+1) G=DEx+ 1)
(=D (2x+1)

B=(x+1)(x+1)

EXAMPI.E-z : i
~ The H. .C.F of two polynomials is (x+ 3) and the:r L.CMis

S X —7x+6. If one of the po!ynomtals is (x* + 2x - 3), then find
=1 A the other |

X 42— 3m
i ‘-x :F3x +2x°
A s '-_,2x’--4x-{-26 . oo
. T2 THt6
M0 bin

',
Bl



EXAMPLE-3

Product of two expressions is x* + 3x° — 12x — 20x+ 48 and their
L.C.M s x* +5x* —2x—24. Find their H.C.F. 3

SOlU"TlON.- Giventhat AxB = x* +3x° -'-'Isz —20x+48 '.

L=x'+5"-2x-24

H = - i e LA
LxH = AxB

ol =.AxB'

L
X3 12— 20x+ 48
H= : .
X +5x7 —2x-24
b

X5 = 2x—24 |x‘+3x —12x° —20x+48
sxfesdgolgom
-2x’ - 10x* +4x+48,

T2 T I0x £ 4x 48




E XERCISE _ 3.4
Find the H.C.F and L.C.M of the Following.

L P4+x?+x+1, X =xP+x=1 .

i x3.—'3x2—4x+12 : x3—x2—4x+4

3 2842 4x4l, 2 -2 a1

4 6’ +7x° —9x+2 , 8" +6x° —15x" +9x-2

5. 3x* +‘17x3+27x2+7x—6 S 6xt 47 =272 +17x -3
6. 2x 300 —13x2 —7x+15 , 2" +x° —20x7 —Tx+ 24
1. = x+1 = JE

8t e 7 axttx —x—1

Find the Requ'ired Polynomial. .
9. A—x—5x 14 , H—x 7, L=x-10x* +]1x+70 Bi="12

10. B—3x’+14x+8 H=3x+2,L =65 +25 +2x 8,4=1
" 11. The product of two polynomlals and their L.C.M. are

X — 3 — -56x—48 and x° +2x
‘Find their H.C.F.

12, The product of two polynomlals and their L.C.M. are

x +5x’ X — 17x+12 and x’ +6x? + 5x—12 respecttvely
Findtheer CF.

oz 13. The‘preductoftwo polynomiials and their H.C.F. are . /
AR -—12x3 +53x2 102x+72 and x—-3 respectwely Find L.C.M.

— L1x— 12 respectively.

R X



- 3.2 BASIC OPERATIONS ON THE ALGEBRAIC FRACTIONS
3.2.1 Addition and Subiraction of the Algebraic Fractions'

Addition and subtraction of the algebralc fractions are explained in the
following examples.

EXAMPLE-1

2 L ) pory S,
. . 3x+2 x°=5x+6 x+x—6
Simplify Xt T -
x’-2x-8 2= +12 x’ —6x+8

XX +3x+2 X —5x+6 A e

SOLUTION: + -
X*-2%-8 x —7x+12 x’ —6x+8

X 2+ x+2 . X =3x—2x+6 x*+3x—2x—6

x° —dx+2x— 8 X2 —dx—3x+12 X2 —4x—2x+8

(x+2)(x+]) (x Ix-2) @x+3)(x-
(x— 4)(x+_2) x—-4)(x-3) (x—4)(x-2)

x+1 +x—2_x+3 . :
x—4 x—4 x—4 : IS BRI

x+l+x-2-x-3
x—4

=
|
N

=
|
N

AT ')u-)* )?.,

Remember fhat. :
]2 1\ “\

_ (i) In the algebraic fractnons the numeratp[S"and*dgnomlnate-7;1.
are polynomials. 24! :

~ (i) When we add or subtract thbse fractlgp; Me reduc‘e t
lowest terms." JE /T

n

4, o
.




h (EXAMPLE-2

a by, 3 Ll ab
@ +ab+b° a-b d’-b

Wt T ab

0 a’+ab+d?  a-b o’ -b’

B G b) (i b)+ 1(a’ + ab+b° ) - ab

BE ) S _

a’—b’+a’ +ab+b’—ab
: a3_b3

w2a2 (3°
a’-b’

are algebraic expressions, then_l.i and % are called

s, where Q#0 , S=0.




EXAMPLE-1

2 PR 20 0L 2 R
Simplify bz‘ cz a2+2ac_x b2+c2 a) 2bc
c"+a"-b"+2ac a°-b°+c°-2ac

2\ o : 282 ) W
SOLUTION: b2 cz a‘ +2ac 3 b +c¢“ —a‘ - 2bc
2 +a? -b% +2ac az—b2+c2—2a,c

b —(c? +a® - 2ac) (B + = 2bg)-d?
(c? +a* +2ac)-7b2 (@ +c? - 2ac)- b?

b’ —(a-c)’ y b-cf -d’
(a+c)2—b2 (a—c)f’ -b°

__[-@-9]  p-c-gp-cra
(@a+c-b)(atc+b) (—1)[b2—(a—c)2]

_ —(b—-c—‘la)(b—c-i-a) .
(a+c-b)(a +b+¢)

(a+c-b)(atb-c) a+b-c
(a+c—b)(a+b+c) at+b+c

EXAMPLE-2 :
AL b - d’+ab+b’
Simpli d +
piity ' at=bt a’+b

13 9= 3 2 2
- a’+ab+b
soLumion: & +
a’-b’ a+b*

a’—b3x a’+b’
a’-b'  a’+ab+b?

(a=b)@ +ab+b?) a+b
@ +b’)@a+b)a-b) o +ab+b’

1
a+b.




oy it
a a+l a+2

o 2a x-a ‘+ 2,
e (6-2a) x*-Sax+6a’ x-3a

(s

3. ol A:'z.‘” “at 1

~

P R T R R,

G e L x
x2+.x+[ xzfx-}jl 2]

ab- c) _ bz(c a) AEXe (a b)
m+wm+d @+d@+@ (c+a)(c+b)

.1 ' 1' x+2 x=2
"1’ x+I % +x+1 x —x+1

E XERCISE - 3.5




3.3 SQUARE ROOT OF AN ALGEBRAIC EXPRESSION

We can find the square root of an algebraic expression by -

(i) FACTORIZATION
(i) DIVISION

3.3.1 Square Root by Factorizafion Method

By this method we find the square root of the expressions which can
be expressed as a complete square.

For example:

H

x* 2xy+y% = (xty)
or x2i2xy+y2 = [i(xiy)]z

or \fx‘?:thy+y2 =+(xty -

Therefore, the square root of an algebraic expression consists of two
expressions which are additive.inverses to each other.

EXAMPLE-1
Find the square root of 49x” +112xy + 64y’ by factorization.

SOLUTION: 49x° + 112xy + 64y°
= ﬁx)z +2(7x)(3Y)+(Q§Y)2
L (RSP NS L !
497 + 1125+ 649" = [ (7 + &)

Taking square root of both the sides, we have

4957 + 1125y + 647 = +(7x+8y)

75




EXAMPLEZ2

" Find Squ’arahmo&of; (? +:-‘a’;:)+10(:é + 4 )+27.
Ny x >

LS B |

SOLUTION: Let x+2 = z,

o 4 ¥ e o b it 3 g, I . 11 2 /& L Fia .
/s L N & )2 =2z _(Squaring both sides)
o 3 t a'n.ﬁ": fahal agnicas {8 T RO L aril

bt
Firnaie

L x’_fé_g zi-_2

-"j._(:c2+?)+1-0(x,+i-)+27 = 2224102427

BRI e ) =27 10z 4 25

i 2h

e

e orod o b P i ¢ =~ (%+5)2 ‘ o [Pulﬂng = x+—-:l
T ! L e oy \ L .> [ FERES B e ~

= et N



_EXAMPLE-3 | | . g
Find square root of x(x—1)(x—2)(x-3)+1

SOLUTION: x(x—1)(x—2)(%—3)+1 |
= [x(- 3] (6= D= 2)]+1 -
= [x2 = 3x:| [xz - 3x‘+‘2] +1

Put x‘z —3x =A z

xe=D) -2 (e—3) 41 = ;(_z+2)+1
| = 22+22+1 _
;(2{1)2.
Now put z = x* —3x
x(x-TI)(chZ)(x—.i_)fI =’ -3x+17 |
o 5=,[i'(x2-3x;1)]’_ -

Taking square root of both the 's‘ide’s;‘_we get

Jx(x-l)"ﬁrfz)(x-‘s)u ‘=“‘:‘t(x.2 ..3x+1) e

bl




Fmd square noot of ( s Yy ) 4( f).(x:»tb.ym)

=hz7i * (Squaring both the sides)'.

i ok 2 _?; b o ‘
5 4(y J‘:) (2+ +2) 4(——

“_|"I .. - X :‘ \', S » J
l

e WE =22+:2+2_—‘4z

=2 —4z+4

B R )

-,J_'ALJI'“I"'. -
2 X
 |putting z = =-Z |
“ l-‘ 14 y x ‘.




3.3.2 Square Root by Division Method

We explain the method of finding the square root.by division method in

the following examples.

EXAMPLE-1

Find the square root of x*+y? +z° + 2xy+ 2yz + 2xz

SOLUTION:

2x+y

2x+2y+z

S X+y+z

X+ 2xp+ 2xz+ 2yz+ y? + 22
+x2 o

2xy+2xz+ 2yz + y° + Z°
+ 2xy +y2
2u+2yz+z
+2xz+2yz+z
0

‘ Required square roots are t(x+y+z) .

zie 2x+2y+z.

We get the quotient X+ y+z and remalnder zero. .‘
Thus £(x+y+2) are the requlred square roots. . -

(i) Write the given expression in desc:en'ding order.
Take square root x of the Ist term x’
On subtraction, remainder is 2xy+2xz+2yz+ y +2z°

(1) Multiply 2 times the”quotient x by y, which is equal to the :
Ist term of .the remainder. Therefore by dividing the
remainder with 2x + y, we get the new remainder

5 2z +2yz+2° and x+y as quotlent whlch are the Ist two
‘terms of the square root. s i

£

(i ltl) Divide this remainder by sum of 2 tlmes the quotlent and




. EXAMPLE-2
. Find squar root of (=7~ 1267~ %)+ 36

4

x2)+36__

ol S #
oo yoe

SOLUTION: (Jr’éﬁ)’ — 126 -

S 2 056
X- X

x'+

—pef 1 272434+ % JE i‘ (Writing in descending order)
: XX '

: 25T
5 x2

x‘-—_12x2+34+1—§-+i4
] X X

£ x*

—12x2+34+€+'i,
: X X

|gizde36 . ..

pERet Sk S 2o ] 200 ]
7 1 -2+—+-
.,_,‘:xz 5t
R 1201
b g 2+ —+— -
L e ';..- I

T R
. :?f‘_l.’.'l‘ \-\F .
S



EXAMPLE-3

For making x* - 12x’ +217x+ 320 a complete square,
(i) What should be added ? (i) What should be subtracted ?
(i) What should be the value of x ? :

SOLUTION: L e
x| xf 120 +0F +217x + 320 .
+x?
2x% —6x —12x +0x? + 217x+ 320
+12x +36x°

2% = 12x—18 — 36x% +217x+ 320
T 36x° +216x+324

' - x—4 |

(i) By adding —x +4, the expression will be a complete square.
(ii) By subtracting x —4, the expression will be a complete squafe.

(iii) If x—4 = 0 i.e x = 4 then the expression will be a complete
square. '

EXAMPLE-4 _
_For what value of ¢ and m the expression
4x* — 123’ +25¢% —tx+m is a complete square, where x#0

SOLUTION: 22 =3 d
22 | 4x* =12 +25¢ —tx+m
+ 4x*
4x? - 3x —12x° +25%°
| F12d £9¢ »
4x’ —6x+4 16x* —bx+m i
— 16X $24x£16 Y
(6% 24)x +(m~ 16) Remamder - i

81



The given éxpression will be a complete square, iffor each value
of tandm, the given, express:on (=L +24)x+(m—16) is zero.

It will be possible only if:
—t+24=0 and m-16 =0

t =24 and m = 16
Thusfort = 24 and m = 16, the expression will be a
complete square.

[ XERCISE — 3 6

Find the Squure Root of the Following.

1. 16x_ +g4xy+9y

(P —Tx+12) (2 —9x+ 20) ( — 8x +15)
6+ 824 7) (25 —x—3) (257 +11x—21)
x4+ 2)(c+4)(c+6)+ 16

:_‘(qu-z)(zx +3)(2x+5)(2x+7)+ 16

:-'.'w-s*

5

-.'(x?+-x7) ]0(x+—)+27x¢0

1 7. .-'(t--)’ —4( +")+8 0

""_)?4—4(x+-) +12,x#0

25x 21245416

+— Isa complete square,




Review Exercise-3 : " ey

I- Encircle the Correct Answer.
1. Product of two expressions 5
LCM Bl
(@ HCF : b)) LCM
() LCMx HCF (d LCM+HCF
2. The number of methods to find L.C.M are: -
@ 0 (b) 1 (c) 2 () 3
7/
3. The number of methods to find the H.C.F are!
(@) 4 ) 1 € 2 (@ 3 ¥
4. H.C.F of I2pg, 8pq is: |
(a) 4pq () 4p’q’ © 4pg’ (@ 4p°q
5. H.CF of 267 +3x+1, 2 —x—1is: =
(@ 2x-1 ) 2x+1 (0 x+1 @ x—1I
6. H.C.F of 6pgr, 15grs is: _ ?
(a) 3qr (b) 3pgr (©) 3pgrs (d) Ispgrs L
; ‘ R
7. L.C.M of 12p°¢?, 8p?is: . A e
(@ 24pq’ ) 24p’q © 24p°¢* (@), 12’q *
8. Product of two expressions = |
(@ HCF () LCM |
() HCFxLCM : (d HCF+LCM
9. Product of two expressions _
HCF i
(@ LCM (t) HCF |
© 0 (d L.CMx HCF
10, LCM XHCF _ o
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second expression (b) (©) HCF :

@

3 m(d) L%{mm







