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UNIT

FACTORIZATION

p Factorization

> Remainder Theorem and Factor Theorem
» Factorization of Cubic Polynomial

After completion of this unit, the students will be able to:

» factorize the expressions of following types.
o Typel: lkx+ky+kz,
o Typell: ax+ay+bx+by,

o« Typelll: a +2ab+b,

e TypelV: a -b,

« TypeV: (@ +2ab+b")-c,

¢ Type VI: a‘ +a2b2 +b‘ or a‘ +4b‘,
« Type VII: x +px+gq,

« Type VIIE: ax’ +bx+c,
a’+3a’b+3ab’+b’,

a’~3a’b+3ab’-b’,

o Type IX:

. o Type X: a’ :tb’.,

» state and apply remainder theorem. '

» find remainder (without dividing) when a polynomial is divided by a linear polynomial.
» define zeros of a polynomial. '

» state factor theorem and explain through examples.

» use factor theorem to factorize a cubic polynomial.




2 I FACTORIZATION OF EXPRESSIONS

|
gy
g ! I.menr Polynomml S

] A polynomial of degree ‘1’ is called a linear polynomial.
For example: x + 3, 2x — 5 efc. The general form of linear polynomrals

! . isax+b where a, b are real numbers and a =0 .

Ouadruhc Polynomlul =

: A polynomlal of degree ‘2’ is called quadratlc polynomial e.g.
R 3 +5x—2, X’ —3x+1 etc. The general form of a quadratic

‘polynomial is ax’ +bx+c, where a, b, c are real numbers and a # 0.
~ Cubic Polynomial :-

A polynomial of degree ‘3*is called a cubrc polynomial. e.g.
% =37+ 5x+2, 4x +5x? —2 etc. The general form of cubic

: . polynomial is ax’ +bx? +cx+d where g, b, ¢, d are real numbers
Ty, i “anda#0.
Let P(x) be any polynomial and let g, b, ¢ be any real numbers such

that P(x) = (x—a) (x-b) (x—c). Then, clearly each one of (x—a), (x-b),
(x—c) is a Ilnear factor. of P(x).

To express a given polynomral as the prodrrct of linear factors or
- factors of degree less than that of the given polynomlal is known as
GE factonzatlon

We see that in I5= 3><5 3 and 5 are factors of /5. Slmrlarly, in
ax+gy a(x +y), a and (x + y) are factors of ax + ay and in
&-Pay-r-az-a(x +y +z) a and (x +y+z) are factors of ax + ay + az.
. Jaiqmuwmu:m h 0 et :



Following examples will explain, the. factorization of the expression.

EXAMPLE-1 -
~ Factorize the followmg Fi vl rnirhe ok

(i) 3x+ 12y (i) X +xy (iii) ad + de + df =
(iv) 2pg+6p’°q—4p’q T AR
SOLUTION:

(i) 3x+12y = 3(x+4y)

(@) X’ +xp = x(x+y)

(iii) ad+dc+df = d@+c+f)

(iv) 2pq+6p°q—4p’q = 2pq (1+3p—2p°)

Factorization of the expression of the form:
ax + ay + bx + by

Following examples will-explain the factorization of t,hevexprq,s__sign.

EXAMPLE-2
Factorize the following express:ons ¢ S halls ,
(i) 2ax +bx+6ay+3by - . (i) 2yx+18y’ 32x +, 27zy bon s
(iii) Sym + 15yn + 2zm + 6zn sy el !
SOLUTION: | ' '

() 2ax + bx + 6ay + 3by
x (2a +b) + 3y(2a + b)
(2a+b) (x+3yp)

Now check (2a+b)(x+3y) = 2ax+ bx+6ay+3by

Il

(iii) Sym + I5yn + 2zm +.6{n _
= 5y (m+3n)+ 2z(m + 3n)
= (5y+ 2z) (m+3n) -

(i) 2% +18y° +3zx+ 272y
= 2y (x+ )+ 3z(x + 9y)

= +39) (+%)
37



J ey ﬁfﬁa rizatlon of the expresslon of the form:
XTI b . a*+2ab+b’ ol
|\ ! I llf‘l . N : ‘-]?.h i LN H T ' : 2 . '
o S Pf"*\We know that ‘() o +2ab 4B =@+b?
" i (ii) a® —2ab+b* =(a-b)’
t‘ . Expressmns which have the pattern of the left hand side of (i) and
i (i7) are called perfect squares. These identities are useful in helping

! ﬂ.‘;r us o factorize certain expressions. FolIowmg examples will explain

the factonzatlon of the expressions.

 EXAMPLE-3

e Factorize the following.

)x2+6x+9 (ii) ¢ —12t+36 A T

SOWUMION: () ¥ +6x+9 = X +23)%)+3,

’.L : £ (x+3)2

(@) £-126+36 = .F =261 +6"
= (t<—6')2

d‘é%ressnon B haTor

b2

e of _t_\'rioysdua'res., a’~b =(a-b)(a+b)

[ 4



EXAMPLE-5  Factorize 364° — ]
SOLUTION:  36d° —1 "= (6d)* (1)
= (6d+1) (6d-1)

EXERCISE — 2.1

Factorize: | »

1- 3a(x+y)-7b(x+y) - axtay-x'—xy

3- @’+a-34°-3 | 4. x3+y—xj.y'-x

5- 3ax+6ay — 8by — 4bx 6 2a2—bc-72;1_)+'ac‘

T-i ‘a(a=bitc)—bheata 8- 8—4a—2a°+a*

9- 16x’ -24xa+9a> . 10- I-I4x+49c7

- 20x% + 5 20x N2 20+ 2a — 4B

13- x? +x+§ _ ‘ 14- x2+xi2—2

15 5’ -30r +45c - 6= a?+b% +2ab+ Zbo+2ac.

Factorization of the expression of the form:
- -0 (a2 +2ab+b%)—c?
. (i) (@ -2ab+b?)—c?

Following examplés will explain the factorization of the expressiohs.

EXAMPLE-1

Resolve into factors:
x? +2xp + y° —47°

SOLUTION: - (x* + 2xp + y? ) — 427

= (x+y)} —(22)°
=(+y=22) (c+y+2)
T




et B R A

(c’ +6bc+9b‘7 ) 16x2
& gl © F e +3p) —(4x)? . |
. =(c+3b+ 4x) (c+3b— 4x)- e

9 = a?-2ab+b? - 9c7 o
3 e
= SN

= (@-b-3)(@a-b+30) T

= -3y 22)(x 3y+22)
:m:fm '“e..&n.J G et o G




SOLUTION: - x* +64

EXAMPLE-6
Resolve into factors:
x +x y +y

SOLUTION: x* +x7y? + y*

=i (x +8+4XJKX'h8'.‘4x)\ el o' B ;
. A HARIEE Sl QIR P st | &

= .'(x‘ +2x° y +y

(x )y +2(8)x --2(8)x’
(x +8)2 16x2 g
(x +§)’ (4x)

a1y
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'ﬁim':bf’(th‘e'_fexpression of the form: -
b X’ +px+q

; t x‘zz-i-;pfc+q =. (x+r) (x+s)
Then X+ px+q = x2+(r+s)x+rs

panng coefﬁcnents of the Ilke terms on both sudes we get
r+s=p and rs=gq '

qréer to factonze x’ + px+gq, we have to find two numbers
3 H = {0

suchthatr+s =p and rs=gq

(ii') 3_&2+4:é-21 (i) % - 5x— 14

factonze x* +7x+12, we must find two
 7’and s’ such that
r+s=7 and TS ="12
'~+='i3ﬁ--7""‘“ahd 4x3=12
Tx+12 = i +4x+3x+12 :
= x4 #3644 8
= ._a_'+4)-.(;‘+ 3

T B W,y

=4 .‘
"_'!l LF\-



Clearly -7+2=-5 and -7x2=-14
X’ -5x—14 = X*-7x+2x-14

x(x—7) +2(x-7)

(x—=7) (x+2)

Factorization of the expression of the form:
ax’ +bx+c, a # 0

To factorize the expression .of the form ax? + bx + ¢, we find numbers
pand gsuchthatp +g=5b and pg = ac in the given expression,

where a,b,c are constants and ; « ¢.

Following examples will explain therfactorizétion of the expression.

EXAMPLE
Factorize: (i) 6x* +7x=3 (i) J3x% +11x+6~/3

SOLUTION:
(i) The given expression 6x° + 7x — 3,
is of the form ax® +bx +c, ac=6x(-3)=—18

6x’+7x-3 = 6x°+9%—2x—3
= 3x(2x+3) —1(2x+3).
= (2x+3) Bx-1) '

(ii) 3x? +11x+63; ac = [3x6~3 = 18

Clearly 9+2=11 w g :—9,(( 2’)_-13 |
3x? + 11x+ 643 —J§x +9x+2x+633
3x[x+3\/-] +2[x+3~/_]

= (\Bx+2) (x+3J')
.43

6x(-3)=-18

Possible Pairs

- 18x(=1)=-18

(~18)x(1)=-18
- 6x(=3)==I8
-6x3=-18

- —9x2=-18
9x(—2)=—18f
Pair
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E XERCISE - 2.3

Fadorize: e
. ¥ +9+20 e 2. x’+5x-14
73. x2+5x7—6 : -4 }xz —7x+12
5 P 6. ¥’ —x-2
7. X1 -9x=90 8. a’—12a-85
9. 98-7x-x* = ' o0, -1y 152,
ﬁ. 27 +3x+1 ) =2, 3% +5x+2
TEL A 14. 6x° +7x-3
S oo Kt o v = i 1608 6 5
7. _3u2—10u+8 e 18. 10X -7x-12
19. 5x'2"_'32x+_12_' A R0, 4357 + 5= 23

~ Factorization of the expression of the form:
- |@® +3a°b+ 3ab” +5°
{a'3 —3a’b+ 3ab’ ~ b’ }
We know that:
() @+ =d +3a°b 3067 + b’
@) (a b =a’ ~3a°b + 3ab” -’

o Followmg examples will explam the factonzatlon of the expressron

- EXAMPLE Factorize: () x* +6x> +12x+8 (i) x' —6x> +12x -8
sownou j . S0 e |
(i) +6x’ +12x+8 = &) +302)0) + 32 x+(2)°
‘ 5 = x+2 ;
@) X -6 +12x-8 = (& ~32)6F +3(2  x—(2)
- ARV Wisig=2)
“



a +b?

We know that _
() @ +b° = (a+b) (a* -ab+b’)
(i) @ -b° = (@a-b) @ +ab+b’)

Following examples will explain the factorization of the expression.

EXAMPLE-1

Factorize ] .
) x’+27 (@) 8’1256 (i) *-)y° () o’ —b —a+b

SOLUTION: e
() x> +27 = P4+3
= (x+3) x> -3x+9)
(i) 8a°-1256° = (2a) —(5b) |
= (2a-5b) [(20)* +(2a) % (5b) + (5b) |
. = (2a-5b) [4a’ + 10ab + 25b2]_
(lll) x6 o y6 2 (x3 )2 _@3)

= &+y) -y )
= (x+y) & —xy+y’) (- y) (&’ +xy+y)
=ty -y & —xy+y_) (o +_JW+J{)

PORERRR S 0

(a- b) ‘(@ +ab+b?) — (a= b)
(a- b) [’ +ab+b2—1]

- ..I.-m‘ oy SNSRI S S

LB e T 3 .v-—‘n.', uni)



) a’+2ab+b’ = (@+b)’

a’ - 2ab+b? = (a-b)>

i) a® +3a%b+3ab? +b = (a+B)

. () @’ -3a’b+3ab’-b’ = (@a-b)

.'--(V)_. Gt -ty )= Py
0D G- rEyt) = -y

Ty 4

E XERCISE — 2.4

SRR T 4]
4 Vs
-6 27 —64y3

A NE e e e

3%313 gl _‘5 &b | 8 112!6# =343

ik
)

Wy

10, a +b° +a+b
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SERECL LT U

P(x) =a,x"+a,,;x""+a,_,x"?+.....+ax+a, , a, #0

where ‘n’ is a non-negative integer and the coefficients are constants,
is called a polynomial function of degree ‘n’.
For example: ‘

(i) P(x)=a, x+a, (is a polynomial function of degree one), a, = 0

(i) P (x)=3x’ + 5x + 11 (is a polynomial function of degree two)

(ifi) P(x)=7x" + 2x* +4x° +7x* + 5x +6 (is a polynomial function
; of degree 5)

7 \ : : ‘
(iv) P(x)=5x" + = +6 =5x° +7x| +6 (is not a polynomial function) .
X . .

EXAMPLE }
Divide P(x) = 2x* + 3x° - xi— 5 by-' x+ 2

SOLUTION: 2 —x?+2x-5
x+2 12xf +3° —x—-5
e +2x! + 4’
-x’-x-5 ]
Fx° T2 -
. 2x2_7-xe5
+2x% +4x
N =t
it T AR, S0

R )




& . 2 2.1 The Remnmder Theorem

$b

,
1 S lf R is the remamder after dwndmg the polynomial P(x) by x-a, then
l R el Vlr i b . P(a) R

g Dl e or

L = -

gt i ‘.term Ieft co,ntalmng Xt
1 g
§e

R o 'E)(AMPLE 1

‘F sl By ‘_'lfp(x) ! +10x3+19x+5 is divided by x+3, then
R ﬁnd’the remarnder itk -
i Vsoumon P(x) 4x +10x’+19x+5

=l B i (AT oo ATl = .
QR '~j. ' x a=x ES = a=-3

[ o memfom P(-3) = 4(=3)" +10(-3)° +19(-3)+5
’* e | 4x81—10x27 - 57 +5
T e 324-270-57+5

v e it g




2.2.2 Finding Remoinder Without Dividing

In the following examples, we learn to find the remainder without
division, when a polynomial is divided by a linear polynomial.

EXAMPLE-1

Use the remainder theorem to find the remainder when the first
polynomial is divided by the second polynomial.

() x> +3x+7, x+1 (i) x° —2x" +3x+3, x-3

SOLUTION: (i) Let P(x) = x* +3x+7

Since the divisor = x + 1
Thereforex—a=x+1 = a=-1.
By the remainder theorem

R=P(-1)
P(-D=(-1P+3(-D+7
Now =1-3+7
R=5.

(i) Let Px) = x> — 2x* + 3x + 3

x—a=x-3 = a=3

"R =P@3)
Now P@3) = (3 —2(3)* +3(3)+3
=27-18+9+3
R = 21

EXAMPLE-2

When x* + 2x° + kx? + 3 is divided by x — 2 the remainder is 1.
Find the value of %’. '

SOLUTION: Let P(x) = x* +2x° + ho? + 3 e
Since the divisor = x - 2, therefore x—a=x-2 = a =2 E'

b

. : . £ _heli
L0 o B GBS s




T AR oy
N ,‘7:\;—”:,

ow  PR)=)f +202F + k(2 +3
B (O Okt 3 = 35+4k
Honik r.':.' *P(Z) = [ (given)

: I=35+4k = 4k=-3¢4 = k=—L

_;—_4, gnd O(x)=x—a, are any first degree polynomials such
0 gnd O(a,) = 0 for polynomials P(x) and O(x).

Let P(.x)—x‘2 +4x—5
L._!‘\‘T" :



EXAMPLE-2
Use the factor theorem to show that x + 1 is a
factor of P(x) = x* +1

SOLUTION: By direct substitution we see that -1 is a zero of P(x)

P() = x¥ +1

P(-1)=(=-D% +1 " " (=142}
=-1+1 :
=0

Since -1 is a zero of P(x) = x*° +1,
The linear polynomial x — (- 1) = x + 1 is,
- by the factor theorem, a factor of x* + 1.

EXAMPLE-3
Use the factor theorem to show that x — 1 is not a
factor of 4x’ —2x% + x> + 2x+57?

SOLUTION:  Let P(x) = 4x —2x° +x* +2x+5
x—a=x—-1 = a=1
P(l) = 4(1) =201 + > +2(1) + 5
=4-Z+1+Z+5
= 10#0 SrOB
Then by factor theorem x - 1 is not a factor of 4x’ —2x° +x* +2x+5

EXAMPLE-4
Use the factor theorem to show that x+1 is not a
factor of 2x° —5x* —x+4

- SOLUTION: et P(x) = 2x’ —5x° —x+4
| x—a=x+] = a=-1 ;

P(-1)=2(-10-5(-1)) ~(-D+4

= —2-541+4 e

- )=-220 a5 T

x+1is nota factor of 2x -—5x‘ —»x-M

v,sﬁl"




- FACTORIZAT

Factonze the following
.u.xj x? —10x+10; x-1

-n*”‘”"""" Pkx) = x* —x’ —10(x)+10; x—1 .
x—a=x—-1=>a=1
"“ ' P(I)=F-F-10+10
; ‘ = 0, therefore x—lis a factor of P(x)
210"
iy Now x—1 |x° —x?—10x-10
P 5
51 T g —10x+10
F10x + 10
0

ﬂP@c) 13‘8 g — -2 Wa= 2

P(2) = 23 8=8-8

R = 0, thereforex —2is a factor of P(x) -
| ”"yi. L.;: frig ot ¥ 2% +4

%ow x =24 ET

s RT - '3 :

:
1
10



FACTORIZATION

I- Evaluate each of the polynomials for the value indicated.
1. P(x)=2x"-5x’ +7x=7; P(2)

2. P(x)=x"-10x" +25x-2; P(-4)
3. P(x)=x"+5x—13x* -30; P(-1)
4. P(x)=x’ —10x’ +7x+6; P(3)

5. P(x)=x"+4x’ —9x* +19x+6; P(-2)

II- Determine whether the second polynomial is a factor of the first polynomial
without dividing (Hint: evaluate directly and use the factor theorem).

6. x°—1; x+1 7. x® -1 x-1
8 x-2%; x+2 9. xX*+2°, x-2
10. 3x’ —2x° +5x—6; x—1 M. 5x° -7 —6x+x; x—1
12. 3¢’ = 7% —8x+2; x+1 13, 5% = 2% + 3 +6x+2; x+1
14. 6x3+2x2—x+9; x—1 15. 4x° — —8x+4; x-2
3 2 ] : o 3o = s =
16: 5% +3x —x ol dxisT 17. 2y° - 8y* +y—4; y—4 —

18. 22 -5z —4z—4; z+2

1I- Solve.

19. If P(x) = ¥’ —I” +3x+ 5 is dIVlded byx 1, ﬁndk &
_«.if remainder is 8. SralEt,..




r pblynon"i’ia’i”i'é of degree =
0 : b) I
@ 3

b I
@ 3

(b) 1
@ 3

b)) (x-1)(x+3)
d x-1)(x-5

] ) G-YE+9
.V-,_..\(x+2)(x +4) (@ (-2 &x+4)

O G-y & ryty)
O xty) @ +p+y?)

- O (@-1) (@’ HI) =
() (@ +1) (a+1)

di fivi lded_ b;y bolynomial Y—a’,




5. Factorization ofx+2)° -1 is | P ‘ }‘ ] ‘

9. If x — ais a factor of P(x), then P(a) =
(@ 0 b) 1
() -a (@ a

10. If Pee)=x’ ~2x° +5x+1, then P(l) =

(@ 5 () -5
(c -7 c. (d) o0

II- Fill in the blanks.

1. Alinear polynomial is of degree

2. A quadratic polynomial is of degree

3. A cubic polynomial is of degree

4. Factorization of x> —9is_

6. Factorization of x’ +8 is ek R

-

7. Factorization of x> =4 is

8. If Py=x"+3x’—2x+lis divided by x— I , then P(f)= .

9. If P()=x"+3x"~3x+1is divided by x + 2 then P(-2)= . }

10. If P(x)=x"—d’ is divided by x — a ,then P(a) =




SUMMARY

Linear Polynomial: A polynomial of degree “/” is called linear
polynomial.

Quadratic Polynomial: A polynomial of degree “2” is called quadratic
' polynomial.

Cubic Polynomial: A polynomial of degree “3” is called cubic
‘ polynomial.

Factorization of following types of polynomials:
| h+@+h, ax+ay+bx+by, a’+2ab+b’
a? —b, (@’ +2ab+b? )=c?, a’ +a’b? +b* or a’ +4b’,
x? +px+gq, ax’ +bx+ec,
@’ +3a’bx+ 3ab’ +b°, @’ —3a°b+ 3ab’ -1’
a’+b’.

Remainder Theorem: If a polynomial P(x) of degreen > Iis divided by a

polynomial ‘x—a’ where ‘a’ is any constant, then
remainder is P(a).

- | Factor Theorem: If a polynomial P(x) is divided by ‘x-a’ such that

- gl P(a) =0, then ‘x—a’is a factor of P(x).




