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Real Numbers

" \ /
Iy

Students’ Learning Outcomes (8 \\\ﬂ\\' IRV
At the end of the unit, the students will be able to: ~ -

vV A

Y/

Explain, wilh cxan]lﬂIC&lhalcmhzallons throughout history have systematically studied
living thmlgs[eg,the history of numbers from Sumerians and its development to the present
Arabic system]

Describe the set of real numbers as a combination of rational and irrational numbers
Demonstrate and verify the properties of equality and inequality of real numbers

Apply laws of indices to simplify radical expressions

Apply concepts of real numbers to real-world problems (such as temperature, banking,

Y V VV

measures of gain and loss, sources of income and expenditure)

1.1 Introduction to Real Numbers

The history of numbers comprises
thousands of years, from ancient 17 ]_1 'q._;._,-.,;’-;,;'.-jf-.’ﬁ“-'..mo i1~
civilization to the modern Arabic system. - 2_, /“\’ If \1 4 mf g
Here is a brief overview: E D R AR LU - S - | e
Cre 1S A BHELOVEIVIEW: VA WCP a9 7 80 | 400 W)=
Sumerians (4500 — 1900 \BCE) \used - 5 W 40 < 500 WI-
sexagesimal (Qﬁsﬁ{@@\g%t‘éi’ﬂbfor counting. | 6 50 600 {ff 1-
The Sumerians used a small cone, bead, T 60 I 700 %~
large cone, large perforated cone, sphere 8 W 0 K g0 §I-
. o W 80 K [ 900 WY
and perforated sphere, corresponding to 1, <<
. 10 < 90 1< | 1000 T<I-
10, 60 (a large unit), 600.

Egyptians (3000 — 2000 BCE) used a decimal (base 10) system for counting.
Here are some of the symbols used by the Egyptians, as shown in the figure below:

The Egyptians usually wrote numbers left to right, starting with the highest
denominator. For example, 2525 would be written with 2000 first, then 500, 20, and 5.

T o
WS

-

1 Mo 100 1,000 10,000 100,000 1,000,000
1 A




Mathematics - 9 Unit — 1: Real Numbers
Romans (500BCE-500CE) used the Roman numerals system for counting,
Roman numerals represent a number system that was w1dely used- throughout Europe
as the standard writing system until the late Mldcﬂe Ag@s “Fhe ancient Romans
explained that when a number reaches 10 1‘[ is 1ot easy to count on one’s fingers.
Therefore, there was a need to creafe a proper number system that could be used for
trade and comlfaumcat ons.~Roman numerals use 7 letters to represent different

numbers. Thesé are IV, X, L, C, D, and M which represent the numbers 1, 5, 10, 50,
100, 500 and 1000 respectively.

Indians (500 - 1200 CE) developed
the concept of zero (0) and made a

significant contribution to the

¥

decimal (base 10) system. ez 3

Ancient Indian mathematicians

have contributed immensely to the & X \7 i 6 @ 6
field of mathematics. The invention 10 0 50 90

of zero is attributed to Indians, and
this contribution outweighs all_,_.,ll
others made by any othgr Ilatmn* W\
since it is the basis of 1I‘hec daclﬁml “1
number syste{p,hW[lthut Which no
advancement i m ‘mathematics would have been possible. The number system used today
was invented by Indians, and it is still called Indo-Arabic numerals because Indians
invented them and the Arab merchants took them to the Western world.

Arabs (800 — 1500 CE) introduced Arabic numerals (0 — 9)
to Europe. The Islamic world underwent significant
developments in mathematics. Muhammad ibn Musa al-
Khwarizmi played a key role in this transformation,
introducing algebra as a distinct field in the 9" century. Al-
Khwarizm's approach, departing from earlier arithmetical
traditions, laid the groundwork for the arithmetization
of algebra, influencing mathematical thought for an@xtendedg \ G
period. Successors like Al-Karaji expanded on) his\ work,
contributing to advancéments in) varlous ‘mathematical
domains. The practicality, and! broad applicability of these mathematical methods
facilitated the Jdlésemmanon of Arabic mathematics to the West, contributing
substantially to the evolution of Western mathematics.

- 4 a2 A
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Mathematics - 9 Unit — 1: Real Numbers

Modern era (1700 — present): Developed modern number systems e.g., binary system
(base - 2) and hexadecimal system (base - 16).

The Arabic system is the basis for modern decimal system used globally today. Its
development and refinement comprise thousands of year&ffom ancmnt Sumerians to

‘|

modern mathematicians. . ,'\ \(\ § “\ \ O\ [
In the modern era, the set {l 2 3, r}\ Was adoptaed as the countmg set. This counting set

represents the set of na]u}ml numbers was extended to set of real numbers which is used
most frequenﬂy\ in' eveTyday lifec.

1.1.1 Combination of Rational and Irrational Numbers

We know that the set of rational numbers is defined as O = {E P, qE ZAG# 0}
q

and set of irrational numbers (') contains those elements which cannot be expressed
as quotient of integers. The set of Real numbers is the union of the set of rational
numbers and irrational numbers i,e., R=0QuU{

Real Numbers

Ra_tiotnélfN umbers | Irrational Numbers
Terminating Non-terminating and Non-terminating and
Decimal Recurring Non-recurring
Numbers Decimal Numbers Decimal Numbers

1.1.2 Decimal Representation of Rational Numbers

@) Terminating Decimal Numbers

A decimal number with a finite number of digits after the decimal point is called a
terminating decimal number.

— =\ VD

\
4 I\_ B IR

»:“7 ‘R\are “alP fer 'mmatmg decimal

‘| '*J u

"..:‘-; .;’ ) '-\

For example, l=0.25 —~=0.32, =

numbers.

QNN Y .
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(ii)  Non-Terminating and Recurring Decimal Numbers

The decimal numbers with an infinitely repeating pattern of. dlglts after the decimal

point are called non-terminating and reeumng deelmal numbers

\ '. ."' ". -‘ i\ ". '-\/’ VLY - |'
\ A S \

Here are some examples. . AA\SA
= 0 333l ﬁn 0 3 (3 repeats 1nﬁn1tely)
I| N N
1|
=0.1666...= 0.16 (6 repeats infinitely)

= 3.142857142857... = 3.142857 (the pattern 142857 repeats infinitely)

= 0.44444... = 0.4 (4 repeats infinitely)

O | & ‘*“B A= W

Non-terminating and recurring decimal numbers are also rational numbers.
1.1.3 Decimal Representation of Irrational Numbers

Decimal numbers that do not repeat a pattern of digits after the decuna,l pomt continue
indefinitely without terminating. N2 E L

- = ,-\/ \ | i \ AN
Nanra N\ I( o,\0

Non-terminating and non-recurrmg dee;mainumbers are/ ) known as irrational numbers.

{ \ . \V 4 \ \ -
| " Y \ __J
) \ ". "\ \ ,' '1\‘ \ ‘. = ~—

For examples, AL

e = 271828182845904 uler's Number.

- 2 =1.41421356237309...
Example 1: Identify the following decimal numbers as rational or irrational numbers:

(i) 035 (i)  0.444... (i) 35
(iv)  3.36788542... (V) 1.709975947...
Solution: (i) 0.35 is a terminating decimal number, therefore it is a rational
number.

(i1))  0.444... is a non-terminating and recurring decunal number,
therefore it 1s a rational number. ) A0

r <o) (it \

(i)  3.5=3.5555.. .isa non-termmatmg and retmrrmg dec1mal number,
therefore it 1sa ratlonal number "

(IV) 3 367{88542 'is a non- terminating and non-recurring decimal
l hlumber therefore it is an irrational number.

— W T




Mathematics - 9 Unit — 1: Real Numbers

(v) 1.709975947... is a non-terminating and non-reea;tmng decimal
number, therefore it 1s an. nranonal number‘ :'I I

1.14 Representatlon 0f Ratlonal and Irratlbnal Numbers on Number
Line DAL (S

In previous: grddd% \Jvé ‘have learnt to represent rational numbers on a number line.
Now, we move to the next step and learn how to represent irrational numbers on a
number line.

Example 2: Represent \/g on a number line.

Solution: \/g can be located on the number line by geometric construction. As,

\/§:2.236...which is near to 2. Draw a line of mAB=1 unit at point 4, where
mOA = 2 units, and we have a right-angled triangle O4B. By using Pythagoras theorem

(mOB)? = (mOA)* +(mAB)’

= (2)2 i (1)2 =4+1=5 .f’_?"-:/@‘;ﬂ"\ ":-,1\ \
o~
- O
~ ."-I -'J {.,
- I\ ._\f(':“/_::_\“‘..‘\\\ \),.\,.- \
‘ b | >
\I \\ _1. W) = g
“ FJM\J I S - 4
Draw an arc of radius m OB =\/§ taking O as
. . (1) Rational no. + Irrational no.
1 5%
centre, we got point “P” representing \/g on the — Trrationdl no.

number line. So, | OP| =+/5 (i) Rational no. (#0) x Teational .

Example 3: Express the following recurring decimals as the rational number £ 5

q
where p and q are integers.
(1) 0.5 (11) 0.93
Solution: (i) 0.5 B
Let x=05 PPN
x=0.55555... _(\70\(Q WUV L

Multiply both mdes by 10f ALV
mx: L 100:3535...)
Tlox =5.55555.. ..(ii)

- 4 w5
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Mathematics - 9 Unit — 1: Real Numbers
Subtracting (1) from (i1)

10x —x = (5.55555...) — (0.55555.. ) AN
O9x =5 Nanth ~N 7% _‘Ef.-_{‘x'?;rf*'~-kff"’ e
— («) A~ (\ \ \ \\ \ '\ i\ N ,'i ~
5 1 ,,»-«.\"\ \"'.’? \ 'l ;\ II‘ I" \ ,/./~— W - U
\]\I‘ \ L
Which shows\ﬂié démmal number in the form of £.
q
(i)  Letx= 093
x=10.939393... ...()
Multiply by 100 on both sides
100x = 100 (0.939393...)
100x =93.939393... ...(11)
Subtracting (1) from (i1)
100x —x=93.939393... — 0.939393. ..
99x = 93 O\ (@ —
93 AR Al

x = — which 1 s m the form 'of LU AL
99 SIS
Example 4 Insert tyos ﬁational numbers between 2 and 3.

Solution: Thefé‘ are infinite rational numbers between 2 and 3.
We have to find any two of them.
243 B

g

For this, find the average of 2 and 3 as
So, 5 1s a rational number between 2 and 3, to find another rational number between

5
2 and 3 we will again find average of —and 3

5 5+6 11

—+3 — — 1 What will be_the product
165 - B T . et N’&iﬂﬁﬁé@éﬂ numbers?
2 2 2 4 7 Tl T\' ;" I"’G'gfz S
Hence, two rational numberstfeﬂtweenﬁ ahd\’i are u—2— “and Z

\H'\ \‘..

1.1.5 Propertles of Réai‘Ndmbel;s
All calculatloné mvolvmg addition, subtraction, multiplication, and division of rcal
numbers are based on their properties. In this section, we shall discuss these properties.
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Additive properties

Name of the property V a, b ﬁf&\ﬁQ / d Qﬁ;a;l)l;lés

Closure o\~ a~+\be‘ R 2+3=5€¢ R
Commutative.. '"--J'\"'T"-J'f?i‘] | ) U ‘“atb=b+a 2+353=5+4+2
‘1":“*_5'1.\'] i\.\ij_‘i\\:_‘l 7=7

o b ={atbtc | 2+B+5) - +3+5

Associative 2+8=5+35
10=10

[dentity a+0=a=0 g 5+0=5=0+5
Inverse a+(—a)=—a+a=0 6+(-6)=(-6)+6=0

Multiplicative properties

Name of the property Va, b ce R Examples
Closure abe R | 2 %+ 19 € R
Commutative A @5 rbq \‘\ \\Hj\ ?’x Y2 3x2-6¢ K

A = 2x(3%5)=2%3)x5
'\ \ ". \\ \ I\'. \ L \ )\
Associative _ ~ m(N] UM a(bc) (ab)c 2x15=6x5
W NN 30 =30
Identity axl=1xa=a 5x1=1%x5=5
Inverse axl:ixazl 7><l:l><7:1
a a

Distributive Properties
For all real numbers a, b, ¢ 0 and 1 are the additive and

(i)  a(b+c)=ab+acis called left distributive | DUiiplicative identities of real

o o numbers respectively.
property of multiplication over addition.

(ii) a(b—c)=ab—acis called left distributive property of muluphcatlon over
subtraction.

(ili) (a+b)c=ac+bcis called I‘lght dlsfl‘lblittwe\f.u de R Ras” no multlphcatwe
property of mult1phcat10n ovcr addltmn L\ inverse.

Rcmcmber‘ ®

I|-|.'y—I

(iv) (a—b)c=ac—bc 15» ca’lllled. nght dlStI‘lbutIVG property of multiplication over
subtracftwnjl J: ll
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Properties of Equality of Real Numbers

i  |Reflexive property Vae R a=d
ii |Symmetric property Va, ,b,e R, @ b :> b=a
i1 |Transitive property fﬂ\ ‘v'\a b ce R a=bnb=o=a=e
v |Additive property 7\ ' ABi) Vab,ce R, a=b=>a+c=b+c
% Multlplmpimvelbréperty Va,b,ce R, a=b= ac=bc
vi |Cancellation property w.r.t addition Va,b,ce R, a+c=b+c=>a=5bh
vii |Cancellation property w.r.t multiplication|V a,b,ce Randc#0, ac=bc=a=»5b
Order Properties
i Trichotomy property Va,be R,either a=bora>bora<b
ii | Transitive Property Va,b,ce R
e a>bab>c = a>c
e a<bab<c = g
iii | Additive property Va,b,ce B\ c© A
T\ — '.'“"F._ﬁ‘\ \\! |rI ’: I'\ :"‘; Ja
o A[\n F\;""‘U'?? b2 a+ e >bh+c
YEeR\RCR\RSENS)
o\ \\\ \L\\ \UASa<bh "= a+e <b+e
iv Multlpllcatlve ﬁpemy | Va,b,ce R
!
\\JFJQ“\M\ e a>b=ac>bc if c>0
“  Gg<b=>ac<bé if ¢>1)
e a>b=ac<bc if ¢<0
* a<b=ac>bc if ¢<0
e a>bac>d = ac>bd
e a<barc<d =ac<bd
v | Division property Va,b,ce R
b .
e a<b= L<2if >0
e e
a b
e a<b=> —>-—if ¢<0
| 2¥eOh
o A\e a>b':,:>\”:£1->'— if ¢>0
N b .
e asb= L2<2 0 ¢<0
c c
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Mathematics - 9

vi | Reciprocal property V a,be Rand have same sign

1 1
—a
a

@l
a

a<h =

. c}>\b :>

AW o N VN
|‘ \ L\ .'. D

"‘It_

3 s
| bi —2— = 5 then verify the distributive properties over addition.

Example 5 : If N 3

Solution: (i) Left distributive property
a(b+c)=ab+ac

LHS = a(b+¢) RHS = ab+ac
g[g §]g£9+10] =(ZJ[E]+(EI§)=1 L
302 3) 30 6 3AN2) \3A3
2(19) 19 210 19
gOs OIS
1H8 = R‘Hs \ W/
Hence; lt\ft_s Vertﬁeﬁ that a(b + c) ab + ac
(11) Right dlstrlbutwel ﬁmpeft)\; N
(a+b)c=ac+bc
LHS = (a+b)c RHS = ac+bc
(2 3\5 (4+49)5 _[ZIE},(E](E]_E 15
=\3§]3[6)§ 3A3) \2A3) 9 6
/13 5 65 20+45 65
_\6]{3J_E 18 18

LHS =RHS e
Hence, it is venﬁed that (a + b)c ac} o bc
Example 6: Identify the pmperty that Justlﬂes the statement

(1) Ifa 13,then BF2>15

(1) "If3<9and6<12then9<21
(iii) If7>4and 5> 3then35>12
(1v) If-5<—-4 =20>16
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Selution:
(i) a>13
Add 2 on both sides
a+2>13+2 e TN
a+2>15 & O (order property w'r.t addition)
a+2> 13 . 2 \ 7\ O N\BAw = Y

2]?15
(ii) ?¢|ASB<QMM6<12
=3 B =9+ 12

9<21 (order property w.r.t addition)
(111) 7>4and5>3
= 7x5>4x3
= 35>12 (order property w.r.t multiplication)
(iv) As 5<—-4

Multiply on both sides by —4
(=5)% (4> (= 4) x (- 4)

=% 20> 16 (order properlyw " bmuiflphcatlon)
| @ EXERGISE i) D 1}
B! \ ".“- N
1. Identify eachJ Qf yha f&llowmg as a rational or irrational number:
) 2. 353%35 (11) 0.6 (i)  2.236067... (iv) /7
V) e i) 7« (vii)  5+4/11 (vii) B+13
L
(ix) - ®  2-V2)(2+2)
2. Represent the following numbers on number line:

i) 2 () V3 (iif) 4%

1 | 3
v —2— A% — vi =) ‘
(iv) - v) % ;JEL€) _\%
3, Express the follovﬁng as a raﬁDnal number P \where p and g are integers
N[ UL q
J 1 N
and ¢ #‘ﬂ) N
i) 04 (i) 037 (i) 021

- 4 w10
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4, Name the property used in the following:

(i)  x-x=0_ _ .‘i-;._";'ef'*-._(uv) a(b +¢)=ab+ac

O\

(v) 16+0—16 (vi) 100 x1=100
(vii) ||41><<l (slx )= (4 5) x 8 (viii) ab=ba
3 Name the property used in the following:
(1) 3<-1=0<2 (1) If a< b then l>%
a
(1) Ifa<bthena+c<b+c (iv) Ifac<bcandc>0thena<b

(v) Ifac<bcandc<Othena>b (vi) Eithera>bora=bora<b

6. Insert two rational numbers between:
1 1 3 4
1 —and — 11 3and 4 111 —and —
(1) 3 e (i1) (i11) s -
ey = /‘T"-\“\ﬁ:’?\\/{n;\\\
1.2 Radical Expressions Y ANEON

— r“/:' N\ /C/ "'.' \\"/

If n 1s a positive integer greater than 1 aﬁld”a is a 5real numﬂcr then any real number x

such that x = \/_ a is called), h i’aot o\f a \‘ )
Here, J_ 1S cal\leg\.jx(afylpa\l\cmd nis the index of radical. A real number under the radical

\\\

sign is called a ra&wand 35,47 are the examples of radical form.

.l..)\

1

Exponential form of x = {/a_ is x=(a)" .
1.2.1 Laws of Radicals and Indices

Laws of Radical Laws of Indices

(1) M= % Q/E (i) » g - :ﬁ_; (1) a.a=a" (i) (am)n g™

i) 4 i) (ab)" =a"d" (v (a] g
(111) [ 4 = (%)m ( ) ( ( ) : b,,
] m
- X H " 5 a m—n .
(1v) (‘/E) = (@) =& (V) —=a (vi) ng 1
Example 7: Simplify the followmg ."\‘J \{ )k o
" LA |
(i ﬂ4/16»c A s iy 6

J|
-WI\J\JU w11 A
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1
Solution: (i) #/16x"y* =(16x'y%)* ' Ua e

- (16)1 (x4)3 (yS)I (&b)m +'a'
—2, 4><x*'4 A0

= 2Xy

NNV

A |

(i) 3f27x%° ah (27x6 i J8 o 2fa =an
=@ (PP (=) - () =
V(P EP(EY @y -

\ \ |

(am) — a!ﬂﬁ'

1.2.2 Surds and their Applications

An irrational radical with rational radicand is called a surd.

For example, if we take the #™ root of any rational number a then ¥/ d is a surd.\/g isa

surd because the square root of 5 does not give a

whole number but V9is not a surd because it

simplifies to a whole number 3 and our, result 1§ not W\ E%ry Surd Isanmatmnal number

f A\

an irrational number. Thetefore, ﬂle radlcal “asurd e.g., /7T isnota surd,

but Gvery irrational number is not

11*rat10na1\/_ \/_ o Q:H!are surds but \/_ \/; are not

N |
surds.
The different types of surds are as follow:

- 4 . 12
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(1) A surd that contains a single term is called a monomial

c.g., \/g,ﬁ o] (A The product of two

- . . oy =(0)\conjugate surds is a
(i) A surd that contains the sum of two monomial [surds is - ) Conjug

" rational number.

called a binomial surd e. Lo :

Giy a +~/_ b and. q-r,q"_ W

R [b'a ate called con_]ugate surds of each other.
NN

1.2.3 Ratlonahzatlon of Denominator

To rationalize a denominator of the form a + b \/; or a — b X, we multiply both
the numerator and denominator by the conjugate factor.

Example 8: Rationalize the denominator of:

| ’ . 3
(1) N2 (11) =7
Solution (1): J5 5 J_ J5 3 J_ j__ ://__ A
o ~0 ",/ \ ;‘;‘ Y
= 3(\/_ J_) L\ 3( 5.3._ .f_ ‘)
(‘}_) WD~ 5-2

W w 5

(i) > x\/g’“/g
5= 5-B 5+4B

3B+ 35 +45)
S 5-(B) s5-3
_3(/5+43)

2

€ EXERCISE 1.2] ))

1. Rationalize the denofmnat@r of followmg

JSRN ]| NS
31 ) i % N

l&

(i)

g

w13




Mathematics - 9

6—42

v v
(iv) V) v)
Simplify the following:

3 - ':__u p .E-"-‘II\ ',I:'-'.II‘. "II ¥ '-.II.I Ill\\l: JII|r {
‘ 81]‘ 4 A\ YBYCO (P 16

AN
QNN 3
_ J[ J_chtcl.x y.?] x 7%
v) 7 E
y =z

(16)"" +20(4™)
2x—3 X 8x+2
3;1 X 9n +1

(vi)

(viii)

Unit — 1: Real Numbers

B=a2 i) 43
B+L Y NT+45

) 1
) X — (iii)  (0.027)

5. (25)n+| . 25 (5)2:3
5_ (5)2n+3 _ (25)n+l

(V)

3

(i)  (64) 3=(9) 2

5n+3 —6.5n+l
9>< 5” _2” x Sﬂ

(ix)

If x =3 ++/8 then find the value of:

3 1
(1) X+ —
X

. 1 ~
(iv) x*-— Q) \
0

1L
\ \ \‘ '
A Sy

\mw

Find the rational numbers p and ¢ such that

Simplify the following:

3 3

Rk . (2434)5

(16)* x (8)°

2 1
(216)° x (25)?

(i) 3

(0.04) 2

- \T _I" III‘ \!

:— .". — F/. { ¢ \' II. R "n \ _,\ | IJ 2
AN W™ & -
N R I
VAL X

\ \
LIRS R

l “ea P Ir-{‘j}-_-.\'\ 1
x—— A SOl
{ X 1 '-,__wf:ﬁ\\.\\‘\\l [ (o \ :.’":.\"\\_'-":' e X

P

-y
\ | Y -
) 4 —

8—32
= -+ \/E
ar3fg - ¢

i) 54x 327)™

9™ +216(3>* )

12 212 4
(iv) | @ +b |x|a®—ah® + b3

b S ) (R L7 e R, B e e
b W I | -

1.3 Applications of RealNumbet‘s in ﬁaily Life.

Real numbers arejeﬁqrelﬂélyuseful in our daily life. That is probably one of the main
reasons we learti how to count, add and subtract from a very young age. We cannot
imagine life without numbers.
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Real numbers are used in various fields including

e Science and engineering (physics, mechanical systems, electrical circuits)
e Mecdicine and Health

e Environmental science (climate modding, pollutlon momtormg etc.)

e Computer science (algonthm desz,gn, data compressmn graphlc rendering)
e Navigation and transpoﬂatlon (GPS ﬂlght planning)

e Surveying and arqbltectme :

» Statlstlcs|é.nﬂf data

Example 9: The sum of two real numbers is 8, and their difference is 2. Find the
numbers.

Solution: Lect ¢ and b be two real numbers then

at+tb=8 ...(0)
a—-b=2 ...(i)
Add (i) and (ii)

2a=10 = a=5 putin (i1)
= 5-b=2 = -b=2-5= b=3=h=3] __:;.;-;

So, 5 and 3 are the requlred real numbers \ "*_;,",Jf-" - U
1.3.1 Temperature (Dmlve‘réions
lf NJ Kelvin Celsius Fahrenheit
In the figure, three types of —— scale(°C) scale (°F)
thermometers are shown. -
. : ; 373.15 () 100 () 212
We can convert three Boiling pointof H,O
temperature scales, Celsius, u - -
Fahrenheit, and Kelvin, with N 1 [ ]
each other. — — —
Conversion formulae are Body temperature []310.15 ] 37 966
given below: B ] ]
(1) K=°C+273 § ] B
; ; L1 273.15 L 10 L1 32
- % Freezing point of H,O t——— =
(1) °C= 5 (F-32)° A DB\ ICAR ) |
e L Ol bbb~ [Jmas Hses

(iii) °F =

M U U U

Where K, °C, anH °F show the Kelvin, Celsius, and Fahrenheit scales respectively.

- 4 . 15 A
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Example 10: Normal human body temperature is 98.6 °F. Convert 1t mto Cels1us and
Kelvin scale. N AYeOW

Selution: Given that °F=98.6 Q ‘
So, to convert it into Celsms sefale, we use -

TR IR
\ "\ '. '| VoL

AU E

C = 6(98.6—32)

5
= B (66.6)
= (0.55)(66.6)
2C =37°

Hence, normal human body temperature at Celsius scale is 37°.
Now, we convert it into Kelvin scale.

K=C+273° o~ @

K=37%+273° o . N\ O i*f’("\\l \ '("Zc/, \o\2

. \
= ."."‘. \\\\\\ \\‘\"\j \)‘I

K=310kelvin - Of| 7\ \\ N8
1.3.2 Profit and Lioss U

The traders rﬁay earn profit or incur losses. Profit and loss are a part of business. Profit
and loss can be calculated by the following formula:

(1) Profit = selling Price — cost price
P =SP-CP

profit
Profit % =
Irolit 7o (CP

xlOOj%

(1))  Loss = cost price — selling price

Loss = CP — SP N X\
M\ —_ .—--- :-_\_“\ll |Ir|.‘|' "f_/ \I.". ‘_-":\_':':;..:“:L:I =
Loss % = | ——x100 ‘% ; (Q \
C_P, ". \ .". i\ \ ‘| I\ ™ \:' \ ._-___.:""'JI B

\

Example 11: R, ITI 1 ';'111 }ghfchahs'ed a blcycle for Rs. 6590 and sold it for Rs.6850. Find
the profit percentage

- A . 16 U
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Solution:  Cost Pricc =CP =Rs. 6590 __
Selling Price =SP=Rs. 6850 i Ol
Profit = SP CP ._ N\ o=
= 68 50\— 6590 |
WY N o = Rs. 260

Now, we find the profit percentage.

rofit
Profit % [pcf xlOO]%

_ (260><100 "
6590
=3.94%

F —~Aan\
~ a N\ 200N U
=~ 4% SN A

\ __,-\,\_ ot

Ex: _‘:mple 12: Umair bought a book\ for RS &5‘0‘ ana sold it for Rs. 720. What was his

\ oW 5 \ AN

loss percentage? @ \ \TEL QLN
Solution: priﬁe\efbook = CP =Rs. 850

\.-.
AN

fl{ng price of book = SP =Rs. 720
Loss =CP - SP

=850 - 720
=Rs. 130

( Loss ]
Loss percentage = —x 100 | %
p g L¢P 0

= @x 100] %
850
= 15.200% Ty

Example 13: Saleem, Nadeem and Ta\nveer eamed a proﬁt of Rs. 4,50,000 from a
business. If their mvestmqnts in' the business are in the ratio 4: 7: 14, find each person’s
profit. N i‘«':l""?in .
Solution: Profit earned = Rs. 4,50,000

Givenratio =4:7:14

Sum of ratios =4 +7 + 14

=25

e 17
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Saleem earned profit = %x 4,50,000 = Rs. 72,000

Nadeem earned profit = lex 4,50, 000=R%l2600@ :
Tanveer earned pfoﬁf %M 5t)000= Rs. 252,000
|| VN e
] ] ]f
Example 14: If {he simple profit on Rs. 6400 for 12 years is Rs. 3840. Find the rate of
profit.

Solution: Principal = Rs. 6400
Simple profit = Rs. 3840
Time = 12 years

To find the rate we use the following formula:

amount of profit 100
Rate = : s
time x prm01pa1 R

ssa g N[

' “‘5/&
of \r/ 12%64(10

Thus, rate of pnofﬂs 1;$ 5%“

{( EXERCISE 1.3 ))

1 The sum of three consecutive integers 1s forty-two, find the three integers.
2. The diagram shows right angled AABC in which the &

length of AC is (\/g-l—\/g)cm. The area of AABC is

(1+\/E) cm?. Find the length AB in the form ]
(a\/§ +b \/_) cm, where a and b are mtegers e 74 0\ N3+ J5)em  C

(/0
gL

3. A rectangle has SIdes Of length 2+ \/_— m and [5— 4 ]m Express the area

3
of the reﬁztﬁmgle ‘1111 the form a+b~2 , where a and b are integers.

4. Find two numbers whose sum is 68 and difference is 22.

The weather in Lahore was unusually warm during the summer of 2024. The

- 7 . 18 N A
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TV news reported temperature as high as 48°C. By using the formula,

(°F = % °C +32) find the temperature as Fahrenheit scale.

0. The sum of the ages of the father qnd 501 ds 72 years Slx years ago the father’s
age was 2 times the -a80 | of the S0n Whai was son’s age six years ago?

7. Mirha sells a toy, fﬁr Rs 1520 What will the selling price be to get a 15% profit?

.\.]I\.

8. The annuil 1hcome of Tayyab is Rs. 9,60,000, while the exempted amount is
Rs. 1,30,000. How much tax would he have to pay at the rate of 0.75%?

9. Find the compound markup on Rs. 3,75,000 for one year at the rate of 14%
compounded annually.

@ REVIEW EXERCISE 1 )P

1. Four options are given against each statement. Encircle the correct option.

i)  J7is:

(a) integer (b) ratlolgal num’aer \
(¢)  irrational number o (e}) \( naturalfnumber
\\ 7N\ O\ \ '> \BR Y,
(i) mandeare: O \cq ~ NN W
(a) nafugahnumbers' (b)  integers
() W\ ‘re{tlonal numbers (d) irrational numbers

(ili)  If » is not a perfect square, then /7 is:

(a) rational number (b) natural number

() integer (d) irrational number
(iv) B+5is:

(a) whole number (b) integer

(©) rational number (d) irrational number

(V) For all x € R, x = x is called:

(a)  reflexive property .; (b) - transmve number "
(¢)  symmetric property RA(C (d) trmhotomy property
(vi) Leta,b,ce R ‘nhen a 3 b and b >~cJ = a > cis called property.
() WN Jtﬁt_chotomy (b)  transitive
(c) additive (d) multiplicative

19
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s L \-’\‘

(vil) 2*x 8 =64 thenx = PENTANCEOM
R R 4 AT @ 3
(viii)) Leta, b € Ry theh a «—Lb and b ’ a 1s called property.
(%11} UN) 1|feﬁeX1_\;_e (b)  symmetric
(c) transitive (d) additive
(ix) 75+27=
@ 102 (b) 93 (c) 53 (d)  8J3
(x) The product of (3 + \/3)(3 —«/5) 18:
(a) prime number (b) odd number
(¢) irrational number (d) rational number
Z, Ita= 3 , b= é and ¢ = Z , then verify that W~
2’ 3 5’ <\ O\
(1) a(b+c)=ab+ac a ;}_/\ A0 Q\l)\ \l(‘ai%*}));: = c;c + bc
3. If a= g, b= ] (:\T‘ % jﬂl\e}‘li‘%ﬂﬁ/ tf‘lé ;;socmtlve property of real numbers

_-\

W.I. tq{dqhﬁf&h\éhd multlphcatlon

4. Is 0 a rational number? Explain.
5. State trichotomy property of real numbers.
6. Find two rational numbers between 4 and 5.
7 Simplify the following:
; xy* . | - 603"
(1) 5 Z—,:}O (i1) «3/(27)2 (1i1) 3y

The sum of three consecutive odd integers is 51. Find the three integers.

Abdullah picked up 96 balls and placed them into two buckets. One bucket has
twenty-eight more balls than the other bucket. How many ba]]s Were in each
bucket? e £ “‘;.-—-. '\ [ :\ / O

10. Salma invested Rs; 3 5(1 000 m a banlk w’hich paid simple profit at the rate of

% per alllnb\lﬂl Af’tﬁr 2 yearq the rate was increased to 8% per annum. Find
J| ]| A\ (|

0
the arﬁount she had at the end of 7 years.
- 4 N 20 g U
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Students’ Learning Oufcames W\ ‘_/ =
At the end of the unit, ]th udents will be able to:

»  Express, phuﬁmﬂ)er 1 S(:lenlmc notation and vice versa.

» Describ¢ logarithm of a number
» Differentiate between common and natural logarithm

INTRODUCTION

Logarithms are powerful mathematical tools used to simplify complex calculations,
particularly those involving exponential growth or decay. They are widely applicable
across various fields, including banking, science, engineering, and information
technology. In chemistry, the pH scale, which measures the acidity or alkalinity of a
solution, is based on logarithms. They help in transforming non-linear data into linear
form for analysis, solving exponential equations and managmg Calgu}aﬂons imvolving

= & I’K ~y \

very large or small numbers efﬁmenﬂy A e\ o) (E\ 4

R S N | O~
b A e\ WG '-. \ \ I| \ o~

D) ~1 \ \ \
‘\ S~ ,/’_‘ \ \ \ \ “~ ". \'. \

2.1 Scientific Nﬂt;:ltlon \ \\ QS Y

A method used to e f; Rig Very large Or very small numbers in a more manageable form
1s known as: \f‘iq eﬂ\t ¢ nofation. It is commonly used in science, engineering and
mathematics to sunphfy complex calculations.

A number in scientific notation i1s written as:
ax 10" where 1 <a<10andn € Z If the number is greater than 1

then n is positive and if the

Here “a” is called the coefficient or base number. et s (o Mt | ek 7dR
2.1.1 Conversion of Numbers from . e
Ordinary Notation to Scientific Notation
Example 1: Convert 78,000,000 to scientific notation.
Solution: Step 1: Move the decimal to get a number between 1 and 10:
7.8 —
Step 2:Count the number of places you deed the deeimal
7 places |

Step 3: er,te lﬁ SCIentlf ic nota“tlon
: I‘ 78 000 000 = 7.8 x 107
Since we movéé'the decnnal to the left, the exponent is positive.

- N 21
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Example 2: Convert 0.0000000315 to scientific notation. " Try Yourself! NN

Solution: Convert;, the following

;.I"mto sciettific notation:
Step 1:Move the decimal to get a number between 1 and 1@ @) 29,000,000

3 15~ VWO T & (if) 0.000006

Step 2:Count the numbef of places you moved the decimal:
| N|
] AV

'8 places
Step 3:Write in sc1ent1ﬁc notation:
0.0000000315 =3.15 x 107

Since we moved the decimal to the right, the exponent is negative.

2.1.2 Conversion of Numbers from Scientific Notation to Ordinary

Notation

Example 3: Convert 3.47 x 10° to ordinary notation.

Solution: Step 1: Identify the parts: If exponent is positive then the

P y P _ |rdecimal Wﬂl\mo\e to the right.
Cocfficient: 3. 47r N\ -;\";-3-1," [ “exponent is negative then the
Exponent 10‘5 AN ‘\ WAL L )| decimal will move to the left.

Step 2:Since the exponent ls pps‘ltive 6 ‘rnove the decunal point 6 places to the right.

347 % 103470, 000"
Example 4: Convert 6.23 x 10~* to ordinary notation. " Try Yoursel! J NG

Solution: Step 1: Identify the parts: Convert the following
. mnto ordmary notation:
Coefficient: 6.23 (i) 5.63 x10°

(i) 6.6 x 1073

Exponent: 10~
Step 2:Since the exponent is negative 4, move the decimal point 4 places to the left.
6.23 X 10™* = 0.000623

{(EXERCISE 2.1)
Is Express the following numbers in sc1ent1ﬁc notatloﬂ
(1) 2000000 J(u) 43900 (i) 0.0042
(iv)  0.0000009 © . (v) e T 103 (vi)  0.65 x 10?
2. Express tl}e ;ITQ]Iong numbers in ordinary notation:
(1) $.04 x 102 (i) 3x10° (i) 1.5x107
(iv) 1.77 x 107 (v) 55x10°  (vi 4x107

— 7 9 N
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3. The speed of light is approximately 3 x 10® metres per second. Express it in
standard form.

4, The circumference of the Earth at the equaj;or 15 about 40075000 metres.
Express this number i in SClentth notatmn N
5. The diameter of MaIS 18 6 7779 s 103 km Express this number in standard form.

6. The dlagnpthrhof Earth is about 1.2756 x 10* km. Express this number in
standard form

2.2 Logarithm

A logarithm is based on two Greek words: logos and arithmos which means ratio or
proportion. John Napier, a Scottish mathematician, introduced the word logarithm. It
is a way to simplify complex calculations, especially those involving multiplication
and division of large numbers. Today, logarithm remain fundamental in mathematics,
with applications in science, finance and technology.

2.2.1 Logarithm of a Real Number_ <2\ (
In simple words, the 10gar1thm of a real QUmben tells us how many times one number

must be multiplied by 1tself to get anofher number.

The general fommi bf Ell 10gaili_{li-m 1S: log,(x) =y

Where: ¢ b is the base,

» x is the result or the number whose logarithm is being taken,
* yis the exponent or the logarithm of x to the base b.
This means that: b = x (Exponential form)
b’ =x
In words, "the logarithm of x to the base b is y, log/x =V (Logrithmic form)
means that when b is raised to the power y, it equals x.

The relationship between logarithmic form and exponentlal foml IS gwen below:
log,()=y & b =x whereh >0, x>Oand b1
ExampleS: Convert 10g28 3 to exponentlal form
Solition:  log) 8 e
Its exponential form is: 2% = 8

[ 4 . 23
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Example 6: Convert log,,100 = 2 to exponential form.

OISR log,100-=2 Yoot

Its exponentlal form 1S; 192 = 100

Example 7: Find the Value of x in each case:

IN|
"(i)l'lngZS s (ii) log,x =6
Solution: (1) log25=x (i1) log,x = 6
Its exponential form is: Its exponential form is:
=25 76 — 5
= 5=5 = x=64
= i=2
Example 8: Convert the following in logarithmic form:
(i) 3*=381 7% =1 ~ ﬁ
S(Illlﬁﬂn: (1) 34 =81 o 5 \ | ¢ e | (11)| 713 1:« 1\ \" (O \ 8
Its Iogarlthmlc form. ‘is»’ W\ /;\. "’?-\f‘"‘ Its ioganthmlc form is:
L \\\ \.\ { '\ ‘3 "._j‘ ‘-.___; _
lo\glﬁlfﬁ\ll NJ 4‘ V- ol =10

¢(_EXERCISE 2.2 )

1. Express each of the following in logarithmic form:

- 1

() 10° = 1000 (i) 2%=256 Gii) 3°= -
1

() 20°=400 @) 16— o) 112=121
=

(vi) p=q (vii) (32)° o

2. Express each of the following in exponentlal fm’m N (COBE"

(1) log, 125 = 3 (11) log2 16 4 Gii) log, 1=0

. 1 |
(iv) ‘,\lo%qjﬁl —‘11“ (v) log, g -3 (vi) 5= log, 3

1
(vii)  5=Togy, 100000 (viii) log, ~=~2

Y a4
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3. Find the value of x in each of the following:

(1) log, 64 =3 (i) log, l=x (i) log, 8=
— V) log x5V @Ayd)10g, 1024-= x

2.3 Common Logarithm '
SuI5 BHRTIL lqghl"ltlhmls the logarithm with a base of 10. It is written as log;, or
simply as log (When no base 1s mentioned, it is usually assumed to be base 10).

For example: _
10'=10 < logl0=1 English mathematician Henry
10° =100 < logl100=2 Briggs extended Napier’s work
3 and developed the common
10" =1000 < logl000 =3andsoon. logarithm. He also introduced
107 — L 01 & fop0i=—i logarithmic table.
10
102 =——=0.01 & log0.01=-2 AR
100 - _W,__._;;_'"\_\ifII"{‘;?’! Hn\ ) S
107 = ——=0.001 < 1og0.00T:~Faadso0n. \\\ - |J
1000 o\ g/ 1 V) an p A

2.3.1 Characteristica 1d Manfissa of Logarithms
ININIAV A A

The logarithm dﬁg\glrlmber (_:onsists of two parts: the characteristic and the
mantissa. Here is a simple way to understand them:

(a) Characteristic

The characteristic 1s the integral part of the logarithm. It tells us how big or small the

number is.

Remember!

Rules for Finding the Characteristic When the characteristic is
negative, we write it with bar.

(1) For a number greater than 1:

Characteristic = number of digits to the left of the decimal point — 1

For example, in log 567 the characteristic =3 = I=2, ((O)\\\"

S "

(11) For a number less than 1: ("

Characteristic = — (ﬁumb&rofzerosbetween the decimal point and the first

non—zezjg',gl,-i-giﬂ—i‘. 'fﬁ
For exarﬁple, in log 0.0123 the characteristic =— (1 + 1) =2 or 2

[ 4 . 25 A
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Example 9: Find characteristic of the followings:

(i) log 725 (i)  log9.87
(1i1))  log 0.00045 (iV) 1 0 g 0 5 4 AR
Solution: (i) log 725 o\ (11) log 0.87

Characterlshc 3 e l _2

(1i1) mg 0' 0045

Characteristic=— (3 + 1) =4

(iv)

Characteristic=1-1=0

log 0.54
Characteristic=— (0 + 1) =1

Characteristic of the logarithm of numbers can also be find by expressing them in

scientific notation. For example,

Number | Scientific Notation | Characteristic of the logarithm
125 7.25 x 10? 2
9.87 9.87 x 10° 0 .

0.00045 45x10* o g aral 12 &GP
0.54 el m- G |

" \ '. ‘. \'. I".__-

(b) Mantissa _ AR J|I N IJ

The mantissa is the decimal part of the logarithm. It represents the "fractional"
component and is always positive.

For example, in log 5000 = 3.698 the mantissa 1s 0.698
2.3.2 Finding Common Logarithm of a Number

Suppose we want to find the common logarithm of 13.45. The step-by-step procedure
to find the logarithm is given below:

Step 1: Separate the integral and decimal parts.

Remember'

Integral part = 13

Decimal part = 45 !ng (Number} G‘l’laracterlsm + Mantissa

Step 2: Find the characteristic of the number
Chardctemsltljc _ mumber of dlglts to the left of the decimal point — 1
W ;2-1—1
Step 3: In common logarithm table (Complete table is given at the end of the book),
check the intersection of row number 13 and column number 4 which is 1271.

- 4 26 N |
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Step 4: Find mean difference: Chepk the mtersectlon of row number 13 and column

number 5 in the mean dlfference whlch is 16.

N Logarlthm Table
1 Mean Difference

0 1 2 3 4 5 6 7 8 9
1 2 3(4'5 6|7 8 9
10 | 0000|0043|0086|0128(017010212|10253|10294|10334|0374| 4 8 12|17 /21 25(29 33 37
11 [0414(0453(0492 (0531|0569 0607 |0645(0682(0719(0755( 4 8 11|15 19 23(26 30 34
12 1079208280864 |0899(0934|0969|1004|1038| 1072|1106 3 7 10|14/17 21(24 28 31
13 11139]1173]1206|1239|1271|1303|1335|1367|1399|1430| 3 6 10|13 16 19|23 26 29
14 |1461(1492(1523( 1553|1584 1614|1644(1673(1703(1732( 3 6 9|12 15 18|21 24 27

Step 5: Add the numbers found in step 3 and step 4. 1.e., 1271 + 16 = 1287 which i1s

the mantissa of given number.

Step 6: Finally, combine the characterlstlc and manpssa parts found in step 2 and
step 5 respectively. We get l 1287 \ \

So, the value of log 13-45 I3\ 1 1287

Example 10 Fmd ljogamt,lnn 0f thc followmg numbers:

(1)

Solution: (i)

W
log 345
Characteristic =3 —-1=2

log 5.678 (111)

Mantissa
So, log(345) =2+0.5378=2.5378
(i1) log 5.678

Characteristic=1-1=0

Mantissa =0.7542 (7536 + 6 =17542)
So, log(5.678) =0+0.7542=0.7542
(111)  log 0.0036

Characteristic =— (2 4 l)

Mantissa
So,  log (0. 0036)]| "1=IJ— 3 0 5563 2.4437
(v) logO. 0478

Characteristic =— (1 +1)=-2

Mantissa
So, =-2+0.6794 = 1.3206
- 4 27

log 0.0036

\_ Ao

(iv)

Do you know?

log (0) = undefined
log (1)=0

log 0.0478

=(0.5378 (Look for 34 in the row and 5 in the column of the log table)

log (a) =1

=i} 5563 @W& 'T(m the row and 0 in the column of the log table)

=0.6794 (Look for 47 in the row and 8 in the column of the log table)
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2.3.3 Concept of Antilogarithm

_ Logarithm(exponent) Antilogarithm(result)
An antilogarithm is the inverse operation of ™ ———
a logarithm. An antilogarithm helps to find a 4°=1024
number whose logarithmic value is given. /
; Base-' S\ (C M
In simple terms: Pt I
If log,x =y < b =x then the process of ﬁndmg X is called antilogarithm of y.

Finding Antllogarlthm qf a\ Number using Tables
Let us find the antﬂogarlthm of 2.1245.
The step-by-step procedure to find the antilogarithm is given below:

Step 1:Separate the characteristic and mantissa parts:
Characteristic = 2

Mantissa = 0.1245 The word antilogarithm is another word
St ep 2:Find corresponding value of mantissa for the number or result. For example, in

: . : ¥ _ : : ;
from antilogarithm table (given at the 4° = 64, the result 64 is the antilogarithm.
end of the book):

Check the intersection of row number 12 and colUmn nﬁinber 4 which provides
the number 1330. - _' V(O N\ B

Step 3:Find the mean dlffelence IS
Check the: 1ntEEr‘~:ect10r1 of row number .12 and the column number 5 of the
mean difference in the antilogarithm table which gives 2.

Remember!

Antilogarithm Table
Mean Difference
o|1|2|3|a4a|s5|6]|7]|8]|39

12 3(45 6|7 809
.11 | 1288 1291|1294 1297| 1300| 1303| 1306] 1309| 1312[1315{ 0 1 1|1 2 2|2 2 3
.12 | 1318|1321 1324] 1327|1330/ 1334| 1337| 1340/ 1343|1346} 0 1 1|1 2 2|2 2 3
.13 | 1349|1352 1355| 1358| 1361 | 1365| 1368|1371/ 1374|1377| 0 1 1|1 2 2|2 3 3
.14 |1380| 1384 1387| 1390| 1393| 1396| 1400| 1403|1406/ 2409{ 0 1 1|1 2 2|2 3 3
15 |1413|1416(1419| 1422 1426| 1429| 1432| 1435| 1439| 1442{ 0, 111 2 2|2 3 3

Step 4: Add the numbers found in the step 2 and step 3 we get 1330+ 2 =1332

Step S: Insert the decimal point: NS
Since charactemtlc i§\2) therefore the The place — L .

decimal point will be after 2 digits right zero digit from left and its next digit

from the reference position. So, we get is called reference position. For
133.2. example, in 1332, the reference
Thus, the antilog (2.1245) = 1,33.2 position is between 1 and 3

- 4 . 28 N
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Example 11: Find the value of x in the followings:
(1) log x =0.2568 (1) logx=-1.4567
(11) logx=-2.1234
Solution: (i) log x =0.2568 PR Y\
Characteristic =0 ¢ Manﬁssa (=92568
Table value of 02568= 1803+ 3=}806
So, x= antllogg(l)2568): 1.806 j(ﬂli‘;ert the decimal point at reference position
Q J'|--‘,-3|_':i\""-'7;"__-r'“'"".|_ AVAC R because characteristic is 0.)
(1)  logx=-1.4567
Since mantissa is negative, so we make it positive by adding and subtracting 2
logx=-2+2-1.4567
=_2+0.5433 = 2.5433

Here characteristic = 5, mantissa = 0.5433
Table value of 0.5433 = 3491 + 2 = 3,493

So,  x=antilog (2.5433)
= (.03493 SR\

— <\ .f".:"'j_\"d I L)
: o« sy U= o+ Dl EICAIR YRG0 .
Since characteristic is 2, therefore decimal point will be lbefore 2 digits left from the
reference position. O\ | pUINA T
LR R R R

(i) Togx=—2 1284\ LI
Since mantissa'i$'negative, so we make it positive by adding and subtracting 3
logx =—3+3-2.1234

=—3+0.8766 = 3.8766 Swiss mathematician and physicist
Leonhard Euler introduced ‘e’ for the

Here characteristic = 3, mantissa = 0.8766 base of natural logarithm.

Table value of 0.8766 = 7516 + 10 = 7,526

So, x = antilog (3.8766)
=0.007526

Since characteristic = 3 , therefore decimal point will bebefore3d1g1t% left from the

Oy A v LN v AN AN
- AR ) |

The natural logal'ithn}-i\:;si.Ijthé_ logarlthmwnh base e, where e 1s a mathematical constant

reference position.

approximately':‘éhfﬂﬁf\to 2.71828. It is denoted as In. The natural logarithm is commonly
[ 4 . 29 U
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used in mathematics, particularly in calculus to descnbe exponennal growth decay

and many other natural phenomena

Unit - 2 Logarlthms

For example, Ine® =2 i.e; the legarxthm ef e’ to the base eis 2.

Difference betwqeh C(llmmon and Natural Logarithms

Common Logarithm

Natural Logarithm

ii.

111.

The base of a common logarithm
is 10.

It is written as log,,(x) or simply

log (x) when no base is specified.
Common logarithms are widely
used in everyday calculations,
scientific  and

especially in

engineering applications.

1.

1L

1il.

The base of a natural logarithm is e.

It is written as In(x)

Natural logarithms are commonly
used in higher level mathematics
particularly calculus and applications

involving growth/decay processes.

‘\ '| '}"_.'}

{(EXERCISE23] ))

. Find characteristic of" J;he fé[lthng\nw‘nbers :

(1) 5287J W N i) 59.28 (1)  0.0567
(iv) ° J|'?>'3-i1 A (v)  0.000049 (vi) 145000
Find logarithm of the following numbers:
(1) 43 (1) 579 (i1)  1.982
(iv)  0.0876 (v)  0.047 (vi)  0.000354
If log 3.177 = 0.5019, then find:
(1) log 3177 (i)  log31.77 (iii)  log 0.03177
Find the value of x.
(1) logx=0.0065 (ii)) logx=1.192 (i) logx=-3.434
(iv) logx=-1.5726 (v) log x =4.3561 (vi) logx=-2.0184

2.4 Laws of Logarithm

Laws of logarithm are also known as rules or, propertles of Iogarlthm These laws help

to simplify logarithmic expressmns and solve Iogarithmlc lequations.

1.

Product Law

WW\\U\J o\ log,, x =log, x+log, y

The logarithm of the product is the sum of the logarithms of the factors.

30
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Proof: Let m=log,x ...(1)
and n =log,y ...(11)
Express (i) and (ii) in exponential form:
x=b" and y=>b"
Multiply x and y, we get |}, [ VAL
xy =b" b” - \b'"*”
Its logarithmic form! RRN -
log,xy =m+n
log, xy =log, x + log, y [From (i) and (i1)]
2. Quotient Law

logb[ J log, x—log, v
Yy

The logarithm of a quotient is the difference between the logarithms of
the numerator and the denominator.

0 \BA R > :
an oV afl ] (U)‘ e Divide the students into small groups.
Express (i) and (iﬂ n exponentlal form: e Distribute the logarithmic expression
x=b"and y=0>»" cards randomly among the groups.
Divide x by y, we get e Each group will work together to identify
” which logarithmic law applies to each
& b = IEn expression.
y b” e After completing the task, each group will
Its logarithmic form is: present its findings.
X
log,| — |=m—n
\J /
logb _ |= logb x—logb y ., - (] > JA

ALY
MUY log, x" =n.log, x
The logarithm of a number raised to a power is the product of the power and the
 logarithm of the base number.

- 4 31 N |
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Proof:
Let m=log,x ...(J) e\ CO
Its exponential form is: WY
Raise both sides to the pbwer '

?‘.-' — (b#ﬁ)]),ll D bnm
Its logarithmic form is:

log, x" = nm
logb x” — n_logb X [From (l)]
4. Change of Base Law

log x
log, x = Sa
log, b
ThlS law allows to change the base of a logarithm from “5” to a%ﬁ%er base “a”.
2 2 =N s
Proof: Let ﬂ, ,--.. i ! /ﬂ *.\‘“ / \ ll:':\.'-,.__j\ , ,.'il L™

\ / |\-- )

=10 g, X (I) \ \ \ N \
Its exponennal fqmml Js I‘ N ©

m=x

nm.__n

Taking log with base "a" on both sides, we get

log, b" =log, x
mlog, b=1log, x

_log, x
log, b

log, x

log, x = [From (1)]

log, b
2.4.1 Applications of Logarlthm

Logarithms have a wide rang¢ of appllcatlons in many f elds Here some examples are
given about the appllrcatﬂons of Iogarlthmq

Example 12: Expand the following using laws of logarithms:
(1) log,(20) (i1) log, (9)° (i)  log,, 27
[ 4 Y 32 A




Mathematics - 9 Unit — 2: Logarithms

Selution: (i) log,(20) (i)  log, (9)’ (iii)y  log,, 27
=log,(2x 2x5) =log, (3% | _ -.cdeg27
=log; (2" x 5) 1ogz (3)'0-5?{," [{p o log32

=log,(2)’ Hog; 5 \\ DO = =10 “logj 3 = -
~ 2logaddog s | -
%0&12 085 3 _ 3log3
5log?2
3
=—log, 3
5 g,
Example 13: Expand the following using laws of logarithms:
8
(i) logz( . j (i) log, [ﬂ]
Z z
x—y Y X—
- 3[log2(m— y) log 2 ] AT
8 N\ V) \'-\"x _j A
(ii) logs[ J -8 10% [‘“y ) AP
{‘\ JN l |
W o, ) - t0g, 2
= 8[ log; x + log; y —log; z]
Example 14: Write the following as a single logarithm:
(1) 2 log,10—-1log, 4 (i1) 6 log, x+2 log, 11
Selution: (i) 2 log,10-log,4 (1) 6 log,x+2 log,11
=log, (10)* —log, 4 =log, x* +log, (11)*
=log,100—log, 4 = log, x" + log, (121)
= log, (100) B log..z..(l . lx{‘—)
%
=log, 25 0 -9 =

Example 15: The dec1bel s«:allea ! iri\easures sound intensity using the formula

AN
L =40 log,, [}N] 1f a sound has an intensity (/) of 10° times the reference intensity

a

[ 4 . 33 A
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(/o). What 1s the sound level in decibels?
7 In (0) undefmed
Solution: L =40 log,, (1] — |, \ ln ( I) L

Put = 10/, \gw ge;

oo - [ I ]

(#]

L =40 log,, (10)°

L =40 x 6 log,,10

L =40x6 (> log;;10=1)
L =240 decibels

{( EXERCISE24 ))

1. Without using calculator, evaluate the following- o
_~.'\. 2OV Y
(i)  log,18-log, 9 (i) log, 64-1-,1Qg 2 TS % D olog.1

f\' \ /'
f-__"\l’,.l\'\}“\

(iv) 2log 2+10g 25 0 (v)\ \\L}og4 64+210g525 (vi) log,12+log, 0.25
2. Write (\h@ Fféﬂo‘wmg as a smgle 10 garithm:

(1) —log 25+ 2 log 3 (i) log 9 — log %
(iii)  log,b*.log, 5’ (iv)  2log, x+log, ¥
(V) 4log, x—log, y+log, z (vij 2Ina+3Inb-41Inc
3. Expand the following using laws of logarithms:
11 *b
(i) log(S] (i) log, 8d° (ii) h{%}
2 I 5
(iv) log[ﬂ ]9 (V)  Ini/16x° (Vl) —legz ( ba j
4. Find the value of x 111 the followmg Equatlons,
(1) log2+log. "r’ i 1' 0L L (11) log, x+log, 8=5
|| ) I| 1 x—6
(ii) (8'1) = (243)“"‘ (iv) (E] =27

[ 4 34 g N
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L

[ 4 . 35 A

(v) log(5x-10)=2 (vi) log, (x+ - log, (x 4)=2
Find the values of the followmg Wlth the help of loga.rlthm able:

(i) 368X421- D\ 4067 x 2.11 x 2397
; 5234 AL ”
elx 3
(iif) - (20 416) (2 4122) (iv) 9.364 x 21.64
754.3 3.21
The formula to measure the magnitude of earthquakes is given by
M=log,, [Ai] If amplitude (4) 1s 10,000 and reference amplitude (4,) is 10.

What is the magnitude of the earthquake?

Abdullah invested Rs. 100,000 in a saving scheme and gains interest at the rate
of 5% per annum so that the total value of this investment after 7 years is Rs y.
This is modelled by an equation y = 100,000 (1.05)", > 0. Find after how many
years the investment will be double.

Huria is hiking up a mountain where the temperature (T), deereases by 3% (or a
factor of 0.97) for every 100 metres gamed “11’1 almL@e The 1n1tlal temperature
(7;) at sea level s\ ZOOC Usrng the\ f@rmula T =T, x0. 97‘00 , calculate the
temperature at a]il altltude (h) '0of 500 metres.

H\

(( REVIEW EXERCISE 2 )P

Four options are given against each statement. Encircle the correct option.
(i) The standard form of 5.2 x 10° is:

(a) 52,000 (b) 520,000 (c) 5,200,000 (d) 52,000,000

(i1) Scientific notation of 0.00034 is:

(@ 34x10° (b) 34x107* (¢) 34x10* () 34x10°

(i11)) The base of common logarithm is:

(a) 2 (b) 10 () 5 @ e
@ ! ® 2 o An@ily/ &S @ 3
log 100 — RLAT &

(a) NANC © 10 @ 1

NN

(vi) If logi 0. 3010, then log 200 is:

(a) 13010 (b)  0.6010 c) 23010 (d) 2.6010
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™
v\

(vii) log (0) = .
(a)  positive (b) negatlve‘ \ (c) erb ( \—(d) undefined
(viii) log 10, 000= \\ /7%
(@ 2 “(b) '*--"‘“(c) 4 @ 3
(ix) 10g5+lag¥‘— W\ - ;
@ Mog o ® log2 (¢ log [%] @ logl5
(x) 3" =81in logarithmic form is:
(@) log,4=281 (b) log, 3 =281
(¢) log,81=4 (d) log,81=3
Express the following numbers in scientific notation:
(1) 0.000567 () 734 (1)  0.33 x 10°

Express the following numbers in ordinary notation:
(i) 2.6 x 10° (i1) 8794 x10* (i) 6x107°
Express each of the following in logarithmic form:

—~

) =218 () d’ =c (iii) (yza\ _@{5
Express each of the following 1pDexp6nﬂnhal f@iﬁti'
() log8=x . (i) | \uiaggg(zg 13 Mty | ’10g41024 5
\
Find value of x m\\t\ﬂ\e‘ f&ﬂd Vi

J I\H#L- 3x 2x
\”\\lj\h\ ) [1] (1 ]
0 0.5 1 = | =27 11 — | =64
gox= (11) 9 (111) 9

Write the following as a single logarithm:
(i) 7 log x — 3log y* (i) 3log4—log32

(1i1) %(logg 8+log,27)—log.3

Expand the following using laws of logarithms:

(1) log (x y %) (1) log, \m’n’ (iii)  log+/8x’
Find the values of the following with the help of logarithm table:
: . 36.12x 750.9
J68.24 319.8 x 3.543
) ) () 113.2x9.98

10.  Inthe year 2016, the population of a city was 22 mIHIQHS and.wa,s growmg ata
rate of 2.5% per year. The function p(t) = 22(1, 025}‘@1“«!@& the’ population in
millions, ¢ years after 2016, USG the | model tb d}etermme in which year the
population will feaqh 35 :limll‘lt)hs Reuﬁd the answer to the nearest year.

L ) e
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> Rec%\ T\Nj\
e Describe mathematics as the study of patterns, structure, and relationships.
e  Identify sets and apply operations on three sets (Subsets, overlapping sets and disjoint
sets), using Venn diagrams.
» Solve problems on classification and cataloguing by using Venn diagrams for scenarios
involving two sets and three sets. Further application of sets.
» Verity and apply properties/laws of union and intersection of three sets through analytical and
Venn diagram methods.
Apply concepts from set theory to real-world problems (such as in demographic classification,
categorizing products in shopping malls)
Explain product, binary relations and its domain and range.
Recognize that a relation can be represented by a table, ordered pair and graphs.
Recognize notation and determine the value of a function and its domain and range.
Identify types of functions (into, onto, one-to-one, injective, rsu:;[ectwgmd bm&hve} by using

'\\ s
,-f,..\\J'If’/‘\ o=
= ) \\’\"1‘\\ (\ \ |'\~
N\ A0 WO WAL

L\ £

\“’ f \ A u N
INTRODUCTION| | 7| ;50

In this unit, we W\Tl\mlsb ‘aume basu: concepts of set theory and functions, beginning

v

vV WV ¥V Y

Venn diagrams.

with mathe\‘mpﬁi%& as an essential study of patterns, structure, and relationships.
Students will learn to identify different types of sets, the laws of union and intersection
for two and three sets, and their representation using Venn diagrams. Additionally, they
will apply set theory to real-world problems to enhance their understanding of
demographic classification and product categorization. Classification develops an
understanding of the relationship between various sets. Students will also explore
binary relations and functions and their representation in various forms including
tables, ordered pairs, and graphs.

3.1 Mathematics as the Study of Patterns, Structures and

Relationships 7&, \ €© T
Mathematics is the science of pglte w \rglaf‘; onships, comprising
é\\o j s loglcal and quantitative aspects.

various branches that expj&r&

e an
The strength of mathef:nat‘ iﬁ@\ba&g upon relations that enhance the understanding

Wil ¥ -
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athematics HEI/?\ @Wnc ions
between the patterns and structure in, mathematlcal pattern is
a predictable arrangem@( nsﬂ?{s@s}t&i symbols that follows a specific rule
a are the key to learning structural knowledge

or re]atlonsh]p ﬁ
involvin land geometrlcal relationships. For example, look at the following
numerical pattern of the numbers

I"term  2"term  3"term  4"term  5"term
o ACAZ R
+3 +3 +3 +3
In the above pattern, every term is obtained by adding 3 in the preceding term. This

predictable rule or pattern extends continuously, making it a sequence where each term
increases at a constant rate.

Consider another example of a famous
geduetice 0, 1, 1; 2, 8, 5,8, 13, 21 s
known as the Fibonacci sequence. This
sequence starts with two terms, 0 and b)
Each term of the sequelgﬁ i
adding the prewous
formula fi 1 sequence is
Fo=Fna+Fs2 where Fn=0 and F1=1 are the first and second terms respectively. This
recursive pattern occurs more frequently in nature.

The study of mathematical structure is essential for mathematical competence. A
mathematical structure is typically a rule of a numerical, geometric and logical
relationship that holds consistency within a specific domain. A structure is a collection
of items or objects, along with particular relationships defined among them. Consider
a triangle made up of smaller triangles, as illustrated in Figure (ii1).

X

Fi WS = Fi . i =
1gure I\?—N j\ O\’ igure (ii) igure (iii)

_ 38 g |
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The pattern of arranging smaller triangles to form a larger trlangleJ.sg ?;u We can
easily recognize the implicit structure: the | ger tr ang{& o ﬁi & k(conmqtmg of
several rows, where each row contgln z \a}i}l mber of smaller triangles (e.g.,

7 triangles in the first rc@\ t{tﬁ??\(:ﬁ@&, ﬂf third, and 1 at the top).

The repetltlon of Pﬁ \the spatial relationships
between  thin: tuangles are critical structural
features. The ahgnment of the smaller triangles creates a
sense of congruence as each row is made up of triangles
of the same size. At the same time, the arrangement
illustrates parallel and perpendicular relationships when
viewed in relation to the base of the larger triangle, as

.-p .

shown in Figure (iv). We can develop logical reasoning
by understanding these patterns and structures and : ;% :
preparing them for more complex geometric concepts in Fignse (iv)

various fields of mathematics. Similarly, we can establish a relationship between two

sets when there 1s a correspondence between the numbers of these sets.
~ \\"\ 5

@4\541\9}&? Wwis a German

\ \
We arc familiar with the notion of as\et SH:lc mét}lbn?auc 1

the word is frequeml}(_)usﬁ{d iR, ﬁ\y@@{d@i‘ \Who” “'g“'fﬁca“ﬂy

speech, for mstanz:? ater set, Ma et and developtreit of set
sofa set. l@ﬁ;%%nd\er that mathematicians | feory. a key area
have developed this ordinary word into a | in mathematics. He

mathematical concept as much as it has | showed how to
compare two sets

by matching their members one-to-one.

_ ) Cantor defined different types of infinite sets
of sets helps in understanding the conceptof | ;4 proved that there are more real numbers

relations, functions and especially in | than natural numbers. His proof revealed that
statistics we use sets to understand | thereare many sizes of infinity. Additionally,

probability and other important ideas he introduced the concepts of cardinal and
ordinal numbers, along with their arithmetic

operatlons

clements, so that we may be able to deud

whether the object belongs to the cﬁllfe i&ﬂjr\n i\\,\

Capital letters 4, B, C, )(C X W } & generally used as names of sets and small letters
2.0,.6.% z CI%IW$ d\a mber% or elements of sets.

39 U

3.1.1 Basic Definitions Georg/Cant\qr

contributed to the

become a language that is employed in most
branches of modern mathematics. The study

A set is described as a well-defined
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or instance, the set

There are three different ways of descrlbmg a s@k E\HA}&

(i) The Descriptive for \@ ords
of all vowels of the En li h\ m?;l ‘ -

(i) The T }@N&uﬁ é

brackets. A 1s the set mentioned above, then we may write:

et may be described by listing its elements within

={a, e, 1, 0, u}

The tabular form is also known as the Roster form.

(iii)  Set-builder method: It is sometimes more convenient or useful to employ the
method of set-builder notation in specifying sets. This is done by using a symbol
or letter for an arbitrary set member and stating the property common to all the
members. Thus, the above set may be written as:

A = {x| x is a vowel of the English alphabets}
This is read as 4 is the set of all x such that x is a vowel of the English alphabets.
The symbol used for membership of a setis . Thus, ae 4 means «a is an element of

A or a belongs to 4. ¢ ¢ A means c does not belong 7o 4 or ¢ is not-a member ( f\,ﬁf\.
Elements of a set can be anything: people, coum:nes‘“ rlv\e{s ‘]é\sﬁ bf/ ﬁ‘tdught In
algebra, we usually deal with sets of numb?pﬂz 'T“{]’B éf;t& ako }nglfh their names are
given below: - ‘r)\ ) !

N =The set of natural n qubeim\\\\ JREn {'1 2 3 }

W = The sct ofliple AR - ={0,1,2, ...

% =The et ol tiagess 041,42, .}

O = The set of odd integers =bk], £33, &85, v}

E =The set of even integers ={0,+2, 44, ...}

P = The set of prime numbers =42,3,5,7,11, 13,17, .

O = The set of all rational numbers = {x |x= g wherep, g€ Z and g # 0}

Q" = The set of all irrational numbers = {x Ix= L2, wherep.ge Zand g = 0}
q

R = The set of all real numbers =i kg

A set with only one element is called a singleton set.

For example, {3}, {a}, and {Saturday} are singleton | 1. ‘0}, &f”“‘ﬁ . ‘l-sg,\j
sets. The set with no elements (zero number —of sqvﬁ'&&d element,
J'ah}]t{ Eﬁjf hg jm set.

elements) is called an empty set, null set 15/2%“3) S_‘\
The empty set is denoted by th@l X\
gt
S RN
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Equal sets: Two sets 4 and B arc equal if they have exactly the same elements or if
every element of set 4 is an element of set B. If two sets 4 a B?are ?q@@é\wlte

A=B. Thus, the sets {1,2,3} and {2, 1, 3\ ara:gq}la‘\\ \(&i{'\ \\L

Equivalent sets: Two scts \1{ a\[}ehgj\f have the same number of
elements. For example, if A%{S—f&e\ and B = {1,2,3,4,5}, then 4 and B are
cquivalent sets. 'LQW used to represent equivalent sets. Thus, we can write
A~B.

Subset: If every element of a set 4 is an element of set B, then 4 is a subset of B.
Symbolically this is written as 4 B (4 is asubset of B). g

In such a case, we say B is a superset of 4. Symbolically | The subset of a set can
this is written as: also be stated as follows:
ACB iff VxEA=>x€EB

B DA (B is a superset of A).

Proper subset: If 4 is a subset of B and B contains at Ieast one element that is not an
element of 4, then A4 is said to be a proper subset of B. In such a case, we write:

A < B (4 is a proper subsct of B).

Improper subset: If 4 is a subset of B and A = B, | When we do not want to distinguish
; : . between  proper— and n‘o er

then we say that 4 is an improper subset of B. From‘ s 13#/1’3 ) theﬁ (5 IQ:

this definition, it also follows that every set 4-13 a| \\f&r\th‘e i e\l At\anha R el

subset of itself and is called an u’{lproper subs?&.\. (\ \thar WA L

For example, let A = {a, b, ¢} E}ﬁ {d,a‘ \}j\a&ﬁ/ NelWeie=de=k

={a, b, ¢, d}, thengl Mj\“
WNN l _
AcC, Be=C but A=2B.
Notice that each of sets 4 and B is an improper subset of the other because 4 = B.

Universal set: The set that contains all objects or elements under consideration is
called the universal set or the universe of discourse. It is denoted by U.

Power set: The power set of a set S denoted by P(S') is the set containing all the
possible subsets of §. For Example:

(1) IfC={a b c d},then
P(C) = {¢, {a}, (b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, b, ¢}, {,d}, {c, dj,
{a,b,c}, {a, b,d}, {a,c,d}, {b,c,d}, {a,b,c,d}}.
(i) If D= {a},then P(D)={¢, {a}} & \g\y\a

If S is a finite set with n(S) = m representmg tbe ]b\ef \Gf@l {1( ?he set S, then
n{P(S)} =2 is the number of the eler fﬁo

— W j}\; J ~—
< F\ ”
YOOI
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(EXE CISE 3.

1; Write the follo@)l :{{ \\ E)Bl,l cr/tfotatff:m
(1) {1 , 484} (ii) {2,4, 8, 16, 32, 64, ..., 150}
M@ +1000} (iv)  {6,12,18, ..., 120}
{100, 102 104 ., 400} wi) {1,3.9,27,81,...}

(vu) {1,2,4,5,10, 20, 25,50, 100}  (viii) {5,10, 15, ..., 100}
(ix)  The set of all integers between — 100 and 1000

2. Write each of the following sets in tabular forms:
(1) {x|x isamultipleof 3 A x <35} (i1) {x|xe RA2x+1=0}
(1) {x|]xe Prnx<12} (iv)  {x|x isadivisorof 128}
(V) fx|x=2" . ne Nanx8) (vi) {x|xe NAx+4=0}
(vil)  {x|xe NA x=x} (viil) {x|x€ZA3x+1=0}
3. Write two proper subsets of each of the following sets:
(1) {a, b, c} (ii) {0, 1} (i) N (iv) Z
. ‘-\\
v)y O (vi) R (vii) {x IIxKe:}QA Jﬁg&“ﬁﬁ}u

: [s there any set which has no proper § subset»? '\Tf'fsq \hélr@hm\se“\f o
5. What is the dlffergnce betv%&éc/rr {dﬂﬂ‘ aqﬂa ‘b%

6. What is the numbt:if _g)/f—%lﬂém!;w the power set of each of the following sets?
QIR N \“‘\\«(ri 0,1y (i) {1,2,3,4,5.6,7}
{@U\\‘}o, ,2 3, 4.5.6,7] &) {a, {b,c}}

(vi)  {{a, b}, {b,c}, {d, e} }
7. Write down the power set of each of the following sets:

(i) {9, 11} (1)  {H-x ) (i) {ép  (v)  {a {bc})
3.2 Operations on Sets

Just as operations of addition, subtraction etc., are performed on numbers, the
operations of union, intersection etc., are performed on sets. We are already familiar
with them. A review of the main rules 1s given below:

Union of Two Sets

The union of two sets 4 and B, denoted by AUB, is the set of all elements which

belong to 4 or B. Symbolically; f\(L
AU B= w \{ \ @90 -
Thus if 4 = {1,2, 3}, B zﬂ\g/}? \r 3,4, 5}
4 V@ .

WYY >
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Intersection of Two Sets ~ G if\\

The intersection of two sets 4 and B, denote@ by_\ ﬂﬁ/\ st \é set’ APa:ﬂ elements
that belong to both 4 and B. S bohca\ S

An b= {x rf;ég’}ié . The symbol ¥ means or.
Thus, for the abW;@ﬁ d) B, An B={2, 3}. The symbol A means and.

Disjoint Sets

If the intersection of two sets is the empty set, the sets are said to be disjoint. For
example, if

S, = The set of odd natural numbers and S, = The set of even natural numbers, then

S, and §, are disjoint sets. Similarly, the set of arts students and the set of science

students of a college are disjoint sets.

Overlapping Sets
If the intersection of two sets is non-empty but neither is a subset of the other, the sets

~—
g

are called overlapping sets, e.g., if ~ ~E\0N

\_}}\-

={2,3,4,5,6 and M= {5,6,7,8,9, 10; then L, ?ﬁdfﬂéfémerl\appmgsets

Difference of Two Sets | ST\ '\ ( \\ U,\\
The difference between the §ets A‘ﬂn\d B ‘denoted by A-B, consists of all the elements
that belong to 4 k%u\,cﬁq ‘ﬂbtﬂﬁelong to B.
Symbolically, 4— B = {x|xe Anx¢ B} and B—A={x|xe BArxg A}
For example, if 4 = {1,2,3,4,5} and
B =1{4,5,6,7,8,9, 10},
then A—~B=11,2,3} and B—-4-=46,7, 8,9, 10},
Notice that: 4 —B # B —A.

Complement of a Set

~—
\
|

The complement of a sct 4, denoted by A" or A€ ; .
. . o . ) ' In view of the definition of
relative to the universal set U is the set of all complement and difference sets it is

elements of U, which do not belong to A. | evident that tforany, ggtﬁx\f{/%br A

Symbolically: X '. AR
A ﬁ{»l\xezvx \&L\\ Y

\ |\ D )
For example, if U=Z, the:nw i\g\&,\ Bo=

\J\
For example, If D@&@Et of alphabets of English language, C = Set of consonants,
W = Set of vowels, then C'=Wand W'=

4 43 .
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3.2.1 Identification

Venn diagrams are very ug m«d“ R

relationships between se

me dthematlua%q]&fﬁ@ﬁ“(

In the adjoining figures,

of Sets U§1 N

1@95\&
1834 to 1883 A.D).

Unit— 3 Sets and F{uﬂlons
%{#ﬁf

Ni1e basic concepts of sets and
%ﬁls were ﬁrst used by an English logician and

the rectangle represents the

universal set U and the shaded circular region represents a
set 4 and the remaining portion of the rectangle represents
the 4" or U—-A.

Below are given some more diagrams illustrating basic operations on two sets in
different cases (the lined region represents the result of the relevant operation in each
case shown below).

Disjoint sets Overlapping sets AcB
U -- U =
/AP B 5
p ) -"%
UB —_—— \
— —— =
S\
v ArB =¢ s ANB = d) 5 r"") ,"‘Ak\)f\ﬁ b\Y‘ M\ .\\ \\: I,l
o1 (AUB) = n(A) + (B) ° r’_{( AMB) w’("’fA\i} ('5{ \( *d iuBJ B F en(aUB) = n(4)
.._\“1,\\L,\‘\\\'_I
\\l ' \U 5o 3 4 B v )
= :'nl
ANB ﬂlﬂ @
*ANB = “ANB = ¢ «ANB =4 «ANB =B
n(AMB)=0 *n(AMB)= n(4) *n(AMB) = n(B)
U U U U —
= : P A~
| E i 0:
N — d
*A4-B=4 « "(A—B)=n(4)-n(ANB) A-B=1¢ *A-B = ¢ .
«n(A-B) = n(A) *n(A-B)=0 *n(A-B ) = n(A)y-n(B)
rar-\Iga= :
Bl “a-' O ¥
o= = ‘— “.'(7 Il'lf\ LY
“B-A-B %( \ﬂt{i}_\hb ) B~ ¢ “B-A=¢
n(B—4)=n(B) _§\) \ YV en(B—A)=n(B)—n(4)  *n(B-4)=0
GV
4 44 A |
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3.2.2 Operations on Three Sets
If A, B and C are three given sets, operatlons of unlon a mtei;s t @@gl’pel -formed

on them in the following ways: ,\(\ \\\ \ 7// fﬁym
. \/’ @’Q o™ g
i) A4U@BUO) r&s;}f ro)\ (i) AN (BUO)
(iv) (AmB)mf\!\” \ ’/Tu(Bm C) vi) AnCQuBn(C
(vii) (4 Qipé (viii) (AN B)UC (ix) (4UC) N BUCO

3.2.2.1 Properties of union and intersection
We now state the fundamental properties of union and intersection of two or three sets.

Properties
1) AuUB=BUA (Commutative property of Union)
(1) AnB=BnNn A (Commutative property of Intersection)
(i) AvBUCO)=AuB)UC (Associative property of Union)
(iv) An(BNnC)=AnB)NC (Associative property of Intersection)

(v) AuBNC)=(AUB)N(4uC) (Distributivity of Union over intersection)
(vif ANn(BuC)=(AnNnB)u(An () (Distributivity of intersection over Union)

(vii) (AU B) =4 (B’ o
(viii) (4N BY =A'U B’ o ?"[.”ﬁgi’.'i‘ﬂ IZAAES

\\\ (\\ 'l\ [ A

Verification of the Propertles U§}ng Sets\ ) j\Bje )
Let 4 ={1,2.3}, B= gz\B\ % \}ﬁﬁd"é {3,4,5,6,7,8)

(i) AuBI:_\—_\KE\L|31\\ 9%45} . BUA=1{2,3,4,5) U (1,23}
\l—i.JJH, .3,4,5) . ={1,2,3,4,5)
~ AUB=Bu4
) ANB={1,2,3)n{2,3,4,5 : BnA={2345 n{1,2,3)
= 12,3} ={2.3}
ANB=BN A

(ii1) and (iv) Verity yourself.
V) AuBnNnO={1,2,3tv [{2,3,4,5} n {3,4,5,6,7,8}]
={1,2,3} U {3,4, 5}

={1,2,3,4,5) ()
i BYrs (iCy=[{1,2, 3% w £2,3.4.5)] i [£1.2, 3} i3, 4,51\@%8}
- {1, 2345}m{12r345§§h23}#; @@ N\

\ IIK/

=11,2,3,4,55n 2 ¢ K\ LGy
From (i) and (ii), 4 U ( e )@\kﬁﬁ\)w
3@\ o

(vi)  Veritfy you rsejlf
-NR‘U\J\-’ = 45 N |




Mathematics - 9 Unit— 3: Sets and Functions

(vit)  Let the universal setbe U= { 1,2,3,4,5,6,7,8,9,10}
AUB ={1,2,3}U{2,3,4,5}={1,2,3,4,5}_ &\ c©
(AuB) =U-(4UB) ={6,7, 8, 9,30} \\\\ \\ o8~
- U- A—p{ \sﬂb@l

wf\

B ~U- 70809 103
@ﬁ&%ﬁf\%”m 9,10} ~ {1,6,7,8,9, 10}
8,9, 10} ...(11)

From (l) and (ii), (A W B)Y = A'NnB'
(vii1)  Verify yourself.

Verification of the properties with the help of Venn diagrams

(i) and (ii): Verification is very simple, therefore, do it by [¢

AT
yourself. [ | l
(iii):  In Fig. (1), set 4 is represented by a vertically lined PLCrSTaN
region and BUC i1s represented by a horizontally lined F\_R-f 151,;, ?"j
region. The set 4 U (B w C) is represented by the region ‘%’
lined either in one way or both. —a\’\ (] | ;‘ \ (C Jl"lé ()

'\ F\F\\\\JL MU

In Fig. 2) A U B is repre\seq’(éd )qy\h\ hbnzontally lined
region and C b% a \ITqrttlpally hhéﬁ region. (4 v B) u Cis
represented\ﬁy\ the region lined in either one or both ways.

From Fig (1) and (2) we can see that

AvBUO)=AuB)uUC

(iv) In Fig. (3), the doubly lined region represents
AN(BNC)

In Fig. (4), the doubly lined region represents {4 N B

Since in Fig. (3) and Fig. (4), the ):ﬁlaﬁ-s fI@ é
(e

therefore, 4 N (BN C) =¢ W@,

‘||--./

W N\JNNJ o\
4 46




Mathematics - 9 : Unit— 3: Sets and Functions

(v) In Fig. (5), A U (BN C) is represented by the region U
which is lined horizontally or vertically or both ways ES=E

@ N7 ¢
’\(fﬁﬁ&il W

Nﬁﬁgﬂ] Fig. (5)
In Fig. (6 )N (4 U C) is represented by the doubly

lined region. v Pl Hin N
Since the two regions in Fig (5) and (6) are the same, f;" ’i;,
therefore. i f |!
AU BAC)=(AUB) A (AUC) =l
(vi)  Verity yourselves. Fig. (6)
e . RSO A i ’
(vi1) InFig. (7), (4 U B)' is represented by a vertically lined =
region. —===

T
.....

In Fig. (8), the doublig ﬂ\m\w}msam’s ANB i

NG e

The two (7) and (8) are the same, therefore,
(AUBY=A'AB'

(viii) Verify yourselves.

||||||
T

Note:

Only overlapping sets have been considered in the Venn diagrams above. Verification for other cases
can be conducted similarly.

Example 1: Consider the adjacent Venn diagram illustrating two non-empty sets, 4
and B.

(a) Determine the number of elements common
to sets 4 and B.

(b) Identify all the elements exclusively in set B
and not in set 4. o Q§§ .
(c) Calculate the union of W
_ o\
\
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Selution: From the information provided in the Venn diagram, we have: \1
Let U={1,2,3,4,5,6,7,89,10,11,12 13, 14, 15} ~k,t\ (@ih/vi

—mz3456& \\
- {5,6,7,8,940, | /\g\@j\ (\X

(a) The elements in both seF A\ xd%:u)re the intersection of the sets:

4m3ﬂ @@N

(b)The elements that are only in set B, not in set A, is the sets' differences.
B-A4 =1{7,9,10, 12}
(c) AwB ={1,2,3,4,5,6,8}{5.6,7, 8,9, 10,12}
={1,2,3,4,5,6,7, 8,9, 10,12}

Example 2: Consider the adjacent Venn diagram representing the students enrolled in

different courses in an IT institution.
U = {Students enrolled in IT institutions}

= {Students enrolled in an Applied Robotics}
G = {Students enrolled in a Game Development}
W = {Students enrolled in a Web Designing |

(a) How many students enrolled in the |{

. ; 0
applied Robotics course? \ \ 7.8 \//'\ﬁ', \‘\ J

(b) Determine the total nu% l’ 0 S‘tﬁde\ﬁs\émolled in a Game Development.

l"/

(¢)  How man lfdﬁiitﬁ a‘ure\en}ofled in the Game development and Web designing
course? W\ I\

(d)  Identify the students enrolled in Web development but not Applied Robotics.
(e) How many students are enrolled in IT institutions?
() How many students enrolled in all three courses?

Solution:

() Set A represents the total number of students enrolled in the Applied Robotics
program.
Total =370 + 205 + 125 + 240 = 940
So, the total number of students in the Applied Robotics course is 940.
(b) The total number of students enrolled in a Game Development is ;esep\ted
Sl

by the set G. X (6

Total =205 + 12

Thus, the Students ; é%f lg;\megt?%jzs

e @\R 5\)\ -
;\J\J\U

\\’\I
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(c) Total students are enrolled in bmh%% @‘é@@fﬁ% designing

d m\\‘
I

The course is the mters@c&"i\mfo

270=1395
Thtf:refqgﬁlio"?ﬁr \%ﬂh{%ﬂt@ are emolled in both the Game development and Web
designing"Course.
(d)  The students who are enrolled in Web development but not in Applied Robotics
is the sum of values 336 and 270 in set V.
Total = 336+270 = 606
So, there are 606 students who enrolled m Web development courses but not in
Applied Robotics.
(e) The total number of students enrolled in all three courses is represented by all
the values inside the circles.

Total =370 + 205 + 125 + 240 +425 +270 + 336 = 1971
There are a total of 1971 students enrolled in IT Institutions.

(f) The students who enrolled in all three courses are the intersection of all the
circles are represented by the value 125. S\ @0 T
\ \\\_) I -

3.2.2 Real-World Applications, " ﬁ \\p\ \(% \\\ [(0)o=

\}1\( |

In this section, we will learn t@pplyfcd@e\pts\ﬁto\ﬁl Seb thec cory to rcal-world problems,
such as solving problems a1 clas\siﬁcaﬁon ’c’md cataloging using Venn diagrams. We
will also explo\e;« \ﬂfqmd Iré r‘Fe situations, such as demographic classification and
categorizing prosu}t:ts in shopping malls.

For this purpose, we use the concept of cardinality of a set. The cardinality of a set is
defined as the total number of elements of a set. The cardinality of a set is basically the
size of the set. For a non-empty set 4, the cardinality of a set is denoted by n(4).

If4=1{13,5 7,9, 11}, then n(4)=6. To find the cardinality of a set, we usc the
following rule called the inclusion-exclusion principle for two or three sets.
Principle of Inclusion and Exclusion for Two Sets
Let 4 and B be finite sets, then

n(A v B)=n(4) + n(B)—n(4 N B)
and AU Band AN B are also finite.
Principle of Inclusion and Exclusion for Three Sets K_,ﬁ o @Cﬂ\w
If A, B and C are finite sets, then /
nAvBUC)=n(d)+nB)+ i;:@\ )?\I:Xfmi({')-l- nAnNnBnN C)
and AUBUC, AN B, Amé‘g\B@d“"a g}\\ n&i’mc are also finite.
g = N o —

IN
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Example 3: There are 98 secqny Wm@ ffs clﬁb 58 students join
the swimming club, and 50 JOlE’ tg'% {3 b How many students participated
in both games? \J’\'\J
Solution: L& = {total student in a sports club of school}

A = {students who participated in swimming club}

B = {students who participated in tug-of-war club}
From the statement of problems, we have U
n(U) =n(4 U B) =98, n(4) = 58, n(B) = 50. A B
We want to find the total number of students

who participated in both clubs. " =
n(An B) =?
Using the principles of inclusion and exclusion
for two sets:
n(A U B) = n(A) + n(B) — n(A N B) ) ﬂ(;_‘\ /:@@Q
= n(4 N B)=n(A)+ n(B)— n(4 U B) o Ny Tx;\jﬁﬁ:@:’ ,"'I CAL
=58+50-98 o ~ '\ \\/7 \'f l\&\\,- e
=10 T\\x‘\\\ \\\\«‘*’

Thus, 10 smdentsw chbdt\eﬁ anJoth clubs.

The adjacent Ven‘h diagram shows the number of students in each sports club.
Example 4: Mr. Saleem, a school teacher, has a small library in his house containing
150 books. He has two main categories for these books: islamic and science. He
categorized 70 books as islamic books and 90 books as science books. There are 15

books that neither belong to the islamic nor science books category. How many books
are classified under both the islamic and science categories?

Solution: Let U = {total number of books in library}
A ={70 books in Islamic category}
B ={90 books in Science category}
C ={15 book that does not belong to any category | @ (f \

f o
x = number of books that belon%{&cy botSq gﬁ X (;IQ%S
The adjacent Venn diagram qho the nu lagsified under both

the islamic and science catcgo%y\J\ \Q) \_./‘

4 [\ .
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As, n(U) =150
So, 70—x+x+90—x+15= 150( ;
= Il x=150] \ﬂ“g \§
= x=0 \\\\

\
Thus, 25 W@Jﬁ%mﬁed under both

islamic and science categories.

Example 5: In a college, 45 teachers teach mathematics or physics or chemistry. Here

is information about teachers who teach different subjects:

» 18 teach mathematics * 12 teach physics

= 8 teach chemistry = 6 teach both mathematics and physics

* 4 teach both physics and chemistry

= 2 teach both mathematics and chemistry.

= How many teachers teach all three subjects?

Selution: Let U = {total number of teachers in the collegeL 8 ,ﬂ\’;’&"f\\

K/\\ \_/

M = {teachers who teac(h mat‘hemai;les }F \‘ (CAL N2
P = {tea(%laers who\iéﬂ@ I?h)bsmé‘}v W
¢ = Qfaiﬁ'\hrs who—te'aéﬁ chemistry}

From the stﬁ{ﬁﬂétﬁg b*i\problems we have

n(MU P U C) =45, n(M) =18, n(P) = 12, n(C) =8, (M~ P) = 6,
nPnO)y=4,n(Mn (C)=2
We want to find the total number of teachers who teach all the subjects.
n(MNPNC) =?
Using the principle of inclusion and exclusion for three sets:

n(MuPUC)=nM)+ n(P)+n(C)—n(Mn P)—n(P N C)—n(Mn C)
+n(Mn PN C)

A

=  n(MNPNC) = n(M P UC ) n(M)—-n(P)—-n(C) + ;;(Mm g)wl@ BN O

f—\&\ C)\

+n(Mn C) X\ .
=45 —,12'“\8 @4\“ \\Y\
o

Therefore W\lﬁﬁérs teach all three subjects.

4 51 .
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Example 6: A survey of 130 customers in a shop \['u;lu&eh)m Wthl]
93

they were asked about buying (Bw{eren \ \fq \
The survey result showed the @@g& istics:

o 57 cust rments
e 50 cust&ers bought cosmetics
e 46 customers bought electronics
e 31 customers purchased both garments and cosmetics
e 25 customers purchased both garments and electronics
e 21 customers purchased both cosmetics and electronics
e 12 customers purchased all three products 1.e. garments, cosmetics, and
electronics.
(a) How many of the customers bought at least one of the products: garments,

cosmetics or electronics.

(b) How many of the customers bought only one of the products: garments, (L A

\ \
Ls“

Cosmetics or electronics? = "f‘\ rC O

(c) How many customers did not buy. any E%P thcthré\%}c\au'gﬁ‘f &/ \o2

Solution: Let U = {total numﬁep Qﬁs@r\‘l\e{‘s@}weyed in the shopping mall}
@%Qm\?t

- I N
N\ \E'\—J?Customel who bought cosmetics }

= {Customer who bought electronics}

0 bought garments}

From the statement of problems, we have
n(U) = 130, n(G) = 57, n(C) = 50, n(E) = 46, n(G ~ C) = 31,
n(GNE)=25nCn E)y=2land n(GN Cn E)=12.

(a) We want to find the total number of customers who have bought at least one
of the products: garments, cosmetics, or electronics.

We are to find n(G w C U E).
Using the principle of inclusion and exclusion for three sets:

n(Gu CUE)=n(GyHn(C)+n(E)—n(G N C)—n(GN E)—n(C N E)Ytn(G fé’(\“@
=S57+50+46-31-25-21+12=88 ¢ ,§ (&) @

Thus, 88 customers bought at leas ne?ﬁf\@fé p
or electronics. g% \S\
I \IT\ 52

afments cosmetics,
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(b) Customers who bought only garments. 0O \‘S j (e, \f“‘\?
— n(G) - n(G N o—n(Gn@ (@ ‘\ng

= 57— 31|\— 25+ %M\W'\ X\ NS AVA
NG,

Custe \N@; ought only cosmetics
—n(C) n(GNC)—n(CNE)+n(GN CN E)
=50-31-21+12

=10 Challenge!
Customers who bought only electronics The Venn diagram above

=wE)-mGCAE)-nmCAE)+nGn CAE illustrates ~ the  scenario

AE)—~u( ) ( ) ( ) presented in Example 7. Can
=46—-25—-21+12=12 you provide a justification for
Therefore, the customers bought only one of the each value within the circles?

products: garments, cosmetics,
or ¢lectronics = 13 + 10+ 12 =35
(c) Since the total number of Customers surveyed was 130, and 88 customers
bought at least one of the products: garments, cosmetics, or electrm?u:q The
customers who did not buy any of the three produc\ts can'be; qalqﬂ?ateel Qq
n(GUCUEY =n(U )—n‘(GuGuE«)W q \\\;\ \\j\‘ \,1 |~ o

—1309\8&*?@ \ * {\ AN
So, 42 customers d‘uﬂ otk \bﬂyﬁ ahy\of the three products.

WWW A {(Exercise 3.2))

1 Consider the universal set U= {x: x is multiple of 2 and 0 < x < 30},

A= {x:x1samultiple of 6} and B = {x : x 1s a multiple of 8}

(1) List all elements of sets 4 and B in tabular form
(11) Find4n B (i11)  Draw a Venn diagram
2. Let, U = {x: xis an integer and 0 <x <150},

G={x:x=2" forintegermand 0<m<12} and

= {x: x is a square}

(1) List all clements of sets G and H in tabular form =
(i) FindGUH (i) Find G H 1) @@ﬁ? N
3. Consider the sets P= {x: x 1S—§ pﬁinwg /]s\exlﬂif\\ﬁz x=<2 %}
0= {x:xisa dms&ﬁm%\d\g QAM
(1) me é\ “() FindPuQ
-NM\N 53 —
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10.

L1

Verify the commutative properties of union and intersection for the following
pairs of sets: - \ Cf’r\\\‘\\L

_f< J

(i) = {1,2,3,4,5), yi)\}g prz
(iii) A={x|x wjfn g}w \%}H }
Let U= {a \cg“da L h :,,J;

A#{b“‘\bcdg,h} =lc,d e, f.j},
Verify De Morgan's Laws for these sets. Draw Venn diagram
fUu=4{1,2,3,...,20} and 4= {I1,3,5, ..., 19}, verify the following:
(i) AuA=U (i) AnU=4 (i) An A =¢
In a class of 55 students, 34 like to play cricket and 30 like to play hockey.

Also each student likes to play at least one of the two games. How many
students like to play both games?

In a group of 500 employees, 250 can speak Urdu, 150 can speak English, 50
can speak Punjabi, 40 can speak Urdu and English, 30 can spea.k both English
and Punjabi, and 10 can speak Urdu and PunJ&bl Hm;w méﬁw;ah speak all three
languages? 0 f\%( \\" \ ‘\\\, 14,’ =

In sports events, 1¢ p&ﬁ@fa \*ea\r ‘hTue Shu‘ts 15 wear green shirts, 3 wear blue
and green s}hl{tﬁgé weara" cap and blue shirts, and 2 wear a cap and green shirts.
The thmﬁ‘ n{lmber of people with either a blue or green shirt or cap is 25. How

many people are wearing caps?

In a training session,17 participants have laptops, 11 have tablets, 9 have
laptops and tablets, 6 have laptops and books, and 4 have both tablets and books.
Eight participants have all three items. The total number of participants with
laptops, tablets, or books is 35. How many participants have books?

A shopping mall has150 employees labelled 1 to 150, representing the
Universal set U. The employees fall into the following categories:

« Set A: 40 employees with a salary range of 30k-45k, labelled from 50 to 89.
+ Set B: 50 employees with a salary range of 5%8({1(;1&‘@&@&33 from 101 to

150. ﬂl o\ \o\2

+ SetC:60 empl%e\es /A;gg 6% [00k-150k, labelled from 1 to 49
and 90 to 100 w\\,\\
N M\Jﬁm %A uB)mC (2)  Find n{ A (B nCC)

4 54 .
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12. In a secondary school with 125 students participate in at least one of the
following sports: cricket, football, or hockey [’_R_J,;_\.‘ (F”/@)\T\Q
+ 60 students play cricket. \ \ AL
70 students play footbali \ fz\ (Q \\\ )
40 students pl%
iixl 1% l b Bth cncket and football.
5

ents play both football and hockey.

-

-

* 10 students play both cricket and hockey.
(a) How many students play all three sports?
(b) Draw a Venn diagram showing the distribution of sports
participation in all the games.
13. A survey was conducted in which 130 people were asked about their favourite
foods. The survey results showed the following information:
* 40 people said they liked nihari
* 65 people said they liked biryani
* 50 people said they liked korma
* 20 people said they liked nihari and biryani AKEN P AN
* 35 people said they liked biryang \and, kpi;lﬁa J/ NCA \o2~
* 27 people said they llke;d mﬁarl anql ‘k}dt‘ma L j /
s 12 people sérd t\wm l\{kédalkﬂlree foods nihari, biryani, and korma
(a) \IA\? ipast\hew many people like nihari, biryani or korma?
\\(bﬂ \J"How many people did not like nihari, biryani, or korma?
(¢c) How many people like only one of the following foods: nihari,
biryani, or korma?
(d) Draw a Venn diagram.

3.3 Binary Relations

In everyday use, relation means an abstract type of connection between two persons or
objects, for instance, (teacher, pupil), (mother, son), (husband, wife), (brother, sister),
(friend, friend), (house, owner). In mathematics also some operations determine the
relationship between two numbers, for example:

>:(5,4) ; square: (25,5) ; Square roat: 0. ,ffaqlﬂm@g%iz 4).
In the above examples >, square, s 7 ‘{5 L(a\l\re/e( a’r}npics of relations.
q‘;ﬁk b\tdét:e\d’

Mathematically, a relatlgjl pairs. The relationship between the

components of an or g\aﬁ \may or may not be mentioned.

WNJ@\J 53 “_——
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(1) Let A and B be two non-empty sets, then the Cartem ro;:ll,lgt)\ls\ﬂle set of all

ordered pairs (x, y) such that repi ‘i:ﬁenoted by Ax B .
Symbolically wed&p wmcaltka%ﬁ% :xf xe A and ye B}
\\C

(11) Any subset ,Qf :4 &\leg aélTeJ a binary relation, or simply a relation, from 4 to
B. Qﬂ?@jﬂéﬁﬂ\ ]a\rclatlon will be denoted by the letter r.

(iii)  The set of the first elements of the ordered pairs forming a relation is called its
domain. The domain of any relation r is denoted as Dom r.

(iv) The set of the second elements of the ordered pairs forming a relation is called
its range. The range of any relation r is denoted as Ran r.

(v) If 4 is a non-empty set, any subset of 4x A4 is called a relation in 4.

Example 7: Let ¢, ,¢,,c, be three children and m , m, be two men such that the father

of both ¢,c, is m, and father of ¢; is m, . Find the relation {(child, father)}

Selution: C = Set of children = {c,.c,,c,} and F = set of fathers = {m mz}

o -—wf':_ﬁgl ‘ \\\

The Cartesian product of C and F : ) e JUUL

\
-\, _\\1\‘.\_‘ =

Cow F= L(Cisml) (Clsmv) (Cgsm' )a (%m{)&’(c’x\»m[l‘)i\(‘ﬁﬂ@)}
O
= set of ordered\paﬁ? i(?c:hlltgl ) %ner)
- “qﬁ(‘l\’fﬂb\'(\c” m, ) (e 1,0}

Dom = {Cl’ 02903}'3Range = ‘:n1]9 mz }

The relation is shown diagrammatically in

adjacent figure.

Example 8: Let 4 = {1, 2, 3}. Determine the relation » such that x » y iff x < y.
Selution: A4 xA4={(1.1),(1,2),(1,3),(2.1).(2,2),(2,3).(3,1),(3.2),(3,3)}
Clearly, required relation is:

r=1{(1,2),(1,3), (2, 3)}, Domr= {1, 2}, Ranger = {2, 3}

3.3.1 Relation as Table, Ordered Pair and Graphs

We have learned that a relation in mathematlcs is any bsat th@@rté\qi‘én product,
which contains all ordered pairs. Eagh erd p§1 o@s f*fwo coordinates, x and
y. The x coordinate is- Jpﬁilled/&bf s\\a au 4he Y coordmate is ordinate, often
representing an input \?nﬁ\a}im &Ltput ~Now, we describe the relation in three different

ways. ’\J\l ["\\ N
- 56 A
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Ordered Pairs: A relation can be represented by a set of ordered pairs. | F example,
consider a water tank that starts with 1 lltre of water a f 3; \’Bhé inute, 1
additional lltre of water is added tg\theja qtua}@bp

relation r= x , Y | y{l\-}rl-}’“/»ﬂ\? QY i*s. \ﬁ/lmber of minutes (time) that have

¢ represented by the

passed since th 7 sta aftté and Vis the total amount of water (in litres) in the tank.
Whe&m\é\y— landx=1,y=2
In order pair this relation is represented as:
{0, 1), (1, 2), (2, 3), (3, 4), (4,5), (5, 6)}
The above relation in table form can be represented as given below:

Table
X (time in minutes) | y=x+1 (water in litres)

0 y=0+1=1

1 y=1+1=2

2 y=2+1=3

3 y=3+1=4 PP
—= — U f\."'\'\.

4 ,Iv=4tiﬁﬁ¢\GQQNL“

8 ‘;f\ ’D\f \\F\q\i?‘—l—rltﬁl\ﬁ

l / ,' \\ '\ ,l \ A

Graph: We can also 1e;{;t¢§\er§t\the rgh\ﬁ‘ms v1sually by A
drawing a g\ra‘[%h "M\Hraw the diagram, we use ordered
pairs. Eaéﬂ mldéred pair (x, y) is plotted as a point in the
coordinate plane, where x is the first element and y is the
second element of the ordered pair.

The relation is represented graphically by the line N S
passing through the points,

2-19 12345678
{(O, 1),(1,2), (2,3), (3.4),(4,5), (5, 6)} as shown in the adjacent Figure.

— D th Oy )
O AR TGl TR M S |

3.3.2 Function and its Domain and Range

Functions
A very important particular type of relation is a function defined as bclow

Let A and B be two non-empty sets such that:

(1) fis a relation from A4 to %th;it i’ {\, W b{ai Gﬁ;{@@w
(ii) Domamé;: g\ B Q A
. ,\\fﬁﬂ\ “ —
\[ O
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(iii)  First element of no two pairs of / are equal, l;hefr& sta@f@\ﬁ@ a function

from 4 to B. P O B

The fun{,}gj f 11-.\&159 \f&

'3.\/\*

\\\ \ﬁi\s\ /

V 7\5&? A—B

Which is ré@@é\sf\lg hj}'unctwn from 4 to B. The set of all first elements of each ordered
pair represents the domain of £, and all second elements represent the range of /. Here,

the domain of f'is 4, and the range of fis B.

If (x, v) is an element of / when regarded as a set of ordered pairs.

We write y = f(x). y is called the value of ffor x or the image of x under f.

Example 9: [f 4= {0,1,2,3,4} and B={3,5,7,9, 11}, define a functionf: 4 — B,
=14x,v)|y=2x 13, x € 4 and y € B}, Find the value of function £, its domain, co-

domain and range.

Seolution: Given:y =2x+3 ; x € Aand y € B, then value of function,
F=0,3,(L,9,@7,GN9 @&} a6

Domf=1{0,1,2,3,41=4 ~

[_) =

= Co-domainf =Band |\ ~7\( 0\ U

\/ “’\ '.‘\

— Range f = .3\\5, ;x 9 1 B

Types of fuqctﬁm’lsw oL
In this sectm‘n we discuss different types of
functions:
(i) Into Function
If a function f': 4 — B 1is such that
Range f < B i.e., Range f# B, then

fis said to be a function from 4 into

B. In Fig. (1), fis clearly a function.

But Range f # B. Therefore, fis a
function from 4 into B.

(ii) (One - One) Function (or
Injective Function) O (\

o
[f a function f from A4 into g\gs” '{Lk:lf) l

that second elemen\ b(@ﬁvb otits

Fig. (ii)

orderefl\qumaﬁgiréiéa e, then it is
- 58
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called an injective function; the
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function shown in Fig. (iii) is such
a function.

ﬂrﬂ

ROEIGH

(iii) Onto Functlonm\ﬁ
function) \ 3\ J\BASA

-

If a\@{q&\d&lﬁ W25 B is such that
Range f=B1i.e., every element of B

Fig. (iii)

is the image of some clement of A4,
then fis called an onto function or
a surjective function.

(iv) (One — One) and onto Function (or
Bijective Function)
A function f from A4 to B is said to be
a Bijective function if it is both one-
one and onto. Such a function is also
called (1 — 1) correspondence between

the sets A and B. -“\ |
e ‘f 1@ 2), (b, %), (¢, »)}
f\ J \ \

(a, z), (b, x) and c,y) areﬂt}_qu Qt’fn;i;’;

g=

(e, my), (¢, m), (¢, m,)}

corresponding clemémfb\ I&, ,\lﬁ Jthiis case S= {(a, 2), (b, x), (¢, y)} which is a
bljectlﬁ fqmitrﬁn or fl == l) correspondence between the sets 4 and B.

3.3.3 Notation of Function

We know that set-builder notation is more suitable for infinite sets. So is the case with
respect to a function comprising an infinite number of ordered pairs. Consider for

instance, the function

F=1-11),0,0),(1,1),(2,4).3,9),416), ...}

Domf={-1,0,1,2,3,4,..
Range /= 10.1.4,9, 16, ...

.} and

j

This function may be written as:
f={xy) |y =x’ xe N}
The mapping diagram for the function

is shown in the Fig.(v). o

Fig. (v)

Domain f

i ‘\]’K\]_[‘\I .-f‘.\) )

o \]\I NINIAN -
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3.3.4 Linear and Quadratic Functions

The function {(x, y) | ¥ = m x + c} is called ng kc{j@l@gause its graph
(gcomectric representation) is a s rai @ tﬁafJ t an cquation of thc form
y = mx + ¢ represents 3 3«\1 \ctf’n {(x, p) | y=ax*+ bx + ¢} is called a
quadratlc leIlCthIL\ \‘YEL\, ﬁ; elr geometrlc representation in the next chapter.

IRIHC | o ) — a3, e Rl

(1) f(1) (i) f(=3) (A7)
(iv)  g(l) (v) g(=3) (vi)  g4)
Solution: @ f(1)=2x1-1=1 (1) f(-3)=2x(3) - 1 =7
iy (HN=2x7—=1=13 (iVg()=(1)’-3=-
V) g(3)=EBY-3=6 (vi)g@)=@y-3= 13
Example 11: Consider f(x) = ax + b + 3, where a and b are constant numbers. If
f(1)=4 and f(5) =9, then find the value of @ and b.
Solution: Given function f(x)=ax+ b+ 3
If f(1)=4
Then ax1+b+3=4 o -j,':;-.\\“ﬁ'ﬁ\
SO R N AN C O
Similarly, f(S \— /-f \'1‘ b \\\i \ ) \L —
:Q@ X £ RS \3\ JS |
0\ \\sﬁ VNS (i)
Subtract, \?qpajqﬂjﬁ@ ?rom equatlon (11) we get.
N Ga+b)—(a+b)=6-1
Sa+tb—a-b=5

da=35 =a=

Blw

: 5. L
Substitute a = i in the equation (i)

2+b:
4
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® (\j\
{ EXERCISE3I D).

W\ J
. For 4= {1, 2,8) M&@E&@&gﬁelatmm in A. State the domain and

M Ty =x} (i) {(x, p) | y+x =5}
(i) {(x,y)|x+y<5} iv){(x,y) | x+y> 5}

2. Which of the following diagrams represent functions and of which type?

3. If g(x) = 3x + 2 and k(x) = x> + 1, then find:

; i 2

1) g0 (i) g(=3) (iii) g[g}

(iv) A(1) (v) h(4) (vi) h(—%]
4. Given that f(x) = ax + b +1, where a and b are constant numbers. If f(3) =

and f(6) = 14, then find the values of a and b.
5. Given that g(x) = ax + b + 5, where g and b are constant numbers. If g(—1)=0

and g(2) = 10, find the values of a and b.
6. Consider the function defined by f(x)= Sx + @ e x value.

(o
¢ constant numbers. If

7. Consider the function f Wﬁ
f(H)=6 and%b\e& 4Tues of cand d.

NNNJo 61 “—
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(Q MVIW?M%;EP_E& “\m )j

1. Four options are v‘s% %gei)\nﬁ;aéh statement. Encircle the correct option.

(1) Wh&ﬁv\‘)mlder form of the set< L, = l l is:
3°5"9"

(a) {x|x=l,ne W} (b) {x|x= l , NE W}
n 2n+1 )
(c) {.?clx:L,ne W} (d) {x|x=2n+1, ne W}
n+l1
(i) If4={},then P(4)is:
(@)1} (b) {1} ©) {1 3} (d) ¢

() IfU={1,2,3,4,5},4={1,2,3} and B={3,4, 5}, then U— (4 N B) is:

(@ {1,2,4,5} (b) {2,3} (c) {1,3,4,5} (d) {1, 2 3}
(iv)  If 4 and B are overlapping sets, then n(4 — B) is c?ngl to_ %) \ \ A\ A

(@) ) ) ) 0\ @AN B G S ) = B
(vy IfA4cBand B:A # mmeﬁ/ ;\1(5 @4§4QequaTtw

@0 1\ \\ (o) WB" (o) nt) (d) n(B)—n(4)
(v1) \JI\11: mﬁﬁ Qjﬁ ‘50 n(A) 30 and n(B) = 35, then n(4 N B) =

(:zf) 23 (b) 15 (©) 9 (_d) 40
(vil) If4=1{1,2,3,4} and B = {x, y, z}, then cartesian product of 4 and B

contains exactly elements.

(a) 13 (b) 12 (c) 10 (d) 6
(viii) If f(x) = x* — 3x + 2, then the value of f(a + 1) is equal to:

(@) a+1 (b) a*+ 1 (c) @+2a+1 (d)d*—a
(1x)  Given that f{x) = 3x+1, if f(x)=28, then the value of x 1s:

(a) 9 (b) 27 (c) 3 (d) 18

(x) LetAd ={l, 2, 3} and B ={a, b} two non-empty sets and f: A — Bbea

a function defined as f= {(l, a), (2, b), (3, b)}, the @ﬁi@ollowing
statement is true? m gﬂi N~
(a) fis mjectlve\ (b) fj\:{}g\ ():)\i,l ctive (d) fis into only

Write each of th \A\g\sets 1n tabular forms:

2. (1)\‘\J \ﬁ;ﬁﬂ\j 2 ne N} (i) {x|x=2m+1, me N}
— & |
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10.

LL.

12.
13.

(i)  {x|[x=1ln,ne WaAan<l11} (iv) {xIYEE/\4<r<5}
(v)  {x|]xe OA55x<T} (w) ’ﬂi@@ %f@\pg‘d

J&h A€ RAx € 07)
Let U= {l, 23%\5\@7\,\§\§ A=1{2,4,6,8,10} , B={1,2,3,4, 5}

and C\f{\y\[ﬁ\!\ Z, \*

Llst\tﬂlé‘members of each of the following sets:

(1) A (i1) B (i) AUB (ivy A-B
(v) AnC (vi) AducC (vi) AucC (vii) U
Using the Venn diagrams, if necessary, find the single sets equal to the
following:

i 4 () ANU (i) AoU
(iv) Aud (V) ¢

Use Venn diagrams to verify the following:

(vii)  {x|xe QA x=-

(1) A-B=AUB (i) (A-B) nB=B8
Verify the properties for the sets 4, B and C given below: . \w?
(1) Associativity of Union - ( 11) A§$prgfw;ty@fm{ersectlon.

(iii)  Distributivity of Unm{lfg‘\sfer’ rqt&irg,eot /\(}n,_ )/ [~
(iv) D1str1but1@t~5x of\lmerswtjﬂhﬂvel union.

ORI M20102,3,4}, B=(3,4,5,6,7,8}, C={5.6,7,9, 10}

N beji\” A=¢, B= 0} C= (0, 1,2}

(c) A=N,B=2C=0
Verify De Morgan's Laws for the following sets:
U=14{1,2,3,....,20}, 4=1{2,4,6,....,20}and B={1,3,5, ....,19}.
Consider the set P={x| x=5m,meN } and O={x| x=2m,m e N}. Find Pn Q
From suitable properties of union and intersection, deduce the following results:
(1) AN (AuB)=Au(4 N B) (i) AuAnB)=An(AuUB)
If g(x) = 7x — 2 and s(x) = 8x> — 3 find:

(1) g(0) (1) g(-1) (i) g(—g) (v) s(I) (v) S(—9) (Vi) s(%]
Given that f(x) = ax + b, where aang

Y;i ”Bh/tmmb%r Iff(— 2)=3 and
f(4) = 10, then ﬁndﬁhe valuas 2{ ék \\)
Consider the f'unc | x) Tx — 5. If k(x) = 100, find the value of x.

Con\%fz_@x{ ctlon g(x) mx2+n where m and n are constant numbers. If

4 63 .
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14.

L3

16.

g(4) =20 and g(0) = 5, find the values of m and n.

A=l
A shopping mall has 100 produ%s frg:gg\? go_fg slabeled 1 to 100,

representing the umversal set ﬁﬁ”]‘ tegorlzed as follows:

*  Set 4: Elec‘u%“ s\l\gm 3”0 products labeled from 1 to 30.

*  Set B: ’\I?ﬂ]glg comprises 25 products labeled from 31 to 55.

. M cauty Products, comprising 25 products labeled from 76 to 100.
Write each set in tabular form, and find the union of all three sets.

Out of the 180 students who appeared in the annual examination, 120 passed
the math test, 90 passed the science test, and 60 passed both the math and
science tests.

(a) How many passed either the math or science test?

(b) How many did not pass either of the two tests?

(c) How many passed the science test but not the math test?

(d) How many failed the science test?

[n a software house of a city with 300 software developers, a survey was
conducted to determine which programming langmggs are h:keti\fmme The
survey revealed the follow1p,g st(ajlsftﬂ:s(\\ \\ 0 \\ n e,h

77\ \\\ _‘u'*’.

* 150 developers hkc*P th\dp\ 2

130 dsfmelqperé\hke Java.
\{l\% tﬁevelopers like PHP.
+ 70 developers like both Python and Java.
* 60 developers like both Python and PHP.
+ 50 developers like both Java and PHP.

-

-

* 40 developers like all three languages: Python, Java and PHP.
(a) How many developers use at least one of these languages?
(b)  How many developers use only one of these languages?
(c)  How many developers do not use any of these languages?

(d) How many developers use only PHP? 1 /“‘\ (0) “\“g\g\l

\
W\\\) g\ X\B ; l
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Students’ u*armno Outcomes
Ny

At the end of the unit, the students will be able to:

» ldentify common factors, trinomial factoring, concretely, pictorially and symbolically.

» Faclorize quadratic and cubic algebraic expressions:
»  a*+ah?+ bt oor at+ b . x+px+gq
v al+bx+e 5 (ax* + bx + ¢) (ax* + bx+ d) + k
v ta)(x D (x+o)(x+d)+k . (x+a)(x+b) (x+¢) (x + d) + kx?
* & +3a% +3ab* + b’ . @ —3a*b +3ab* - b’
v Fxh

» Find highest common factor and least common multiple of algebraic expressions and know

relationship of LCM and HCF.

Find square root of algebraic expression by factorization and division.

» Apply the concepts of factorization of quadratic and cubic algebraic expression to real-world
problems (such as engineering, physics, and finance.) N\

a4

N\ [ 75 \ oo~
INTRODUCTION O U\ (0 [

Algebraic factorization-is not :]ust\a mQﬁhematicaf%chnlque limited to the classroom,
it plays an 1mp01‘tant rqle‘ ‘mi \Sdl\(hlg\«bractxcal prob]ems across various real-world
scenarios. By bre mg t:lﬁwbh complex algebraic expressions into simpler factors, we
can mak@c}hlﬂ tions more manageable and conceal important insights. Algebraic
factorization has practical applications in finance, engineering science, business and
daily life. This chapter will explore the techniques of algebraic factorization and
demonstrate how these methods can be applied to real-world situations, making math
a valuable asset in various aspects of life.

4.1 Identifying Common Factors and Trinomials Concretely,
Pictorially and Symbolically

4.1.1 Common Factors

In algebra, a common factor is an expression that ’

divides two or more expressions exactly. For Z“b"‘ll'ﬁab

example, * e
2x—-6=2(x-13) e W

B /6ib\
Here 2 is the common factor whic xaﬂ‘]y Niﬂwy@@@n ® @1 010,
both terms 2x and 6. A ™ \/ x \ O \ ‘“\
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To represent trinomials concretely, we arrange unit t]les,/rectanﬁlﬁf\mes and the

squared tiles into a rectangle. The factors of the tr 1\J ai@ }}I h(r;e represented by the lengths
( )

of the sides of the rectan(gwl\ee » /ﬁ\\ \ r’/\ Q) l u

A
\w\"(‘ \"\\E‘w )

Unit Tiles \ ”\ \ L)
Here one i}‘gﬁp\\a@ﬂut\, ]e represent 1 and one white unit tile I

<—1—>

represents —I'. Both grey and white unit tiles form a zero pair. &

Rectangular Tiles
The grey rectangular tile represents x and the white  <—X——>

™ rl L=

and white squared tiles form a zero palr

rectangular tile represents —x. Both grey and white I =

rectangular tiles also form a zero pair. J,

Squared Tiles o ——

The grey squared tile measure x units on each side and T

it has an area of x X x = x> units. This tile is labelled as x x

x* tile. The white squared tile represents —x>. Both grey l 1R

o (‘\i (AN

\ |

M ’/ \' oD

\ _I'.rll" I"\. | A
S AT | N

Example 1: Find eommun factor\ef xf + Zx‘coﬂcﬁeleiy, | pictorially and symbolically
Selution: Wc arrange onp x ti\le and twe X tiles into a rcctangle.

CW“ N Pictorially Symbolically

x+2 >
x‘C 2

N

X+ 2x=x(x+2)

% ;
% X 2x

4.1.2 Trinomial Factoring
Trinomial factoring is converting trinomial expression as a product of two binomial
expressions. A trinomial is an expression with three terms and binomial is an

S '(:_‘h\. m—u.\:, \.
For example, x> + 4x + 4 and 3x” — x —(2 ali:\kr\qegﬁqn{l%}v 1@%&5 +2 and 3x — 1 are

binomials. : u 7\ '\

f —"\c/_\'
\\‘ Q \\u S
Teacher’s Note ]\“ \\ WU

Algcbraic ti rent sizes can casi madc wit irrerent colourcd chart papers.
Igcb ?\%ﬁ%éc ily be madc with diff lourcd chart pap

4 66 A

expression with two terms.

"
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\
Example 2: Factorize x* — 5x + 4 concretely, plctorJl\l\y qﬂﬂm@(ﬂ éﬂ\k :

\ ale
Solution: - \f/‘? ( \‘\‘U \\ \,5 J

Concretely ﬂ\ “m\j\ﬂe\bﬁﬁlly Symbolically
We amrangers qﬁ;@\g‘ﬂ n\le «

five —x tlch;‘and four unit < x—4 g2
x —_—
tiles into a rectangle. p
x <1 1 =1 =1 x*—5x+4

: N e - (= Dix-4)
\ ,—l i s

- JAEEE

Example 3: Factorize x> — 3x — 10 concretely, pictorially and symbolically.
Solution:

Concretely we arrange one x° tile, three —x tiles and ten -1 Moo
tiles into rectangle. ‘\\J [ OA_,H__}. ..
— ) L \ ‘ \ A \‘ \ -
\\ ,--'a‘.f‘n f :.-— \ \ \J_X II |
TN ey v\ Z \ oA I,L \_ \, \'\.\h
J \ ."\ \ \5 \\ \ - = - _1 _1 _1 _1 _1
We see that there are npt emougm:eﬁangular t1les to make

a larger re;;]tfajngle ' 'ﬂj’f’ ix this issue, we add zero pair. x D

Adding two x tiles and two —x tiles does not change the

given expression because 2x — 2x = 0. +l|:|
+[]

Pictorially Symbolically
< x-5 >
X -5

N
~ X ~Sux 2 -3x—10=(x+2)x->5)
+ )
e

+2| 2x -10
N 27 N /pﬁ "1\ \ '\\' )

4.1.3 Factorizing Quadrauﬁ amd Cubi’éﬂ«ﬁ é%)#aiciﬁxpressmns

\ L\
Type —1: Factonzdtwru\i\q,xpf Sﬁlqm\ofi yp” es X2 + px+ ¢ and ax® + bx + ¢
The procedure is m \1 l\é ollowmg examples to factorize the above type of
expre ssmng N \\ A
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Example 4: Factorize: x>+ 9x + 14

Unit — 4: Factorization andyg{béymulatmn

mﬁ“/\\\\’ (210

@)
Selution: Two numbers Fsﬁ_p}di{t\ SO c\l_-'}:ﬁ—fgc_tom Sum of factors
+14 and their sum 1s9 Y& f’i—i\ 14x1=14 14+1=15
So, 7x2=14 THI=n
K\l \ll
=22+ 0%+ Tx + 14
=x(x+2)+7(x+2)

=@+ 2)(x+7)

Example 5: Factorize: x> — 11x + 24

Solution: Two numbers whose product is +24 and their sum is —11 are —8, -3,

So, 2—11x+24

=37 —8x— 3¢+ 24
=x(x—8)—3(x—28)
=(x—-8)(x-3)

0 A\ A( ﬂ\ \
Example 6: Factorlze@ *{'( 1}T+\\‘\ \ /\,

A

LA
\41“-‘;}7@‘»+’9p+2p+ 18
=p(p +9)+2(p +9)
—(p +9)(p +2)

Solution:

Product of factors | Sum of factors
24 % 1=24 24 +1=25
8§ x3=24 8§+3=11

((8) x (-3)=24 -3*a—_11)
6 x 47—.:2.4 \. (3._ 1644 =

e \mﬁa H{2 O 12+2= m
' \j \\ L = L,J
N~

¥ B+ 2=11,9%2 =18

In all quadratic trinomials factorized so far, the coefficient of x* was 1. We will now
consider cases where the coefficient of x* is not 1.

Example 7: Factorize: 2x* + 17x + 26

Solution:
Step—I:  Multiply the coefficient of x> with constant term. i.e.,
2%26=252
Step — II: List all the factors of 52: (‘“f\
1,62 -1,— f;’ S
2,26 —
] (‘;‘\Y\ “/%’i—
4PX\QK%»J
QJJ\J] !
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\_ Iz
Step — II1: Sum of factors equals\ﬁs\/dé% @“@\ Try Yourself!
1+52=53 \\i =
IS

fize the following expressions:
<§§§-§=17 ) —4-13=-17

(i)  *+7x-18
(ii) £—56—24
(i) 62—y—12
Step —IV: Change the middle term in the given expression
22+ 1Tx+26
=2x*+4x+ 13x+ 26
Step — V: Take common from first two terms and last two terms
=2x(x +2)+ 13(x +2)
Step — VI: Again, take common from both terms
=(x +2)(2x + 13)

Example 8: Factorize: 3x* —4x —4

Solution: 3x* —4x—4 NN @\\@’;\\
=3x*+2x—6x—4 / \f\ \if\\z%\' ?_ﬁ%‘i 2,+2-6=-4
—x(3x+2)03t§x +\}} \ \/’*’\ \O Q AL
—(3x+2 x—\Q \j* w\ \8)

WA NNt ' EXERCISE4.1 )
1 Factorize by identifying common factors.

(1) 6xr'+12 (i)  15°+20y (iii) -12x*-3x

(iv)  4a’b+ 8ab? (v) xy—3x*+2x (vi) 3a*h—9ab® + 15ab
2. Factorize and represent pictorially:

(i) S5x+15 (i) xX*+4x+3 (iii) x> +6x+8

(iv) »+dr+4
3. Factorize:
(1) Z+x—12 Gi) o2+ Tet10 (Hb:f @@
+4y—12

(iv) x*—-x-56 (V

(vii) ¥+ 1?)3*% g‘\ \2~’“’
-\‘ ~—



Mathematics - 9 Unit — 4: Factorization and Algebraic Manipulation

4. Factorize: ‘\E\J
@) 22 +7x+3 (11) Lcti i\f@\ﬁ@gmﬂ
(iv) 3x*+5x J@ \j ﬂk\\x \;\5 vi) 22-5p+2
(vii) 422 - l{z \ \) Vi)~ 6+ 7x 3x?

Type - 11z %‘v%ﬂon of the expression of the types a* + a*b* + b* or a* + b*
Let’s factorlze the first expression
&+ 2B + b
=g+ b+ 2B
= (@) + (b)Y + 2
=(a*)* + (b*)’ +2a°h* — 2a*h* + a*b*  (Adding and subtracting 24*h?)
=(a*+ PP —a*b’
= (a* + b*)* - (ab)?

a@—-b*=(a—b)a+b)

= (a°+b*—ab) (a® + b* + ab) (a+ b =a>+2ab+ b
=(a* —ab+ b?) (a*+ ab + b?) (a—b)*=a?—2ab + b
Example 9: Factorize: x* + x* + 25 ~15\ €O N\ T\
1 N - NN | o P g
Solution:  x*+x*+25 o NNt [ ede

=x*+25 +ovr\ - {'\ ~“’<""\_ W
(xa)Z +\§5}\2 2\6&)65) 2(3;")(5) +x* (Adding and subtracting 2(x?)(5))

\\Jéi(‘iﬁ#é\ 102 + 22

Activity
={xt-+ 5P = e Prepare cards by writing several expressions.
. (xz + 5)2 _ (3x)2 e Divide students in small groups.
5 e Each group will draw a card and factorize the
=(+5-3x) (P +5+3) expression.

=(x*=3x+5) (x> +3x+5) | ® The group which completes the most correct
factorizations in a set time will win.

Example 10: Factorize: x* +*

Solution:  x*+*
= (P + (P
= () + (A + 26907 - 2(x2)0r’) (Addiqg and subtracting 2»°)

= («* +J’2)2—(J_rv
V‘( \\Eholgrize: (i) 64xt 4+ 2
o W )
g1y

=(x "+y20@ 3
| ;-{NW K\*‘ l)( 2xy+y°)
NS
4 70 .
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Example 11: Factorize: a* + 64
Solution: at+ 64 O)\g\g\]

= (@) + @) Qﬁcn
=(a®)’+ (88J ( ‘ﬁ/ r}i\g\ dlzng and subtracting 2(a*)(8)
wﬁ@& —maz
= (a*+ 8 —4a) (a* + 8+ 4a)
=(a*—4a+8) (a* +4a+8)
Type — III: Factorization of the expression of the types
o (ax*+bx+c)ax +bx+d)+k
* o tbh)xto)xtd)tk
s (xta)x+b)(x+o)x+d)+kx?
For explanation consider the following examples:
Example 12: Factorize: (x> + 5x +4)(x* + 5x + 6) =3
Solution: (x> +5x+4)(x* +5x+6)-3 Al
=(y+4(y+6)-3 \/{m (\ T«M *LSR‘%
—yz+6y+4y-l\fAA\—(3\ \\ w
\] ' Q‘@M
+ 7y + 3y +21
=yp+7)+3(+7)
=+ +3)
={aP-L5 + Ty bt 3) (v y=x"+5x)
Example 13: Factorize: (x + 2)(x + 3)(x + 4)(x + 5) - 15
Solution: (x + 2)(x +3)(x +4)(x +5)—15
Re-arrange the given expression because 2 +5=3+4
[(x+2) (@ + 5][(x +3)(x +4)] - 15

= +5r+2x+10)(x2+4r+3x+12) QU\\E\B
=(x*+Tx+ 10)(r2+7r+r12 AB@‘\%//
_(y+10)(y+%% 20 j (Lety =x>+7x)

J\N\H\J\J
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=32+ 12y + 10y + 120 —

15 A-*’\l//‘a
= v; + 22y + 105 \”\ /,/ 3{@(&“&
o A1

5)(y +7)
=(x +7x+ 152+ Tx+7) (vy=x*+Tx)
Example 14: Factorize: (x — 2)(x + 2)(x + 1)(x — 4) + 2x?
Solution: (x —2)(x+2)(x + 1)(x —4) + 2%
=[(x=2)(x + 2)][(x + Dx -] + 20 [* (=2)*2=1%(4)]
=(x*=2)(° -4x+x—-4)+2x°
=(x?—4)(x?-3x—4) + 2x?

=y(y — 3x) + 2x? (Lety=x"-4)

=172 — 3xy + 2%

=% — 2y — xy + 2x P}
=y(y —2x) — x(y — 2x) Q| f‘j’; f\@\ K
-2 fﬂ\/ UX\ S \‘\ =5

= - —Zx@tﬂ# m\ (-y=2-4)

= (x — ]2{ "‘-\14)& \"\'\XJ‘
M’Facforlzatlon of the expression of the types
e & +3a*h+3ab*+ b’
e & —-3a*h+3ab*-b
Factorization of such types of expressions is explained in the following examples:
Example 15: Factorize: 8x° + 60x*> + 150x + 125
Solution: 8x* + 60x* + 150x + 125
= (2x)* + 3(2x)*(5) + 3(2x)(5)" + (5)°
=2x+5)
=(2x+5)2x+ 5)(2x + 5)
Example 16: TFactorize: x* — 18x* + 108x — 216
Solution: x° — 18x?+ 108x—216

~ (- 30(E) + 36 - (6) @Om
=(§ 6)3 X + 3(x d Y\V\ d

. v -
N

(a+ b)Y =d +3d% +3ab* + b’
(a— by =a’ —3a*h + 3ab> — b’*
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o) OJ\S\
Type — V: Factorization of the expressmn,?f the ﬁgx\ S\@ ch\gt

The cxpression @ + b* is a sum ::)fvn*\ul;)%ﬁiﬂlkl/J ff}ﬁﬁ/(n fized using the following

identity: Q\
(a +b)(a®—ab + b?)

The expr§9 n@éw is a dltference of cubes and it can be factorized using the
followmg identity:
a —b*=(a-b)a*+ab+b)

Example 17: Factorize: 8x° + 27
Solution:  8x° + 27

= (2% + (3

= (2x+ 3)[(20)* - (203 + (3)]

= (2x + 3)(4x* - 6x +9)

Example 18: Factorize: x° — 27)" o ¥ou kngw? 5
Solution: ' —27)° i R
e ) (a by # & — b*
=)’ -3y (a+ b} i @+ b’
= (= 3[)* + (©)Gy) + (3y) I aceW/ @l Z\EBra -
=(x- 31)(3r+3xy+9ﬂ a 3 \\\\‘ \§ } ’
N\ Y \
((\\EXERCISE 4.2 ))
1. Fa{:\tp}mxjé\é\ch of the following expressions:
(i)  4t+81yt (i)  a*+64p* (i) x*+4x2+16
(iv) x*—142+1 V) =302+ 94 (vi)  x*+ 11K+t

2, Factorize each of the following expressions:
1) +HE+)x+3)E+4H)+1 G) x+2)x-T(x-4)x-1)+17
(i) @2+Tx+3)2x?+Tx+5)+1 (@v) B2 +5x+3)3x2+5x+5)-3
V) (+DEx+2)E+3DE+6)-3x2 (vi) (x+ Dx— 1+ 2)(x—2) +13x2
3. Factorize:

(i 8F*+I12x+6x+1 (i) 274+ 108a’b + 144ab* + 64b°

(iil) *° +48x% + 108xy2+2161 (iv) ﬁ N2 {’15@3&9 60x%y

4. Factorize: Y g
i) 1254 —?\ Xg\\‘(ﬂ\)g YT 125 (i) x*-27
(iv)_ 5w Lb\l-" (v) 343x° + 216 (vi) 27-5127°
N 73 ~—
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4.3 Highest Common Factor (HCF) am} }Aeaﬁ@@ﬁlmon

Multiple (LCM) of / %ibrﬁ\lc\ﬂxﬁmsﬁons
4.3.1 Highest Cm@iv\ \Fﬁ\l&/g
The HCF of “J’F algebraic expressions refers to the greatest algebraic
exprew%@}ﬁ% ivides them without leaving a remainder.
We can find HCF of given expressions by the following two methods:
(a) By factorization (b) By division

(a) HCF by Factorization Method
Example 19: Find the HCF of 6x%y, 9x)*
Solution: 6x2y=2X3IXxXx Xy

9x)?=3x3xxXyXy

HCF =3 xxxy (Product of common factors)
= 3xy
Example 20: Find the HCF by factorization method x* — 27, x j— 6{\%%?§ x2-9
= [T (ClL\U)Juv*
Solution: x> —27-=x—3° o an (v\f;“':,\\' [\ &%
\ A\ ._‘ \ L\ .I ‘ X o
) (31\(@ fRens
wa Ia)(xr3 W3r'+ )
!
N e T or —3x—27
=xx+9)—-3G+9)
=x+9)(x-3)
¥ = 3P
= (x = 3)(x +3)

Hence, HCF =x—3
(b) HCF by Division Method

Example 21: Find HCF of 6x® — 17x* — 5x + 6 and 6x° — 5x*> — 3x + 2 by using
division method.

Solution: | ~
6x' — 17x° —5x+6) 6" — 5y 3\3f X @@\\\9

{ /,W(ﬁ{%ﬁg’\\ﬁ/%f
OV\r f\\m W o+ 2y -4
Here, 1 x\l\gﬁzt&n 2)
NINVE
m— 74 =
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2 1s not common in both the given polynoml Is. so yyg t and 1der only
6x% +x—2. \b\/\\,\

/\/’/\\ ‘| N

\\
\ )t&[ “2 \6x’ — 17— 5x + 6

NJ\J\\J\J oV 6x' - X2

+
-18x"-3x+6
3
;le ;3xi6
0

Hence, HCF = 6x* + x — 2
4.3.2 Least Common Multiple (LCM)

The LCM of two or more algebraic expressions is the smallest expression that is
divisible by each of the given expressions.
To find the LCM by factorization, we use the formula.
LCM = Common factors x Non- -common facto{r/_qd AW

Example 22 Find the LCM of 45’ 7, 8 P r“f"(?g\t":'f\(d%« \ cjk&;é‘fﬂ .
Solution: 4x%y = 2 X2 xx X ),X;y ( ( J ‘} CR\BRY

8x°y* = 72 Wﬁ%ﬂ \X\mbt’x XXy Xy

Commow‘\apfﬂcp\ﬁéf “}x 2 X x X x X y=4x%

Non-commcn factors =2 x x x y=2xy

LCM = Common factors x Non-common factors

=452y % Dey= R’y
Example 23: Find the LCM of the polynomials x* — 3x + 2, x> — | and x*>— 5x + 4.
Solution: As x2—3x+2=x*-2x—x+2
=x(x-2)—-1(x-2)

=x-2)(x—1)
And #Z-1=@E-1)E+1D)
X2—Sx+4=x2-4x—x+4 5 (“m\
2\ GV

( NES
n@ G y

Common fact {?\ﬁ: x\:\\,
Non—comrﬁ%ﬁ[%é\tgrs =x+1)x-2)x-4)
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LCM = Common facto
Al \?@v
\,\fmg?ﬁ *l (x( % 4)

4.3.3 Ré}&{ﬁn\shlp Between LCM and HCF
The relationship between LCM and HCF can be expressed as follows:
LCM x HCF = p(x) x g(x)

Where, p(x) = 1% polynomial

q(x) = 2" polynomial
Example 24: LCM and HCF of two polynomials are x* — 10x*> + 11x + 70 and x — 7.
If one of the polynomials is x> — 12x + 35, find the other polynomial.
Solution: Given that: LCM =x>— 102+ 11x + 70

HCF=x-7
p(x)=x% - 12x + 35 - )\\—\&\\L
s \" \ \‘—‘
As we know that; 0\ \i\ :l 'Cﬂ oz
\BARRJ
N 3 1 L+ 70)(x— 7)
'QI_I\\U\\JJ oL % —125435

x+2
x2—12x+35)x‘—10f+ 11x + 70
_x3J—r 125° + 35x
2x" — 24x + 70
2z
28 - 24x+ 70
0

So, g(x) =(x+2)(x-7)
=x2-Tx+2x-14
=x*-5x—14

Example 25: The LCM of x*y + xy? and x? + xy i8 x }W/: })&n ﬁ@@ 9\
L

Solution: Given that: LCM = xy(w\+ O/X?S

SNES

x°y + xy
N w d X2 .
N2 polyuomldl 26)
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As we know that:  LCM ><HCF Pr@luc‘t”b \\ \
x" ,\

fg cro \twépolynomlals
Rl
[\J\F\H\P\J (r y+xp° )(r +xy}

xy(x+y)
_y(x+y)x(x+y)
y(x+y)
=x(x+y)
€ EXERCISE 4.3 ))
1 Find HCF by factorization method.

i) 21x%y, 3507 () 4x*-9y2 2x2—3xy
(i) » -L2+x+1 (iv) & +2d*>—3a,2a*+54*-3a

(V) P+3t—-4,2+5t+4,#-1 (vi) »2+15x+56,x +.5% = %x + 8x
2. Find HCF of the following expre5510115 by usi Yﬂé(wn\ niej:hed‘u U\
() 27+ 92 —3x—9,3x- g, m) \ nxrﬁ—\b;c YSlx— 15, 2—dx +3
(i) 20+ 232t "l 4\1&1&2/# 6T 12
(iv) 20 —dy %‘6}@ WD% 32— 6x
3. qu\\ﬂ@h&' of\:he following expressions by using prime factorization method.
(1) =~ 2d°b, 4ab?, 6ab () x*+x X +x°
(i) a*-4a+4,a*>-2a (iv) x*—16, ¥ —4x
v) 1642, *+x—6, 4—x°
4. The HCF of two polynomials is y — 7 and their LCM is y* — 10y* + 11y + 70. If
one of the polynomials is y* — 5y — 14, find the other.
a. The LCM and HCF of two polynomial p(x) and g(x) are 36x°(x + a)(x* — @*) and
x*(x — a) respectively. If p(x) = 4x*(x* — &?), find g(x).
6. The HCF and LCM of two polynomials is (x + a) and 12:%(x + a)(x*> — &%)
respectively. Find the product of the two polynomials.

4.4 Square Root of an Algebraic Ex ie\s(su}u @\J\N

The square root of an algebraic CP‘.{J,H?*SLDJ) %é ﬁ\ﬂﬂ #:“FF ﬁ% “when multiplied by
itself, gives the original @gpgesswn @ t\He square root of a number, taking
the square root of an alg br\i\lp jﬁwsélon involves determining what expression, when

squared, EQSW% tven expression.
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For example, square oot of 4a” is + 2a because 2a x 2a = 402 and (—20)V§~\(—2a) = 44>

~(0) )
There are following two methods for ﬁndmg e.& ﬁuragi&o@’ﬂ QLgéiﬁ\g\l‘E: expression:

(a) By factorization me LJ By division method

(a)  Square Root by% t\d\mﬁq flfod
Example Zgr\ WN 4:5quare root of the expression 36x* — 36x* + 9
Solution: 36x* —36x* +9

=9(4x* —4x* +1)

=9[(2¢%)" —2(2x*)(1) + (1)7]

= 3?2 - 1)

Taking square root on both sides

V36x* —36x7 +9 = (37 (2% 1)

=3 « f(2 1)

= +3(2x% 1)
(b) Square Root by Division Method A —afm )\‘w N\
When the degree of the polynomial is higher-div 1 (\0 \ﬁﬁéﬂiod i f'mdmg the square
—7 = A e |
root is very useful. 0 o \’* \\ WO A\Bhg®)
Example 27: F md :JE e sq\ fe‘mﬁt ‘ot the polynomial x* — 12x* +42x* — 36x + 9.
|\J ot 4

Solution: M\Mmy x* by x* to get x* el

; . 5 x'—12x° +42x - 36x+9
Multiply the quotient (x*) by 2, so we get 2x*. By 3| .
dividing —12x* by 2x?, we get —6x. By continuing in = ETEARTE
this way, we get the remainder. sl  _1diael

—12 + 2

Hence, square root of x* — 12x* + 42x? — 36x + 9 is 6x* —36x +9
i(x2_6x+3) 2x —12x+ 3 —6x 135\'1‘9

4.4.1 Real World Problems of Factorization
In this section, we will apply the concept of factorization of quadratic and cubic
algebraic expressions to real world problems such as engmeermg /p])%s?@tnd finance.

Example 28: Cost function for prodl{glﬁ ﬁp}»&d é@é?
ix\ Op\ g)aim

Where x is the width of mébymébn uzgnd C(x) 1s the cost. Find the value of x where

C(x) is mlm\l?%[\\f
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O

Solution: C)= 5@ -255+30 T\ \ \\\J ru%?
= 5(x2 5x43§)ﬂ er\ \\
—%%—« ﬂ—BJ \6
NN i\
NNA =X —2)x—3)

Thus, the minimum cost occurs when x =2 or x = 3.

Example 29: The potential energy U(x) of a particle moving in a cubic potential is
expressed as:

Ux)=x-6x>+12x -8
Factorize the expression to find the points where the energy in minimized.

Solution: Ukx)=x>—6x>+12x -8
= @) =3(x)2) + 3(x) (27 - (2)°
=52

=(x—2)(x—-2)x-2)
The factorized form of the potential energy function shows thal;the enefg*ﬁ (s ‘minimized

atx=2, . ; -.-\\l /m =
)r'

Example 30: A wmpau)( s proﬁt oy, ) ,llb ﬂ;m\ie hy tilei, quadratic equation:
\\1 P(x)—“ +50x — 120

Where x repre&er{]tgq e }aumbér of units produced and P(x) represents the profit in
dollars. Find) hbw\manv units should be produced to maximize profit.
Solution: P(x) =—=5x*+ 50x— 120

=-5(x* — 10x + 24)

=_5[x? —4x — 6x + 24]

=-5[x(x—4)—6(x—4)]

=-5(x—4)(x—-6)
We can see that profit will be 0 when x = 4 or x = 6. As coefficients of x” is negative,
the maximum profit occurs at the midpoint between 4 and 6.

Which is: = 4+6 - 10 -
2 2
Thus, the company should produce 5 units to maximize ,prefﬁk l
\\ \\ =\ \ T\ \ O

@ E;a\msm\,m)

I Find the squalﬁ; 33\ f e}&\ﬁgﬂowmg polynomials by factorization method:
(1) AU (i) 9W*+12x+4
(111)\¥R36a2 + 84a + 49 (iv) 64 —32y+4
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(v) 2007 —1207+ 18 (vi) 40x*+120x + 90 \iﬂ
Find the square root of the follop.smgmi \lgv@ﬁu‘slbﬁ method:

() 4a—28¢ +37%° +\42f A
(ii) 12 L' % il@gxﬁ—k 6x + 144
(1) — 10xy* +*
(1\3},NJJ\4 “‘J 12x3 +37x*—42x + 49
An investor’s return R(x) in rupees after investing x thousand rupees is given
by quadratic expression:
R(x)=-x*+6x—-8
Factorize the expression and find the investment levels that result in zero return.

A company’s profit P(x) in rupees from selling x units of a product is modeled
by the cubic expression:

P =2 -1524+75x—125
Find the break-even point(s), where the profit is zero.

The potential energy V(x) in an electric field varies as a CUbIC functlon of
distance x, given by: - ’_\

/=20 b L |
Determine w herre}the patemla{ en lszero
In structural ?ﬁi\née‘}mg,\the”deﬂectlon Y(x) of a beam is given by:

AN J\f\'\P Yx)=2x>-8x+6
Thls equation gives the vertical deflection at any point x along the beam. Find
the points of zero deflection.

@(REVIEW EXERCISE 4P

. Four options are given against each statement. Encircle the correct option.
1.  The factorization of 12x + 36 is:
(a 12(x+3) (b) 12(3x) (c) 123x+1) (d)  x(12+36x)

ii. The factors of 4x* — 12y + 9 are:

(a) (2x+3) (b) (2x-3) AR
() (x-3)2x+3) (d)\ aqﬂ@ G OM
@
iii. The HCF of a’b’ and ab® i 8\ /7 \ar J\ \ B
@) b ?\ \(B?) \ \ab L\ © a4b5 d) b

QWUNN 80 |
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Unit — 4: Factorization and Algebraic Manipulation

iv. The LCM of 16x2, 4x and 30xy is:
(a)  480x°y (b) 2403?: b \ﬁ; l zﬁ% ch) 120x*y
v. Product of LC HQF\ \/ / \ \( 0 (3 U gtiavo‘ﬁolynomlals
sum \I OL\/ 3\ éi[fference (c) product (d)  quotient
Vi. h&BMmot of x> — 6x + 9 is:
@ +*(x-3) () £&+3) () x—3 (d x+3
vii. The LCM of (a — b)* and (a — b)* is:
(@ (a—by (b) (a-b) ©  (a-b) d  (@-b)
viii. Factorization of x> + 3x* + 3x + 1 is:
(@ (+1) b -1y
(©) (+DE*+x+1) (d G-DE*-x+1)
ix. Cubic polynomial has degree:
@ 1 (b) 2 © 3.~ ~cf@ 4
AN AT
X. One of the factors of x* — 27 i 133(,, { ‘\\ \\ R \.\? e
(@ x-3 ‘;\ \ (bj;. /—T‘;\%\f:;)‘ _»écT P¥-3x+9 (d Bothgandc
<8 Factonfﬁ th;}fc\ﬂlll@\vmg expressmns
@ VA + 182 - 12x () X’ +64)°
(i) x*°* -8 (iv) —x*—-23x-60
v 2®+Tx+3 (vi) x*+o64
(vi) x*+2x%+9 (viii)  (x +3)(x + 4)(x + 5)(x + 6) —360
(ix) (Z+6x+3)*+6x—9)+36
% Find LCM and HCF by prime factorization method:
(1) 45 + 12x2, 8x2 + 16x (i} aF+3t—dy ¥—5—6
(i) x*>+8x+16,x*2—-16 (iv) 2’ —9x, x2—4x+3
4. Find square root by factonzatlon and division nﬁﬁ{d(bjf pte sion
16x* +8x% + 1. WX\X\\\
5. Huria is analyzing’ Rﬁ\sﬁ w r-loan, modeled by the expression
C(x) x2 J\J \whére x represents the number of years. What is the
opti yment period for Huria's loan?
4 81 T



Linear Equatlons -
and Inequal liles’“ |

VZARIESR\SA1=A

Students’ Learm"v \f)utumes
At the end of t Vl{% q‘mﬂjth\e students will be able to:

» Solve hhedl equations and inequalities with rational coefficients and represent the solution set

on a real line.
Solve two lincar incqualitics with two unknowns simultancously.
Interpret and identify regions in plane bounded by two linear inequalities in two unknowns.

Vv V V

Find maximum and minimum values of a function using points in the feasible solution.

INTRODUCTION

Linear equations and inequalities are widely used in various fields to model and solve
real-world problems. They help in understanding relationships between variables and
making decisions. In this unit, our main goal will be to optimize (maxunum or

minimum) a quantity under consideration subject to cel‘tam eonst:,mnt ;‘es‘ulctlons
—\ = \\ | | ',"'(_-\, -.-'\ \__/
- \' R

5.1 Linear Equation - © - ‘ L N

\ SRV ER

An equation of the formfax H“@;_ T U whéﬁe ﬂ and ‘b
are constants, a # JQ\J “k\ is'a varlable is called a

Remember!

ax+b=0and a £ 0 is also
called the general form of
linear equam}d |\<1\cme vanable In linear equation, the | linear equation in one variable.

highest power of the variable is always 1.

5.1.1 Solving a Linear Equation in One Variable

Solving a linear equation in one variable means finding the value of the variable that
makes the equation true. To solve the equation, the goal is to isolate the variable on one
side of the equation and determine its value.

Steps to Solve a Linear Equation in One Variable

Simplify Both Sides (if necessary)
e Combine like terms on each side of the equatmn f;_.?_ (@ (—)V \’\\

o Simplify expressions, mcluchﬂg l;hqtgl\l‘ﬁm{g\‘ a@:ﬁ \m\]npllcatlon over
parentheses. o~ /’?H ( -

Isolate the Variable Ter‘n\\\ \“A\ NS
. Mo&mﬂd}ét‘lﬂ\e Containing the variable to one side of the equation and all

4 82 |
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}@\%Sy adding or

constant terms numbers to the other 51de

(Fa() ¢
subtracting terms from both- 1dé§@§‘?§m E@] C) )

Solve for the Variable Q\’\ o \
e Once the var t ated solve for the variable by dividing or
mu{t\}P[@\M sides of the equation by the co-efficient of the variable.

I

Check Your Solution
« Substitute the solution into the original equation to ensure that solution is
correct.

Example 1: Solve the following equations and represent their solutions on real line:

i) 3x-5=7 (ii) T

Solution (i) 3x-5=17

3x-5+5=7+5
3x=12 A linear equation in one
3_x - E B A~ .Wl@hﬁ'@l\[}'\me solution.
i 3 i C ll. \\ | -\/‘\"\‘. r"'. \'\‘ r \——/ =
\ \._‘ 8 ‘.ﬁ \\ I|' |

Check: Substitute x = m‘; \the. i‘i‘ginzﬂ equation
WA =5 =7

So, x =4 is a solution because it makes the original equation true.
Representation of the solution on a number line:

v

- 1
~ T

: : ; : - ; ; & ;
-4 -3 2 -1 0 I 2 3 4 5

Fig. 5.1

x—2 x—4

—_—— 2
3 2

2(x—2)-5(x—4) We check the solution after solving lmear

= =2 equation to ensure the ac:{ra?xoféeﬁ
2x—4-5x+20 W/\ \‘J o

=2 _|\/70) \
o of gﬂ \\\S\rgg\)@X

=3x+16 \\

4 83 .
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I

3T;l6x10 2x10 Kﬂ({}§“§§:ﬁidj £

—3x+1
\ﬁf&hﬁﬁﬂé O'M
W

—-3x=4
4
o
3

; 4. € & ;
Check: Substitute x =— 3 into the original equation

4 4

—2p g
§ .3
5 2
—4-6 —4-1
= S 3 -9

oM

5 2

f?’\
L o0, 3\’\{@/\
15 Qd\})éb
o

=5
:> —2+8=2
3
= é:2
3
=3 Z=2

4. : . :
5o, w= =g is the solution of given equation.

Representation of the solution on a number line:

i 2\ @@
NS
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5.2 Linear Inequalities \\” Q@Kw
Inequalities are expressed by the foll, yg\

> (greater than), < (less%ﬁ § ﬂg\:ﬁﬁ

For examg{e& \l\\f\\i\] |

(1) ax <b (i) axt+b2c (i) axt+by>c (vV)ax+by<c
are inequalities. Inequalities (1) and (i1) are in one variable while inequalities (i11) and

han or equal to), < (less than or equal to)

(iv) are in two variables. The following operations will not affect the order (or sense)
of inequality while changing it to simpler equivalent form:

(1) Adding or subtracting a constant to each Do you know?

side of 1t. The order (or sense) of an inequality
is changed by multiplying or
dividing each side by a negative
positive constant. constant.

11) Multiplying or dividing each side by a

Example 2: Find solution of ix 1< 0 and also represent it on a real lme.

o T “\\‘ \\ \x
Solution: \ \ _A/,_\B N |I|' r'b} \¢ :\t\:j Sl
2 5 \ Faa ,r/_‘\ /r \ \_\ \
23180 0 VI
3 Y')'\"'\\\ \ {\-,\ \ j\\_ i\'\g\ b
2 /A1 UB Y
= RJNEE )
WS

It means that all real numbers less than

| W

are in the solution of (i)

Thus, the interval (—oo, %) or —0 < x < % is the solution of the given inequality which

is shown in figure 5.3

@
| | | | 1T\ rﬂ\’“ﬂ\\”(l gf:ol 5
54 - —Q_Q(}f "*\u\\P\f\Qbﬂ 45
\“i&k

We concll{q]e\fﬁg l% f.lfon ofan mequahty consists of all solutions of the inequality.
- 85 ==
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Following are the inequalities and their solutions on a real line:

Inequality soludon Reprpsentaspfilreat ine
-~ Q ,jﬁ \\\T‘ :1\1\ \‘\ \\l\.\ Iul ke l ~ _l o—)l :
x > 1 (];\:-,. ) (?}-_\ \%}:X}$"-\ ‘:E '\\‘\‘_ _:':: \_.) I = I I I ] }
’\\\Tﬂ‘\ QLD NI 2 = B 1 2
%I \ U < o
\' = 1 — 1 € ] ] | | ] >
x<1\4 \_J\ {oc )or —wm< x< | | I | |
—2 -1 0 1 2
—>
x>l [1,0) or 1< x <o < : | { } | 5
—2 -1 0 |
x<l1 (—90,1] or —oo< x <1 < | | I { { 5
B R | B

5.2.1 Solution of a Linear Inequality in Two Variables
Generally, a linear inequality in two variables x and y can be one of the following
forms:

ax+by<c; ax+by>c; ax+by<c 1C ax+i:yz¢ '

'd ) —
.' (CAL

Where a, b, ¢ are constants and a, b are. :1901’ both zexa L)
We know that the graph of Hnear q}ra?l:ion of the form ax + by = c is a line which

divides the plam‘a mt;:g m}o dlsjomt wglons as stated below:
(1) The set of ordered pairs (x. y) such that ax + by < ¢
(i1)  The set of ordered pairs (x. y) such that ax + by > ¢

The regions (1) and (i) arc called half planes and the linc ax + by = ¢ 1s called the
boundary of each half plane.

Note that a vertical line divides the plane into left and right half planes whilc a
non-vertical line divides the plane into upper and lower half planes.
A solution of a linear inequality in x and y is an ordered pair of numbers which satisfies the
incquality.
For example, the ordered pair (1, 1) is a solution of the inequality x % t@g@ +2(1)=3=6
which is true. Y V‘m = a
There are infinitely many_ cegdere;LbQH Al ttia;\ ga _1513% the inequality x + 2y < 6, so its

'\\‘ "\

graph will be a half plane \\ \\ § \‘ VU

Notc that the \lqpﬁ&[\i:qumlon ax + by = c 1s called "associated or corresponding
equation” of each of the above-mentioned inequalities.

4 86 A
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Procedure for Graphing a linear Inequality in two Variables
TN ) \\ f\ \\\\.

(1) The corresponding equation of the mequa]lty
, :
is first graphed by using, 'dash (es ?{X“ﬁhl éﬂ/tés{\poinl is a point selected to
inequality mvolvqﬁvhﬁ/aymbbf anda | determine which side of the
solid line is dr ayvp \tf&\}‘uéau‘a ty Jmoh cs bol'-m_dafy !iﬂef represents l_the
solution region for an inequality.
the S\W‘H’{%‘ Usually, we take origin (0,0) as a

() A te\ﬁt point (not on the graph of the | testpomt. ‘
corresponding equation) is chosen which | ° T ihe equabiny halds eyl

i ; _ . the test point, the region
deterﬂ'HHCS on Wthh Slde Of the boundary llne containing this point is part of

the half plane line. the solution.
_ _ o If the inequality is false, the
Example 3: Solve the inequality x + 2y <6. opposite  region is  the
solution region.

Solution: The associated equation of the inequality
x+2y<6 (1)
s  xt2p=6 (ii)
The line (ii) intersects the x-axis and y-axis at
(6, 0) and (0, 3) respectively. As no point of the
line (ii) is a solution x of the inequality (i), 50, the _ 2%
\ \,\\ \ |

graph of the line (ii) is shown by uslngdashéqx.

\“\L_

We take O (0, 0) as a test'pmtquec§use\\1i\1s not
on the line (ii). \]—l .\ \ \\_ \BiS i

Substltutmg\x J#YU = 0 in the expression x + 2y
gives 0—2(0)=0<6. So, the point (0, 0) satisfies
the inequality (1). Any other point below the line
(ii) satisfies the inequality (i), that is all points in
the half plane containing the point (0,0) satisfy

the inequality (i).

Fig. 5.4 (a) Y’

Thus, the graph of the solution set of inequality
(1) 1s a region on lies the origin-side of the line
(i), that is, the region below the line (ii). A
portion of the open half plane below the line (i1)
is shown as shaded region in figure 5. 4(a)

Note: 0\ =
\?/ /& WH/ Y' Fig. 5.4 (b)

All points above the &%@s Ul\‘

inequality x + 2y > le)\ \L) \\

A portion of\\ﬂh{j ﬁf)en Lalf plane above the line (i1) is shown by shading in figure 5.4(b).
4 87 A
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Note: 1. The graph of the inequality x +2y <6 .. (]V)
The open half-plane below the lme\ D ifilui \thﬁ\ \\
graph of the line (ii) 1sf:ljid\ \ \ ‘ﬂgﬁ m atity
(iv). A portion of t “inequaht) (iv) is

showii bywaﬂjw }’g 54 (c)

Note: 2 All points on the line (i1) and above the line
(11) satisfy the inequality x + 2y > 6 .... (v). This
means that the solution set of the inequality (v)
consists of all points above the line (ii) and all points  Fig. 5.4 (c)
on the lines (i1). The graph of the inequality (v) 1s

partially shown as shaded region in fig. 5.4 (d).

Note: 3 The graphs of x + 2y <6 and x + 2y > 6 are
closed half planes.

Example 4: Solve the following linear inequalities

in xy-plane: o A "‘.\"““x 1S
T — A
~ T\ " J e ot
( 1) 2 X > — 3F :5,_1\‘\.‘ '\III -,;:—J( \ (\\\L‘\\I '.;\ \\ \ A
\ \ \ \ e
. & \ AN A ALY \
T
(11) QF[\\JJI IS

Y' Fig. 5.4 (d)
is con31dered as 2x+0 y=-3 and its solution set

consists of all point (x, y)

such thatx, y € Rand x> —%

The corresponding equation of the given inequality

1s2x=-3 el 1) T

which is a vertical line (parallel to the y-axis) and its P

graph is drawn in figure 5.5(a).

Thus, the graph of 2x = — 3 consists of boundary line

and the open half-plane to the right of t lm’a N \
B AT

(11) The associated %quat 100~ Rfdzis \(i{éq\a 3. ‘;(a)

y<2is y=2 i\\\‘i\‘\ 11)

-wwwo -
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45700
‘! f\ y\\ i\

which is a horizontal line (parallel to the x-axis) and
its graph is shown in figure 5.5 (b). Here the s(?lutm? (\}\

set of the inequality y =, 2 is theﬂ;{pgn @\p @‘ \

I =2
below the boundary lm 3 \Tii § graph of < = >
€S
y<2 consists [(&1{}?\ 1i|ndai=y ine and the closed half X’ 01 X
plane bel(}\?u\i 1

5.2.2 Solution of Two Linear

Inequalities in Two Variables

The graph of a system of linear inequalities consists of the set of all ordered pairs (x, y)
in the xy-plane which simultaneously satisfies all the inequalities in the system. To find
the graph of such a system, we draw the graph of each inequality in the system on the

Fig. 55 () Y

4

same coordinate axes and then take intersection of all the graphs. The common region
so obtained is called the solution region for the system of inequalities.

Example 5: Find the solution region by drawing the graph of the system of inequalities
x—2y<6 A0
<\ 1 ’/ﬁ h \ AR R
2x + A 2 N/ (@lo
~ . : cw \"\\ \‘.\ \ . I| N
Solution: x -2y <6 ...(1)\.\ ,,._.,; YR\A\RLS
J.f | '.‘_) -

2x+ y= 2 ’i;)_,l\ﬂ‘l'\ v ({1\9' 'i\‘\\\\ \_.\\:_/w
The assomatcd eﬁu@f\l@n of\(j\ 3

—\ l—\ ...(1ii)
For x-mtercept, put y =0 in (ii1), we get
x-2(0)=6

x-0=6
= x = 6, so the point is (6, 0)
For y-intercept, put x = 0 in (ii1), we get Fig. 5.6 (a) 1Y

0-2y=6
=% —2y=6
= y= 8 =_3 g0 the point is (0,—3)

The graph of the line x — 2y = 6 1s drawn by joining the p01nL(6 (Q} @ —-3). The
point (0, 0) satisfies the inequality x — 2y < ﬁ’liuem{u i (D(/pw us, the graph
ofx — 2y < 6 isthe upper halffﬁlgi? cixu iqg\jili: of the line x —2y = 6. The
closed half-planc is pariﬁ) oﬁm by diﬁg in figure 5.6 (a).

— NN 89 -
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The associated equatlon of (11) 1s
2x+y=2 a(Iv) O ﬁ\:\ ZK\

(‘\ \ \\__j\k;\j
For x- mtercept P ,\Jy ‘— ‘L Mz)\ we get

=5 Zx =2

= x =1, so the point is (1, 0)

For y-intercept, put x =0 in (iv), we get
200)+y =2

= y =2, so the point is (0, 2)

We draw the graph of the line 2x +y =2
joining the points (1, 0) and (0, 2). The
point (0, 0) does not satisfy the inequality
2x +y>2becausc 2(0)+0=0 # 2. Thus,
the graph of the inequality 2x +y = 2 is
the closed half-plane not on the origin-
side of the line 2x + y = 2 and partla@\ (
shown by shading in ﬁg‘u é\ {h)\ V. Q

The solution 1egrqq\d)f ihﬁ Wen system
of mequ&‘lllit\iéé\% the intersection of the
graphs indicated in figures 5.6 (a) and

Fig. 5.6 (¢)

5.6 (b) is shown as shaded region in
figure 5.6 (¢).

{(EXERCISE 5.1))
1. Solve and represent the solution on a real line.
@)  12x+30=-6 (i) Z+6=-12 (iii) g_-’%:é
3 2x—1 3x 5 10
r 2=T7 2x+4)+ 12; g e — e o
(iv) 2x+4)+12x  (v) g & 6& \(\l W\ﬁg 5
2. Solve each inequality and represent ﬂefsogﬂ \I&F{%\ﬁ/ Ig‘a?rﬂme
P
(1) X 6<—§\\r‘;\/ (\}J\\\) &X—qﬁ x (i) 3+2x=3

MWWy 75,3 21 g leloll

|
i* 90 N
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3 Shade the solution region for the following linear 1nequa11tles 1n,xy=plane
(i) 2x+ y<6 (11) 3x+7y> 21 }\ rts”x,
(iv) 5x—4y<20 {F )2 \\\ ,(w 3y-4<0
4. Indicate the soluti o(ﬁ m incar mequahtles by shading:
(i) 2»: 3y<\@\\ \\S(l x+y>5 (i) 3%+ 7y=21
ﬁ el < ] x— p=2
(1\&]\(&; 3y<12 (V) 3x+7y=21 (vi) S5x+7y<35
‘ y<4 x—2y<2
Xt —5

5.3 Feasible Solution

While tackling a certain problem from everyday life each linear inequality concerning
the problem is named as problem constraint. The system of linear inequalities
involved in the problem concerned is called problem constraints. The variables used
in the system of linear inequalities relating to the problems of everyday life are non-
negative and are called non-negative constraints. These non-negative constraints play
an important role for taking decision. So, these variables arc called decision variables.
A region which is restricted to the first quadrant is referred to-as a fga@ifﬂﬁ ‘region for
the set of given constraints. Each pomt of \the fqas;bl\e\'rﬁgm\t;k fs called a feasible
solution of the system of linear méq\lalftlefs {o\f f()r sth\e s\emf a given constraints).

—HT\ = ‘\_1-

fﬂ\

Example 6: Shade thef Fﬁ{aglb\lé taglmr and ﬁnd the corner points for the following
system of i 1 Mf}esjml gﬁbject to the following constraints).

y53
x+2y<6, x20, y=>0

Solution: The associated equations for the
inequalities

—y<3... (1) and x+2y<6... (i)
arex—y=3...(1) and x+2y=6...(2)

As the point (3, 0) and (0,—3) are on
the line (1), so the graph of x —y =3

is drawn by joining the points (3 \ \S\X
and (0,-3) by solid line.{" \V \S v\\ H/ il

4 J 91 <=
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Similarly, line (2) is graphed by j Jommgm Y \
the points (6, 0) and (0 \Kg J\X\\‘Sﬁ S
Forx=0andy = Ow[zg {S\) -
0-0= %N&%{Q(O) 0<6

So, both the closed half-planes are on

the origin sides of the lines (1) and (2).
The intersection of these closed half-
planes is partially displayed as shaded
region in fig. 5.7(a).

The graph of y > 0, will be the closed
upper half plane. The intersection of
graph shown in figure 5.7(a) and closed
upper half plane is partially displayed
as shaded region in figure 5.7 (b).

The graph of x > 0 will be closed ‘nght~ 2/ Q \ \\\

half plane. The mterseéﬁo/l} ﬁthe»g\r@ph, =

‘.\\‘u

shown in fig, §| ﬁ{i «ﬁlosed right
hatf plaipohphed in fig. 5.7 (¢).

Finally, the graph of the given system

of linear inequalities is displayed in
figure 5.7 (d) which is the feasible
region for the given system of linear
inequalities. The points (0, 0), (3, 0),
(4, 1) and (0, 3) are corner points of the
feasible region.

A point of a solution region where two of
its boundary lines intersect, is called a
corner point or vertex of the soluti #Q_\
region, AL YiAR

\\ € 18 \\
m—, UNATE
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5.3.2 Maximum an Mll}lggﬁlﬁﬁ{/aﬁ[)le a Function in the Feasible

Solution *\\ ( \\\J -
A functlon w mlzed or minimized is called an objective function.
Note th hj\?be\r
bOlUIlOI] Wthh maximizes or minimizes the objective function is called the optimal
solution.
Procedure for determining optimal solution

n\ﬁmtely many feasible solutions in the feasible region. The feasible

(1) Graph the solution set of linear inequality constraints to determine feasible
region.

(1) Find the corner points of the feasible region.
(i)  Evaluate the objective function at each corner point to find the optimal solution.

Example 7: Find the maximum and minimum
values of the function defined as:

fxy)=2x+3y
subject to the constraints;
- \’""\ Yoo \N
—_ < () \ L | \ | \
y - 2 (\J "“. /'(\':Z“' r’/-'_‘ \-\'\ \ ‘l\ \ IL‘\ ll'a \'—
X -+ v S 4 = fﬂ'u --.._v;/-_\-"\\ll I\,"ll .f."'r \'-, '-II\L\ \3 "..5- i)
- '.‘_)\ -.‘| \_“?lf,-\ "-".I ‘ll\. '\‘\_‘\“..._—_'I, o
X Z 09 y 2 0 \ \' Il\ \II\ ll'\‘l.l\ \\L-j‘\"‘l =
oo WAL
Solution: Imj-ﬁq'{a{ pg 2\‘ T
Wy <4 (i)

The associated equation of (1) is

x—y=2
x-intercept and y-intercept of x — y = 2 are
(2, 0) and (0, =2) respectively. The graph of
the line x — y = 2 is drawn by joining the
points (2, 0) and (0, —2). The point (0,0)
satisfies the inequality x — y < 2 because
0—-0=0<2.Thus, the graph of x—y <2 is
the upper half-plane including the graph of

the line x — y = 2. The closed half-plane 1
partially shown by shading in figur‘e 5%{7{51)/5’\&\ }
o

The associated equano@b%1 @,\{r W}-B‘ S

ﬁl‘

N
m— S 03 -
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x-intercept and y-intercept of x + y = 4 are (4 0) and»(\qﬂ‘ﬂ% l@/@éb of the line

X + y =4 is drawn by joining the poinfs (Arb)\’hd:l\ )\Thf\fﬁomt (0, 0) satisfies the
inequality x +y <4, Thc@fd ‘P‘f( 11111}7 shown by shading in figure 5.8 (b).

N

\ Ty

AN I\\J\UR\ R

Y 0 Y Y 0 y=0 x
Fig. 5.8 (c) HV Fig.5.8(d) 3V’

The graph of x >0 and y > 0 is shown by shading
in figures 5.8 (c¢) and 5.8 (d) respectively.
The feasible region of the given system of

inequalities is the intersection of the gfaphs “:\ [(2)0
indicated in figures 5.8 (;1) 5 8 (b) ,{5?8 (CJ ahd \RLE I
5.8 (d) and is shown asqhe‘tled mgmn_A‘BCﬁ 71 i
figure 5.8 (¢). . |\‘j\” S\
Corner poﬂﬁﬁ \df the feasible region are (0, 0),
(2, 0), (3, 1) and (0, 4). Now, we find values of
f(x. y)=2x+3y at the corner points.
f(0,0)=2(0)+3(0)=0
£(2,00=2(2)+3(0)=4
I 0 L= 203+ 3 (=3
f(0,4)=2(0)+34)=12
Thus, the minimum value of fis 0 at the corner point (0, 0) and maximum value of /is
12 at corner point (0,4).

§( EXERCISE5.2 ) RN
1. Maximize f(x, y) = 2x + 5y; subg:ct to the ¢ ﬁ)l?{ﬁ\tf\’a}ﬁys( =
Iy—xs8 \a\}x yf 3 x>0, y>0
2. Maximize f (x, V(Q J"%ﬁ\m ttrfﬁe constramts
(] g@ﬂc& \» Sx+4y<20 ; x20;y20
— 04 -—
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1.

it

.

Iv.

vi.

Vil.

Maximize z = 2x + 3y; subject %the‘ém@@w

2%+ y_él \ \—\@ x>0 y>0
Mm]mlz&—jﬁx\'&bj to the constraints:
\|\ Q@K : T+by=36 ; x20; y=0
Maximize the function defined as; 7 (x, y) = 2x + 3y subject to the constraints:
2x+y <8 2 x+2y<14 x=>20; y=0

Find minimum and maximum values of z = 3x + y; subject to the constraints:
35y =15 xt6y>9 x20; y=0

@(REVIEW EXERCISE 5 )P

Four options are given against each statement. Encircle the correct one.

In the following, linear equation is:

(@ 5x>7 b)) 4x-2<1
(c) 2x+1=1 (d) 4—1\—|—/3 \,,6%\\
Solution of 5x — 10 = 10 is: X A~ , \ ﬂ\a";\&; ‘
\ \ \ \
w s wwu\ A)Y:
o\ v \>\s\i . @) -4
lf 7x + {1 g\lﬁ‘ﬂ \g& jmes‘n‘x belon gs to the interval
|
N[\ (b) [2:0)
© (=0.2) (d) (o0, 2]
A vertical line divides the plane into
(a) left half plane (b) right half plane
(c) full plane (d) two half planes
The linear equation formed out of the linear inequality is called
(a) linear equation (b) associated equation
(¢) quadratic equal (d) none of these
3x+4<0is:
(a) equation (b) inequality

(¢) not inequality (d) 7@n¢\ty60 ({\S\X

Corner point is also Ld"Bd \l (
(a) cod 3 Ni% 1
(c) :::Lolrje @\\ﬁ/\ 7\.\( (d) ::;zi

w 95 .



Trigonometry

e W . 00 ‘\(\”%\ Oﬁ\x
\

I BT

Apply Pythagoras theorem and the sine, the cosine and tangent ratios for acute angles of a
right angle.

Solve real life trigonometric problems in 2-D involving angles of elevation and depression
Prove the trigonometric identities and apply them to draw different trigonometric relations.
Solve real life problems involving trigonometric identities.

INTRODUCTION

Trigonometry is a branch of mathematics that deals with the relationships betweer: the

angles and sides of a triangle, especially right-angled triangle. It plays a vital role in

'.'arious ﬁelds such as physics, engineering, architeeture and astronomy. The
' that appear

in Ieal life situations such as calcul tmg) ¢ \heig] 3 Ags, distance between

6.1 Iden‘W n Standard
Posi egrees and Radians)

A plane figure which is formed by two rays sharing a
common end point is called an angle. The two rays are 4
known as the sides of the angle. The common end point
is known as vertex. The amount of rotation or measure

Y V¥

\ %

The plane geometry is the study
of two dimensional figures.
What is Euclidean geometry?

Terminal side

of 0]39_13ng between these rays is called an angle. 62 b Initial side
and OB are rays and angle is AOB. Written as ZAOB 3 »/ >
: B

or A(‘jB :

The angle is said to be in standard position if:

(a) Its vertex is located at the ongm f the
coordinate plane.

eﬁf

ghtangle 6=90°

(b) One of its rays (the % ong the * Straight angle 6 = 180°
posmve O * Reflex angle 180° <8 <360°

\J\ *  Full rotation 0 =360°
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(c)  The other ray (the terminal side) determines the direction of the angle.
An angle is measured from the initial side to the terminal @@’g@ usually repre

<
by Greek letters 8, a, B,y etc. < AN @\,
Positive angles ' Q@@M& tive angles
The angle will be p O%@% terminal | The angle will be negative if the te

side is rot ockwise from the side is rotated clockwise from the i
initial side: The given angle is in 1 side. The given angle is in 4" quadrant
quadrant
4 71
Positive
angle
s 0 o

NT(O
Co-Terminal Angles 2 @@\Sﬂ

Co- terminal angles a
initial side

are the same
ide in standard position,
ave different measures. These angles
djffer by a multiple of 360° or 27 rad. For example, <
45°, 405° and -315° are Cco-terminal angles because
405° = 45° + 360° and —315° = 45° — 360°,

6.1.1 Degree Measurement

A degree (°) is a unit of measurement of angles. It represents 2.8 of a full rotation

360
around a point. In simpler terms, a degree is the measure of an arm with a complete
circle being 360°, e \\O@;@

=\ N
Why 360° Historically? f %\j&\é‘&e dates back to the Babylonians,
&s,' ystem). They were among the first to formalize

who used a base-60 numbe
and 360 was chosen likely because it is a highly composite
»3,4,5,6,9, 10, 12, 15, and more), making calculations easier.

number (it can

This syste isted throughout ancient times and degrees became entrenched in various
cultures and mathematical traditions.
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Full Circle

A full rotation around a central point
forms an angle of 360°.

Half Circle
A straight angle, or half of a full rotation,

degree measure is further divided into minutes (") and seconds (").

m(i\i»m@ s

1° = 60" (60 minutes)
1'=60" (60 seconds)
1°=3600" (60 x 60 s

6.1.2 Converti grees to Minutes

Right Angle
One-quarter of %@ﬁbu, or a 90°

aright angle.

h

A

2

measures 180°. The

/\

=W

<€

and Seconds

To convert decimal degrees to degrees, minutes and seconds (DMS), follow the steps:

e Separate the whole number part (degrees) of the decimal.

e The whole number part of the result

Multiply the decimal part by 60 to get the minutes.

is the minutes. Multiply the decimal part

of the minutes by 60 to get the seconds.

Convert 73.12° to degrees,
minutes, and seconds.

Degrees: The whole number part is 73°.

Minutes: Take the decimal part (0.12)
multiply by 60: 0.12 x 60 =7.

number part is 7, so W%

Seconds: Now take the decimal part (0.2)
and multiply by 60: 0.2 x 60 = 12. So, it’s
12 seconds.

Final result: 73° 7' 12".

RS .. 99

Y@Q

Convert 109.42° to degrees,
minutes, and seconds.

Solution:
QW\S& part is 109°.

Degrees

g the decnnal part (0.42) and
fiply by 60: 0.42 x 60 = 25.2. The
whole number part is 25, so it's 25

minutes.

Seconds: Now take the decimal part (0.2)
and multiply by 60: 0.2 x 60 =12. So, it’s
12 seconds.

Final result: 109° 25" 12",
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e Add all the values together.

ApIEdE Convert 45° 45" 45" to decimal degrees.

0ni Degrees: Keep 45.

Minutes to decimal: % =(.75; Seconds to decimal:

Add them together: 45 + 0.75 + 0.0125 = 45.7625

Final result: 45.7625°

_ Convert 94° 27’ 54" to decimal dW@ O@@@

SOl Degrees: Keep 94: m@@
Minutes to d%i%@ 435
(e}

together: 94 + 0.45 + 0.015 = 94.465

Final result: 94.465°
6.1.4 Circular Measure (Radian)

There is another system of angular measurement
called circular system.

The radian, denoted by the symbol “rad”, is the
unit of angle in the International System of
Units (SI) and is the standard unit of angular
measure used in many areas of mathematics.

A radian is a unit of angular measure in

defined as, “the angle subtended-at
a circle by an arc w

radius of the circle” 1
based on_diyii circle into 360 parts, the

radian is erently related to the circle's
geometry and arc length.

NN R e, 100

ma.thematics,‘pa.rticularly in trigonometry. It @

the
€es, which are

6.1.3 Converting from Degrees, Minutes and Sec

To convert from degrees, minutes acr)ld C(}W
steps: ; t EQ(\

e Keep the deg ;
e Conv decimal degrees: Divide the number of minutes by 60. _
e Convert seconds to decimal degrees: Divide the number of seconds by 3600.

Seconds to decimal:

Unit — 6: Trigonometry

nds @imal Degrees
@@@a degrees, follow thg

L 0.0125
0

=0.015
600

Historical Background of the Rad

The concept of radian measure, was firs
formalized by mathematicians n
18th century, but the principles behs
it had been understood much earljer
Euclid and Archimedes.
The word "radian" comes from the
radius of a circle, as the radian &
fundamental fated to the ratio
ngth and the radius.
known use of the term radian
in-the context of angular measuremens
was by Scottish mathematician James
Thomson in 1873, His brother, William
Thomson, also known as Lord Kelvin, §
was made a prominent physicist and *
both were influential in establishing

radians as a standard unit.
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If a circle of radius 7, has an arc length equal other
6 subtended by that arc is 1 radian: ‘
\ﬁ 3 Radius

0=— -1 rad1an

¢
A completm arc length equal to the circumference / \

(27r), so the angle subtended by the entire circle (the full
rotation) is 2x radians. This means:

e One full revolution of a circle is 2x radians, or 360°. '

360 o~ 5729580 and 1° = % =0.01745 rad

e Therefore, 1 radian =
T

Conversion between degrees and radians

180
Radians to degrees: 1 rad =—— degrees
T

i) @{Mim) %rad (iif) “?“rad (iv) 12rad

B 0 Crad-2x2T 3000 (i)

¢ ael) 3 9 n
L Sl T
6 6 T
AL TR L
6 6 T
: 180°
(v) 12rad=12x—=68.75° (. m=3.14159)
|

EXSMpIE® Convert degrees to radians

(@) 15 (i) 75° - G)31se (iv)15° 15’ @@\’g@
: n (@) W@o
SOl () 15°-

Q
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5

o - Unit — 6: ’Ik'igonometrjr‘i
(Hi) - 318 =318% "= —-rad or 5.498

; 180 Wﬁ |
(m) 157 15’— 15° ) é‘ ‘. 25 % ——-rad = (.266 rad

c}!\\‘\un\m) \i turn i turn & turn i turn | | turn
8 6 4 2
T T T n
— rad — rad — rad — rad 2
- 3 a - > m rad 7 rad
30° 45° 60° 90° 180° 360°
Arc Length and Area of Sector

If r is radius and 0 (rad) i is the angle subtended by the arc
of length ‘#’, then

Arc length of seg:ior ={=r@

and area of sector = 4 = -1- 72 @@@ﬁo
Proof e Xnow that ““@K Proof: _We know that
: A

0

55
= x mr
360° 360° |
Lo (2 radians = 360°) 8 oy e 360°)
2n . : : 2
=r0 1
=—r’0
2

Hence arc length, ¢ = 0 and area of sector, A= Lo 0

BRSEPIEE rind the arc length of a sector with radi

tus 7 =10 cm and central angle
0 = 60°,

- BOIEBE Convert 6= 60° to radians: 6 = ¢
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i Find the area of a sector with radlus r=8cm e@@ﬂ 45°,
2. \o

Convert 6 =45° to rad1%65= adians.
x—=8mcm’ =25.12 cm?.
The area oﬂﬂl gc[ tor is approx1mately 25 12 cm?.

_ If arc length of a sector of radius 5 cm is 11 cm, find the angle subtended
by the arc in radians and degrees.

r=5cm ; {=1lcm, ; 0=27
{=rb

11
11=56 :>9=? =2.2rad
0=2.2x - =~ 126.1°

Thus, the angle subtended by the arc in radians is 2.2 rad and e mo

C Ewmmm\\ii]

| Find in which g ing angles lie. Write a co-terminal angle for

each: OE§§§
(1) (1) - 135° (1) -40° (iv) 210° (v) -150°

2. Convert the following into degrees, minutes, and seconds:

(1) 123.456° (i)  58.7891° (i)  90.5678°
3 Convert the following into decimal degrees:

(1) 65° 32' 15" (i)  42°18'45" (ii1))  78°45'36"
4, Convert the following into radians:

(1) 36° ()=t 22 5° (i) 67.5°
5 Convert the following into degrees:

(i) %rad (ii) % rad (iii) 7?" rad
6. Find the arc length and area of a sector if:

(i) . r=6cmand central angle § = —mdlwao
3 48 il }@@
W _ .
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;& If the central an ~‘~’ ﬂs of the circle is 12 ¢m, find
the area of «a oo . he” percentage of the total area of the circle it

8. the percentage of the area of sector subtending an angle —8- radians.

9. A circular sector of radius » = 12 cm has an angle of 150°. This sector is cut out
and then bent to form a cone. What is the slant height and the radius of the base
of this cone?

Hint: Arc length of sector = circumference of cone.

R

6.2 Trigonometric Ratios e
The functions that relate angles to side in a right-angled triangle are known as
trigonometric functions (sine, cosine, tangent etc.) Their development is rooted in

ancient geometry, blossomed through Indian and Islamic mathe nd became
formalized in Europe during the Renals e. To % e indispensable

tools in both theoretical and applieg
engineering, and con

S.
_ (AN A

History of Sine, Cosine and Tangent
Hlpparchus of Nicaea (c. 190 - 120 BC) is considered the "father of trigonometry." He was the first
to compile a trigonometric table for solving problems related to astronomy, using chord functions.

Hipparchus divided a circle into 360 degrees and used this system for measuring angles.

In Islamic golden age, Al-Battani (c. 858 — 929 CE) was among the first to replace chord functions
with the modern sine function and calculated tables of sines and tangents.

Al-Khwarizmi (c. 780-850 CE), known for his work in algebra, and Omar Khayyam (c. 1048—1131

CE) worked on spherical trigonometry, which has applications in astronomy.

Isaac Newton and Gottfried Wilhelm Leibniz (17th century) developed calculus, which further
expanded the use of trigonometric functions beyond geometry into more abstract fields of
mathematics.

as since been extensively
as physms (especially wave theory)

alb C

Application of Trigonometric Ratios

When we make use of a ruler or measuring tape to measur a book, the
length of a pencil, the height of a chai or ﬁ%ﬁl classroom, we are
making direct measurements \ ; :\E; :

In some cases, it is n n dlrect measurements, because these are
difficult and xample it is difficult to climb upon a flag pole to measure
its heigh asure the he1ght of a cliff is also difficult and dangerous.

104
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These problems can be solved by indirect measurement with the help of trigonometry.
For indirect measurements of distance or height it is very much useful. It also plays an

important role in the field of surveying, navigation, i 'r@@many other
branches of physical sciences. We mak%%%ﬂéﬁg figonometry to solve

many of the problems in theséietds \~¢3 -

6.2.1 Trigonometr: _ »f an Acute Angle
The trigonometric ratios are applied to acute angle in a right-angled triangle, but the
concepts extend to angles greater than 90° and are widely B

used in many areas of mathematics and science.

Let us consider a right-angled triangle ACB with respect to
an angle 0 (theta) = mzCAB with mzACB = 90°.

In the triangle ACB, the side BC is called perpendicular,
which is opposite to an angle ‘0"

4]
&
é

&

4
C

Perpendicular

a:

The side AC is called the base and the side 4B is called the 7
hypotenuse. Let mBC =a,mAC =band

0
i ase C
mAB =c. O@@{\\T\?
For this right angled triangle ACB, the @@@ i angle “6” are defined as:
e
il Perpendlcu;ig&g\ﬁx ot Hypotenuse _ ¢
@M@ﬁﬁ a

c Perpendicular
cos 0= pBage = 2 : sec 0 = Hypotenuse = _ €
Hypotenuse c Base b
s Perpendicular _ a : i Basfe i) b
Base b Perpendicular  a

The six trigonometric ratios described with reference to a right-angled triangle ACB
are: sine (sin), cosine(cos), tangent(tan), cosecant (cosec or csc), secant (sec) and
cotangent (cot).

Vonotsgue oo o S o T
alc i 0=
= — (Dividing by <) ﬁW@l v@@ e
b./ c m&(\ \j\k 1

et
tan0 = o %‘\m e cos@
\
QN (i) cot® = L
e st OF g TagR tan 0
sin©
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e @©

We consider a right-angled triangle

0

T P\ DA,

m£B = 90°- 0. Using ‘m ;
oy 2 b

sinmZB

mAB e

Using ratios of Z4, we get
b o
cos mZLA = cos B—Eiz— conkiD)
mAB ¢

Form (i) and (ii), we get,

sin(90° —0) = cosﬂ

Similarly, we have

cos(90° —0) =sin 0 : n(90° —0)=cot 0 : cot(90° : tan 6
sec(90° —0) = cosecH ; cosec(90° 9) =8€¢ 9
(fmﬁc e \\ (\
i For each of (% & t-an gled triangles, find the trigonometric ratios:
(1) si i) ‘cos 0 (111)) tan®© (iv)sec © (v) cosec 6
(vi) ~ cot¢ (vii) tan¢ (viii) cosec ¢ (ix)sec ¢ (x)cos ¢
& C
(a) (b) () &
: ; B :
4 5 8 5 13
] 0 -] 0 0
B 3 A4 B - 15 A B 12 A

o For the following right-angled triangle ABC find the trigonometric ratios for
which mZ4A=¢ and msC =0

(1) sin@ (i1) cos 6

(iiytan®  (iv)sin ¢ Q@(L\Qﬂﬁ\l

(V) cos ¢ (vi

o )
A
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3 Considering the adjoinin
(1) sin 0
i =1

(1ii) tan® cotB=1
4. Fill in the blanks.

(1) sin 30° = sin (90° —
(i1) cos 30° =cos (90° — 60°) =
(iii)  tan 30° =tan (90° — 60°) =
(iv)  tan 60° =tan (90° — 30°) =
(V) sin 60° =sin (90° — 30°) =
(vi) cos 60° =cos (90° — 30°) =
(vii) sin45° =sin (90° — 45°) =
(viii) tan45° =tan (90° — 45°) =
(ix) cos 45° =cos (90° -
3 In a right angled triangle

sin mZA = E,

O
@Q Jr mBC
1 o
() mAB
(iii) tan 60
(v)  cot 60°

(vil) cos 30°

(ix) sec 30°

6.3 Trigonometric Identities

Fundamental Trigonometric Identities
We shall consider some of the fundamenta] identiti

(ii)

(iv)
(vi)
(viii)

(%)

these basic identities is the Pythagor

“The square of the |

et

cos 60°

7
cosec —
3

sin 30°

tan£
6

cot 30°

se of a right triangle is equal to the sum of

e other two sides”.

= 107
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F=d+ b

O
52 =324 42 o m
25=9+16 “
@
Intheg'@@w |

The perpendicular equals to the length
‘a’ base equals to the length ‘b’, and
hypotenuse equals to the length ‘c’.

By Pythagoras Theorem, we have

a2+b2=02] ...(i)

L TN —

2 b:’-. 2

ot =< (Dividing by c?)
e C
‘sinz_ﬂ tcos’0 =1 (11)

a’ + b=

S+ =— Dividing equation (i) by &, we have

1+cot® 0 = cosec? 0| ...(iv)

The identities (ii), (iii) and (1v) are known as Pythagoras identities.

® i o

MERO: Show that (sec’ 0 — 1) cos? 0 = sin2 @
M L.HS = (sec’f— 1) cos? 0
=tan’0- cos?@ (- 1+ tan?@ = sec? 0)

. 2 -
= sze-cosze ( tané = 31;19]
cos” 6 cosé

=sin’0 =R.H.S ' % @Q&@w@o

Hence, (sec? § -1



Solution: L.H.S =tan 0 + cot 0

sin® cos0
= +

cos® sinb

o

_sin®0+cos’ 0

| D
e AV
_sinB- smﬁ+cos@1-ﬁ&i\m
= — '

1
cosO sinf

= secH-cosecH =R.H.S.

sinf cos6 Hence, tan 0 + cot 8 = sec 0 cosec 0
LIE 1 1 1 |
pléd2i Show that - = ~
- S cosec O—cot® sin® sinO cosecO-+cotb
' 1 1 1 1
LHS = - RHS = -
cosec O —cot O sin 6 sin ® cosec 8+cot 6
| 1 1 AT
T | _COSB_smB  sin B Wm
sin9 sinH “@@@ n sin 0
_ sin® ““@M SUp o= inp
I_CW sin® 1+cos 0
sin“6(1+ cos 0) 1 sin 6(1—cos 0)

" (1—cos 0)(1+cos ) _ sme
_sin9(1+cos9)_ |

1—cos’0 sin 0
_sinf(l+cosB) 1

sin” 0 sin 0
_l+cos® 1

sin® sin@
_1+cos -1

sin 0
_cos B _ ‘0

\\_@@W

5 sin @ (1+cos 0)(1—cos 0)

1 sin B(1-cos 0)
sin 0 1—cos’ 0
1 sin 6(1—cos 6)
sin 0 sin” 0
T A B 1-cos 0
sin 0 sin 0
l1-1+cos O

O
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ESEEBIEEE Show that sin® 0 + cos® 0= | — 3sin? 0 cos® 9

- L.H.S =sin® 9+cosB W@@
= (sin? 9)* + (cos 9) @ @
= (sin? Bj:@) — sin® 0 cos? 9)
§° 0)? - 2 sin? O cos? 0 — sin? O cos? 0

33111 0cos’0=R.H.S

Hence, sin® 0 + cos® 0 = 1 — 3sin2 0 cos? 0

Iftan 0 =Z , find the remaining trigonometric ratios, when 0 lies in first

quadrant.

Given: tan 0 = -3: ==
4 ¢

Where, a=3,c=4

By Pythagoras theorem, we have

; a3 ' Yat
c1ore, sinfg = —== 3 coses =—==
b 5§ a3
COSB=£=£ - secH -_:2:2
- c 4
r:otB——zi
a3

{(EXERCISE 6.3 j)

1. If O lies in first quadrant, find the remaining trigonometric ratios of 9.

(1) sinB= —i— (i) cos 0= 2’— (111) tan %7@ @@m
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Prove the following trigonometric identities:

2 (sin®+cos 0)*=1+2sin0 cKﬁ é"‘ '
4, L o . cos? 0 —sin2@ =2 cos? 0 -1

COSW
1-sinf
6. “sin’0=1-2sin*0 T L. b s

cos 6 1+sin®

1-sin 0
1+sin 0

8. (sec O —tan 0)* = 9. (tan 0+ cot 0)? = sec” O cosec’ 0

10. ta'nBdlpsece_lztan(%HsecB
tan 8 —sec 01

11.  sin® 0 — w08’ 0 = (sin O — cos B)(1 + sin O cos 0)
12.  sin® 0 — cos® 0 = (sin® 0 — cos? B)(1 — sin® O cos® 0)

6.4 Values of Trigonometric Ratios of Special Angles

Trigonometric ratios of 4S° W@ @ m

Consider a square ACBD@%

We know that the dia angles
So, in the M D_J B

m/ZA=m/B=45° and m£C =90°.
Using Pythagoras theorem in A4BC,

A=a+b |
2=1+1
e=2 = c= ﬁ
The trigonometric ratios are: " F=1 C
o
sin45°=—=— £ _cosecdd’ =
c 2
cos45°= _lz = —1—- : sec45°
c 2
tan45° =< =
b
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Consider an equilateral lﬁ
or BC on AD . The

Draw a pr :
point C is the midpoint of AD . So, mAC =mCD in

which m£BAC = 60°, m£ABC = 30°, m£ACB = 90°.

Let mBC = x units.

Using Pythagoras theorem in the AABC.

2=4-1 = ¥=3 = x=+3(mBC=+/3 units)

Trigonometric ratios of 30° (E radian] -

; m@(}@@
In the triangle ABC w1th ZABC @@
sin W “ cosec 30° =2

2
cos 30° = — —
NG}

tan 30° = L : cot30° = Jg

J3

* sec 30° =

Trigonometric Ratios of 60° (% radian) : :

In right angled triangle ABC, with m<A4 = 60°

Vi

%

s cot60”=
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QT S T S|
1 1
cos 6 1 % $ E 0
tan 0 0 % 1 5 o
{( EXERCISE 6.4 ))
& Find the value of the following trigonometric ratios without using the

calculator.

i) sin30° 30° tar tan 60°
(1) sin (i1)  cos (1i1) aa @@K@ an
(v)  sec 60° “(w) %“@m ot 60°  (viii) sin 60°

(IX)WW E cosecc30°  (x) sindS°  (xii) cos
2. Evaluate:

() 2 sin 60° cos60° () 2 cos % sin %
(ii1)) 2 sin 45° + 2cos 45° (iv)  sin 60° cos 30° + cos 60° sin 30°

(v) cos 60° cos 30° —sin 60° sin 30° (vi)  sin 60° cos 30° — cos 60° sin 30°

vii) cos 60° cos 30° + sin 60° sin 30° (viii) tan — cot —+ 1
(vii) 6 p

3. Him % and cos % equal to 712= each, then find the value of the followings:

(1) 2sin45° -2 cos 45° (i) 3 cos 45" + 4 sin 45°
(iif) ~5'668 45°= 3 sin 45° W@

6.5 Solution of a Trian @@@

We know that there are
elements, 1f

ee angles in a triangle. Out of these six
em including at least one side, then we can find the °




of aright angled triangle only.
d one angle are given.

M: lllu matics :
measures of the remalmng elements Findin g Ealmng clementsr s
called the solution of a triangle ‘l \

We are required to find b, ¢c and mZC.
Now m<C =msB—m/A 5
= 90° - 30° e — '
=60° | @) » - =
2 =sin30°
b
=N %— sin30° (. a=2)
2
o 3-5 @0@©m
b=4cm

=g tan30°--—]

¢ 3 V3
thus c¢=2V3cm ...(m)
(1), (i1) and (iii) are the required results.
Case II: When measure of the hypotenuse and an angle are given.
Example 16: Solve triangle ABC, when mZA4 =60°, b= 5 cm, -
m/_’B 90°

tion: We are required to find a, ¢ and mzC
mZA = 60° 57
mZB =90°

msC Ygg%@ @@K@W@ €O
% 114 —B |




m Unit — 6: Trigonometry

Now

=433 cm (i1)
= ¢os 60°
l‘ [ b =35, cos 60° =l]
. 2
5
= c = —
)
v c=25cm ...(i)

(1), (i1) and (iii) are the required results.

Case IIl: When measure of two sides 4 @W@ @@@
é@tﬁ ;

ple 17 Solve tri
c¢=1cmand
' fed to find b, mZA, mZC.
By Pythagoras theorem, we have e
b =c+ad e
or B=(1P+2) I
or =142
or =3 :
or = Bem (1)
Now  sinm/A=— =£ :>méA=sin'1\{§=54.7° = o -
b3 3
= mlA =54.7° ...(11)
and msC =m4LB—-mZLA :
=90°-5 4 -70 @@Y@ O@@@
T 040

(1), (i1) and (111) are ther At

.......
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Case IV When measure of one side and hypotenuse are given.

ample 18: Solve tringle ABC, when a = 2cm, b =242 cm and méB 90°

m: We are required to find m£4, mZC and ¢ @ @@

o Pythagoras theorem, we have W
T

Mathematics - 9

C

or =
S
o™
Il
or ¢c=2cm (1) :
c
Now E =cos mZA 4
or Su CoOS mLA = 1
b V2
= mZLA =45° ..(11)
Thus, mLC=msB-m/Z A
=90° —45°
=45° ..(iii)

s RN oo

Hence (i), (ii) and (iii) are the requlredcs
65 )P

1. Find the v mme followmg right angled tnangles.
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e Find the unknown side and angles of the followingt 'n%@m
@@@q ao ¢

h

a—=4cm

AC =\/Ecm3 r—
: A c=4cm B

3 Each side of a square field is 60 m long. Find the lengths of the diagonals of the

field.

4. Solve the following triangles when m.ZB = 90°:
(1) msC=60° c= 3\/_’_, cm (1) msC=45° a=8¢cm
(i) a=12¢cm,c=6 cm (w) msA = 60°, ¢ =4gm

(V) msz4=30° c=4cm

h - Let O andetb ' u :
bank of a canal. 1S placed on the

ight to point R. Find the width —

6. Calculate the length x in the

e &
adjoining figure. O

8 cm

=i

NJB&

(c\ﬁg/;nat the foot of the ladder is 2 m away
t e ladder is 8 m, find the height of the wall.

1 If the ladder is -q_
from the wall

i
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DN (’P@m G
8.  The diagonal of a rectangular deldy Qﬂ OB
(x + 9)m and the sides ar i@ LV &
Find the value %%m an‘% -
WW (@)
A (x+7ym B

9. Calculate the value of ‘x’ in each case.

B LA C
=
: S
e ,196“
A

A B 4 cm C
3 IO@@@
o Ao}
6.6 The Angle Angle of Depression

The angle between Hine 4D (eye level) and a line from the eye A4 to the
top of buildi alled an angle of elevation.

B Top of building

Eyes level Building

Angle of elevation

Angle of depression s

C  Foot of building
The angle between the horizontal line 4D (eye level) and 'n@@m eye ‘A’ to
the foot of the building (C) is called th% angle of 4 o.\o
_ The angle %elev t1 @ 0

from a point on the gro

le. .
e WA L\N\N :

0 m high is 60° when seen
e distance of the point from the foot of the

118 W ____‘_I_r !
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SRR 1o the tnangle ABC, w @@N
mBC =40 m O 7
Let mE = x (the point B is the foot of the pole BC) 2
: -t
In right angled triangle ABC, ile of
—— elevation
mBC
tan 60° = ——
mAB Baos o
Sl
X
= =2
J3

= x=23.09m m

Hence, distance of the point from the fep

B rrom thg e angle of depression of a building

has on the groun w far is a man on the ground from the tower, if the
height 1 ?O m?

Solufion: In the triangle ABC, 4B is the tower and point C is the position of man. We
have
D

+>
Angle of depression

mAB =30 m A
mZ CAD = m/ C = 45° '

mBC = xm="?
Let x be the base of right angled triangle ABC,
mAB
mBC

tan45°=




10.

1. Four options are givenagai

Mathematics - 9

Unit - 6: Trigonometry

{(EXERCISE6.6 )
The angle of elevation of the top of a flag post from a poi the ground level
40 m away from the flag post Ois . Fi ﬁb@@;&“ﬁst.

An isosceles trig le h 0° and a base 10 cm long. Find
the length of its @ﬁ

A high. Find the angle of elevation of its top from a point 100 m
away on the ground level.

A ladder makes an angle of 60° with the ground and reaches a height of 10m
along the wall. Find the length of the ladder.
A light house tower is 150 m high from the sea level. The angle of depression
from the top of the tower to a ship is 60°. Find the distance between the ship 1
and the tower. | |
Measure of an angle of elevation of the top of a pole is 15° from a point on the
round, in walking 100 m towards the pole the meas e is found to be
ground, g P @z@@@@l

30°. Find the height of the pol% m i
Find the measurW of the Sun, if a tower 300 m high

casts a shadow 4 !

Me e of elevation of the top of a cliffis 25°, on walking 100 metres
towards the cliff, measure of angle of elevation of the top is 45°. Find the height
of the cliff. _
From the top of a hill 300 m high, the measure of the angle of depression ofa
point on the nearer shore ~of the river is 70° and measure of the angle of
depression of a point, directly across the river is 50°. Find the width of the river
How far is the river from the foot of the hill?

A kite has 120 m of string attached to it when at an angle of elevation of 50°,
How far is it above the hand holding it? (Assume that the s

t{iﬁnﬁ 1s stretched.
REview MWM

YU
t

. Encircle the correct one.

The value o 1ans is:
o
(a) > (b) EZE (c) 1l.llm (d) 1.11

. 120
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(i) In a right triangle, the hypotenuse is 13 umt @@@es is 6 =30°.

The length of the opposite side
(a) 6.5 unts %@ (© 6 units 5 units
(1i1) W 50 m away from a building sees the top of the buildimg
n angle of elevation of 45°. Height of the building is:
(a) 50m 25 m (c) 35m (d 70m

(iv) sec’d —tan’Q =

(a) sin®@ ®b) 1 (c)  cos’® (d) cot’®

(v) Ifsinf= % and 0 is an acute angle, cos® § =

f | 24 16 4

bk 53752 (c)  45° () -752.5°
(vii) 292.5° = rad., L
17n 17n
(a) = (b) 53 (c) 1.6m (d 1.625=n
(viii) Which of the following is a valid identity?
(= 3 ' f
(a) cos| ——0 [=sin 6 (b) cos ——9}=c059
\ 2 Y,
A P \
(c) cos|——0 |=secB
G2

(ix) sin 60°= T@m@@

121
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(x)  cos? 100 & + sin® 100 7t =

. @ 1 (b) @@W@O@@ v .4

(a) degreeszi% ans, giving
WW s Gi)  75° 45" Gii)  142.5°

(b) ~ radians to degrees giving answer in degrees and minutes.

@ 17 i) n i) l1n
e ii s 1) i

£ 12 :

7 Prove the following trigonometric identities:

i) sin®  1+cos@
- 1-cos®  sind

| WWQ i
¥ 2 sin® cosH

cos 6+sin 8+cos 8~si119_ 2

) cos 6 —sin 0 cosﬁ+sin9_1—25in29
(vi) i ild, = (cosec 0 + cot 0)>
1-cos 6

3 s
4. If tan 0 = —E then find the remaining trigonometric ratios when 0 lies in first

quadrant.

5. From a point on the ground, the angle of elevati @%@@m 30 m high

e building?

does it reach on the wall?

angle of 65° with the ground. If the
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At the : of the unit, the students will be able t0'

» Derive distance formula by locating the position of two points in coordinate plane.
» Calculate the midpoint of a line segment.
» Find the gradient of a straight line when coordinates of two points are given.
» Find the equation of a straight line in the form y =mx +c.
» Find the gradient of parallel and perpendicular lines.
» Apply distance and midpoint formulas to solve real-life situations such as physical
measurements or distances between locations.
»  Apply concepts from coordinate geometry to real world problems (such as, aviation and
navigation, landscaping, map reading, longitude and latitude).
» Derive equation of a straight line in:
* slope- intercept form *  point-slope form
*  two-point form *  intercepts form
* symmetric form *  normal foy Qm
» Show that a linear equation in two v§ ¢ ar ‘ﬁle and reduce the general
form of the equation of a stra
INTRODU m
Geom e of the most ancient branches of mathematics. The Greeks

systematically studied it about four centuries B.C. Most of the geometry taught in
schools is due to Euclid who expounded thirteen books on the subject (300 B.C.). A
French philosopher and mathematician Rene Descartes (1596-1650 A.D.)
introduced algebraic methods in geometry which gave birth to analytic geometry
(or coordinate geometry). Our aim is to present fundamentals of the subject in this
book.

SN
Cal

7.1 Coordinate Plane

Draw in a plane two mutually perpendicular number
lines X' x and )y, one horizontal and the other
vertical. Let O be their point of intersection, called o f:f"\rﬂ -
origin and the real number 0 of beth
represented by O. The '
axes. The horizontal | ' he x-axis and

the VCHW i ed the y-axis. l
y

- e 13




| Mathematics -9 ol Unit - 7: Coordinate Geometry

The Cartesian coordinate system or the rectangular coordinate system m‘@;@ﬂ by French
mathematician René Descartes, when he tried 1 to describ g along criss-cross
beams on the ceiling while he lay on ‘. & i inate system created a link between

algebra and geometry. (Gieom &‘ now be described algebraically using
the coordinates of the pqut hat\

e\uip-the shapes.
==Y

\W\% s
The points-lying on Ox are +ve and on

Ox " are —ve. Y

The points lying on Oy are +ve and Oy’ P(x,)

are —ve. S

Suppose P is any point in the plane. y
Then P can be located by using an

ordered pair of real numbers. Through P ' > = >X

draw lines parallel to the coordinates

axes meeting x-axis at R and y-axis at S. y £ m
Let the directed distance OR=x and C;che i W
The ordered pair (x, 3’8) ive ‘ ‘\ Aationto locate the point P. Thus,

P has coordinates (x component of the ordered pair (x, y) is called

x-coordinat @ and the second component is called y-coordinate or ordinate
of P. The reverse of this technique also provides a method for associating exactly
one point in the plane with any ordered pair (x, ¥) of real numbers. This method of
pairing off in a one-to-one fashion the points in a plane with ordered pairs of real

numbers is called the two dimensional rectangular (or Cartesian) coordinate system.

The coordinate axes divide the plane into four equal parts called quadrants.

They are defined as follows: Ay
Quadrant I: All points (x, y) withx >0,y >0 I I
Quadrant II: All points (x, y) withx <0,y >0 i" ' x
Quadrant III: All points (x, y) withx <0,y <0 = |
Quadrant IV: All points (x, ) with x 0, @w@o@@m W
The point P in the plang ordered pair EIEISRERL T

=

(x, y) is called th§ ?
O
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Thus, given a set of ordered pairs of real numbers, the

graph of the set is the aggregate of all pomts in th ‘(g) seseas
)= ok B MER BRI E
plane that correspond to ordered-p t W 4 MEBERN RRSEESEEES
\u(l to know! U f ‘ L} ,E(_é,rz) T .F.G el
The points on x-axis are the points { SERRRES 5
on y-axis are o s :"i l HEGY) -
M“'“ EENES Yol I=STAEEE
T . ‘ EREBYSBE SEAENBET:
(i) Write down the coordinates of the points BEESrroisE enEvARR
if not mentioned in the adjacent figure. A g | '
(ii) Locate (0,-1),(2,2), (-4, 7) and (-3,-3)

7.1.1 The Distance Formula
Let 4 (x, y) and B (x,, y,) be two points in the plane. To find the distance

= |Z§t, we draw a horizontal line from 4 to a point C lies f= s
1AB| stands for mAB

directly below B, forming a right triangle ABC.
Sothat |AC|=|x,—x| and [BC|=|y,~y| 1

: @@ﬁ@ Bl
By using Pythagoras Theorem, we ha@p 3 \@@w

@ =[48] =|4c] ﬁm |
nr\FR\I’:N‘ y)ﬂ A(x, y,) ' C

or d=|\\ﬁ§ J(r, ) +(y, -y el G

The distance is always taken to be non—negative. It is not a directed distance from 4 to
B. |
If 4 and B lie on aline parallel to one of the coordinate axes, then by the formula(1),

U

W=

the distance AB is absolute value of the directed distance AB .

The formula (i) shows that any of the two points can be taken as first point.
Examplel: Find the distance between the points:

(i) A(S 6), B(5,-2) (i) C(-4,-2),D(0,9)

Solution: By the distance formula, we have

(@)  d=|4B|=(5-5) +(-2-6) (if) CD -@@@@»’ +(9-(-2)
d=|4 ..J(O) +(-8)* m“@ G@CD =J(0+4)* +(9+2)’
' =[CD|=a* +112

d =[4B|=0 6@ =
M d =|CD| = 16+ 121 =137

125 %
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“ Show that the points 4(-1, 2), B(7, 5) and C (2, -6) are vertices of
a right triangle.

_ Let a, b and ¢ denote the 1v.zths W@ @ m

sides BC, CA and 4B respecn B(7,5)
A(=1,2
By using the d1 we have o ALY ’? . %
c=@mﬂ\f ENY+ (-2 =73 v
a=|BC|=\2-7) +(-6-5° =446 & iR
b=[cd| = J2- D7 +(6-2 =73 i

Clearly: a® = b* + &2
Therefore ABC is a right triangle with right angle at 4.

EXample3: The point C (-5, 3) is the centre of a circle and P (7, —2) lies on the circle.
What is thersadiusof the circle? &

: ¢ The radius of the circle is the distance fron%g!

points C to P. By the using distance fo
D000

3y

Radius = ]CTP| =

= 13 units

7.1.2 Mid Point Formula GESRAREE Y
The midpoint formula is used in geometry to find
centeral point between two given points in a
coordinate plane. This formula is particularly useful
when you need to divide a line segment into two
equal halves or parts. ! | TR

HGar) |

;“V

Derivation of the Midpoint Formula

Consider two points A(x,, y,) and B(xz, yz) on a two- wa @.m
vV

dimensional plane. The line se '
two points has a midpoi y are the coordinates of the midpoint.

To derive the fi ,¥) we need to find the average of the x-coordinates and
y-coordinates'of points 4 and B separately.

126




1. x-Coordinate of the Mldpoint
The x-coordinate of the M@ e x-coordmates of points

A and B. O

i,

2.  yCoordinate of the Midpoint
Similarly, the y-coordinate of the midpoint is the average of the y-coordinates

of points 4 and B.

. Y+,

lle., W ——
A

Thus, the coordinates of the midpoint M(x, y) are:

M (25, 22)

BRI Find the midpoint of the line segment joining the points 4 (2,3) and B(8,7).
Solution: Using the midpoint formula:

Mz, y)=[ 5 t , @ O@@@

Substitute x, 1dpo1nt formula
M (x
10 10
M X, y)= 3.5
(x 2 2 =(5,5)

{(EXERCISE7.1 )

I Describe the location in the plane of the point P(x, y), for which

i x>0 (1) x> Oandy>0 @) x=0 (@Gv) y=0

(v) x>0andy<0 (vi) y=0,x=0 (vii) x =y

(viii)) x> 3 (ix) y>0 (x) xand y have opposite signs.
2 Find the distance between the points:

() 4(6,7),B0,-2) (i) C(-5,-2),D(3,2)

(ii)) L(0,3), M(-2,—4) (iv) P(-8,-7), (0@ a @@m
3. Find in each of the following: V‘
. i aales 2 %(él\“]é }0

1nts
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" m
, <a< -
Case (i) \When 0<a 5 m
In the right triangle PRQ, we hav

el

N
Case (ii). — <@a<m =
REN
In the right tnangle PRO,
X,—X,
tan (7r—a:ar)=y2—_}i Ri™%,
X=X,
a3 M’
or —tang=22"2%
X =X,
ar tana=y2_y' o m=y2_y|
=X X =X

<>

Thus if P (x,,y,) and O (Jc2 ,,) are two points on a line %@@@Q is given by:
_ s Db, Ya=Nh :@@K@W 0

x —

: %Y\m\

() M&l\ﬁ}d m=2 =% G fishorizontal iffm=0 (- a=0°)

(iii)  / is vertical iff m is not defined (.o =90°)

(iv) If slope of AB = slope of BC, then the points 4, B and C are collinear.

Theorem 2: The two lines /, and /, with slopes m, and m, respectively are:

(i)  paralleliffm =m,
e The symbol:
(ii)  perpendicular iff m = =y (i) || stands for “parallel”.
4 (ii) ) stands for “not parallel”.
or m m,=-1 (iii) L stands for “perpendicular”

le'S: Show that the points 4(-3, 6), B(3, 2) and C(6, 0) are

- We know that the points 4, B and C
the same slopes.

Here slope of AB= E\ \ﬁl —= and slope of BC=——

ope of AB = Slope of BC
Thus A4, B and C are collinear.
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EESmpIE6: Show that the triangle with yert SW@& 12,-1)is a

right triangle.
\\gﬁgé 48 LO5AL]
| AB BC = S e el
— Slope of slope of e

—i’— = -1, therefore, AB | BC

So AABC is a right trlangle.
7.2.2 Equation of a Straight Line Parallel to the x-axis (or
perpendicular to the y-axis)

Ay ry
¢

> AV

a a>
: a>0 4 a=0

0 /|| x-axis c} a<0 0 ¢ || x-axis

or / 1 y-axis < : m Jm

@%g tant distance (say a) from

X-axis. Therefore each 9 its distance from x-axis equal to a, which
is its y—coor . 0, all the points on this line satisfy the equation: |y=a

X
>
>

W=

X
~

A

Y ~

All the points on the line P

If a > 0, then the line / is above the x-axis.
If a < 0, then the line 7 is below the x-axis.

If @ = 0, then the line ¢ becomes the x-axis.
Thus the equation of x-axis is y =0

—

7.2.3 Equation of a straight Line Parallel to the y-axis (or
perpendicular to the x-axis)

y £ ¢ y <
A A b,

b>0 b{O

> X
0 l ¢ |l y-axis O “ $ ¢ || y-axis
(1) or /] x-axis (1) ' 7 or ] x-axis
D .
S remain at a constant distance (say ) from

All the points on the line VEW
y-axis. EachWN]@ ric has its distance from y-axis equal to h, which is its

x-coordinate (abscissa). So, all the points on this line satisfy the equation: |x :h;

SR . 131 AR
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4. Two-point Form of Equation of a Stralght Line

Theorem.5: Equation of a non-vertical straight @F)\S\N
line passing through two points Q(x Z P(x, ,V)
R(xy,y,)is:| y—y = 22 ¢ Yﬂ am\d i
2272 1
o X % \m / >x
RNy
R

Proof: Let P (x, y) be an arbitrary point of the line passing

through O (x, , y,) and R (x, : ¥5)-

So, ZZA_Y"% Y= (p g and R are collinear points)
X=% X=X X=X

We take

Y=MN T Nh
x=% X-x

or y=-n= J’z )2 (x x,) , the required equation of the li é }&@m
O

or v, =y )x (xz X))y +(xy, =x, ‘@ W

We may write this equatn% t form as: |x, y, 1|=
X, y 1

Y= = 22 =
X =X

_ Find an equation of line through the points (—2,1) and (6 —4).

- Using two-points form of the equation of straight line, the required

equation is:

») can be derived similarly.

y-1 6 (2)[x (——2)] or y—1=_?5(x+2) or5x+8y+2=0

5. Intercept Form of Equation of a Straight Line

Theorem 6: Equation of a line whose non-zero x and y
y-intercepts are a and b respectively is:

> W

< B@w ) ’P(x,y)

Proof: Let P(x, y) be an ne whose

: A(a, 0)
non-zero x and y-in a.nd b respectlvely > x
Obviously, the pojats (e, 0) and B0, b) lie on the of a \,E

134 TESEEEERInrENE
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required line. So, by the two- point form of the equation of line, we have

y-0= g:g(x—a) (P A and B are ffollme /)) i\r\l
N 2\(C0
or -—ay b(x —a) or @Kﬁ\
X
o \\\m& ane o

Hencc the result. \F@J
down an equation of the line which cuts the x-axis at (2, 0) and

y-axis at (0, -4).

SO A s 2 and -4 are respectively x and y-intercepts of the required line, so by

two-intercepts form of equation of a straight line, we have

§+_”—4= or 2x-y-4=0

Which is the required equation.

EXamipledly Find an equation of the line through the '\f

point P(2, 3) which forms an isosceles triangle with B(0,a)

the coordinate axes in the first quadrant.

a
Wﬁ 2
SOIIEBRE Lct O4B be an isosceles tri @ t

line AB passes through A(a ere a is

some positive rea 1

Slope of 4B = g =-1. But AB passes through P (2, 3).

=1
Equation of the line through P(2, 3) with slope -1 is
y-3=-1(x-2) or x+y-5=0
6. Normal Form of Equation of a Straight Line
Theorem 7: An equation of a non-vertical straight-line ¢, such that length of the

> x

perpendicular from the origin to £ is p and a is the

inclination of this perpendicular, is

xcosa + ysina@ =p

Proof: Let the line / meet the x-axis and y-ax \){\
J

the points 4 and B respectivel £
arbitrary point of 11 m t OR be

perpendicular tow Then |OR | = Y

>X




i ) g8 O ——
iii. Symmetric Form

m:tana=?,sina-:t 5 +b2 ,cosatﬂ@©ym
k \/ X\J 2 \o
Apointonax+by+c=00' . —,QM O \_/"
becomes

Equation of the lin '
W x@f _!_ J
a) . y=90

bita +b  al+\a® +b?
is the required transformed equation. Sign of the radical to be chosen properly.

=r(say)

iv. Two -Point Form
We choose two arbitrary points on ax + by + ¢ = 0. Two such points are

(_—C,O)and (0,?) . Equation of the line through these points is:
a

c

o L ie., y ﬂ
% i&&m@@@.
V. Intercept Form KX

[ @)
ax+ J T e by ie., & + Y =1
—c -C -cla -c/b
which is an equation in two intercepts form.

vi. Normal Form

The equation: ax +by+c=0 k)
can be written in the normal form as:
ol R T .. i)

+a* +b*  ta® + b’
The sign of the radical to be such that the right hand side of (ii) is positive.
Proof. We know that an equation of a line in normal form is
xcosa+ysina=p . (1) \ﬂ\@

O

If (i) and (111) are identical, we must hav WJS@ @
N A m% l \S\\Y\l

cosa sina p e Y\“ i\g\\

jo ot ® \W\J\Jcos a +sin’a

7 —c <4 i\{a +4IJ2 _i\Ja + b

138
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Thus (i) can be reduced to the form (ii) by dividing it by +va? +5”. The sign of the
radical to be chosen so that the right hand side of (ii) is positive.
_ Transform the equation 5x- 12y + 39 =0 into

(1) Slope intercept form (i)  Two-intercept form
(iii) Normal form (iv)  Point-slope form
(v)  Two-point form (vi)  Symmetric form

5
(1) We have 12y =5x+39 or xﬁ@fg@: —

et
23975 39/12

(i) Sx-12y=- =11is the required equation.

(iii) 5x =12y = -39. Divide both sides by +4/5* +12? =+13 . Since R.H.S is to be
positive, we have to take negative sign.

Hence % + % = 3 is the normal form of the equation.

(iv) A point on the line is (:-2—2,0]and its slope is% :

Equation of the line can be written as: y—0= 5 x + 2]

(v)  Another point on the line i 1s 0 . Line throﬁ@*@@(ﬂ@)
x + =

ot @%@m !
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BRI An Engineer is building a bridge between two points on a riverbank.
Suppose the coordinates of the two points where the bridge will s are (2, 5) and

(8, 9). Find the coordinates of the mldpg ﬂ\m& r@eﬁ? e centre of the bridge.
BBIEERE W e apply themidpoi

10 14
s gy

Thus, the centre of the bridge is at the point (5, 7)

EESBBEEE A landscaper is designing a triangular garden with corners at points
A(2, 3), B(S, 7), and C(6, 2). Calculate the lengths of the sides of the triangular gardern.

_ Use the distance formula to find the length of each side:
d= \[(xz —xl)z +0n~ yl)2

[4B|= J5-27+ (7= %{X @@@\\7@ ol

|4B|= JO + @x
5
]BC-J(G 5+ (277

|BC = J(1)? + (-5
|Bc[ =1+ 25 = 26 = 5.10 units

AC|=\(6-2)* +(2-3

AC|= \’(4)2 + (=17

|ACI=J16+1=J17=4.12units

Thus, the lengths of the sides of the triangular garden are
mAB=>5 units , mBC = 5.10 units - \;gﬁ
BRSSPI A pilotn 60) to city B(120, 150). Determine
the heading angle the ake relative to the east direction.
\(\f )
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SOIGORY The heading angle can be calculated using the slope: m

e 150-60 _SE 2 @o
120-50 70 7
\ tion is the operation and flight of

Let 0 be the reqmmd angl % aircraft, including airplanes, helicopters and
: drones.

e Navigation is the process of determining and

7 controlling the route of a vehicle, such as an

( ) aircraft, from one place to another.

6 = tan™' (1.2857)
6=~52.13°
Thus, the plane should take a heading angle of 52.13" north of east.

Latitude measurcs how far a location is from the

equator. It ranges from 0° at the equator to 90° north (a rﬂ-mmw wator
the North Pole) or 90° south (at the South Pole).
Longitude measures how far a location By

Prime Meridian (w % ch,
London). It ranges me Meridian to Longhte
180° east t e

EREMpIeS) Abdul Hadi is traveling from point 4 (Latitude 10° N, Longitude 50° E)
to point B (Latitude 20° N, Longitude 60° E). Find the midpoint of his journey in terms
of latitude and longitude.

Solution:

Given that

Point A (Latitude 10° N, Longitude 50° E)

Point B (Latitude 20° N, Longitude 60° E)

10°+20°

=15°N

@R
Midpoint longitude = SOD . 600 @55@“ @W@ @

Thus, the midpoint op ey would be at Latitude 15° N

Longitude 55° o
ﬂ 143 aEEEsmn e

Midpoint latitude =
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MER0: A landscaper is designing a straight pathway from P(2, 3) to Q(8, 9).

What is the length of the pathway?

The length of the straight pathway can be fi

ula:
Distance= J(x i‘\) fﬁQz @

(6) +(6)
=36+36
=62

So, the length of the pathway is approximately 6/2 units.

{( Exercise 7.3 ) |

If the houses of two friends are represented by coordinates (2, 6) and (9, 12) on
a grid. Find the straight line distance between their houses if the grid units

represent kilometres?
Consider a straight trail (represented yordi @@I@wﬂs at point
(5,7 and cnds at point (15 . Whs u“ inates of the midpoint?

on the grid. C Q e\st 1t line distance between the bulldmgs Assume
the w&m&e in metres.

A delivery driver needs to calculate the distance between two delivery
locations. One location is at (7, 2) and the other is at (12, 10) on the city grid
map, where each unit represents kilometres. What is the distance between the
two locations?

The start and end points of a race track are given by coordinates (3, 9) and
(9, 13). What is the midpoint of the track?

The coordinates of two points on a road are A(3, 4) and B(7, 10). Find the
midpoint of the road.

A ship is navigating from port 4 located at (12° N, 65° W) to port B at
(20° N, 45° W). If the ship travels along the shortest path on the surface of the
Earth, calculate the straight line distance betwee 0@@

Farah is fencing around a recta@gu @ at (0,0), (0,5), (8, 5)
ill she need to cover the entire
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9. An airplane is flying from city X at (40° N, 100 R W) to city Y at

(50 ° N, 80° W). Use coordinate geometry, calcula distance
' “between these two cities.
10. A land surveyor 1 W@ and with corners at (3, 1),
3, 6), (8, 6), an i@%m e perimeter :
1A la cfs to install a fence around a rectangular garden. The garden

has its corners at the coordinates: A(0, 0), B(5, 0), C(5, 3), and D(0, 3). How
much fencing is required?

' @(REVIEW EXERCISE 1)

Four options are given against each statement. Encircle the correct option.
(i)  The equation of a straight line in the slope-intercept form is written as:
(@ y=mx+o) (b) y—y=mx—x)
(c) y=c+mx (d axt+tbyt+tc=0
(i) The gradients of two parallel lines are:

(a) equal
(c) negative reciprocals of ea6 X@m ned
(iii) If the product of t en the lines are:

grad1
(a) Parallel % (b) perpendicular
(c) (d)  coincident
(iv) D etween two points P(1, 2) and O(4, 6) is:
(a) 5 (b) 6 (©) Vi3 @ 4

(v) The midpoint of a line segment with endpoints (-2, 4) and (6, -2) is:
(@ 42 ®) @1 ) @D @ (0,0
(vi) A line passing through points (1, 2) and (4, 5) is:

(@ y=x+1 (b) y=2x+3
(©) y=3x-2 @ y=xt2
(vii) The equation of a line in point-slope form is:
(@) y=mx+tc) (b) y-y=mx-x)
(c) y=ct+tmx . (d) ax+by+c 0
(viii) 2x + 3y — 6 = 0 in the slope-intercept form is:
(a) K@

. e
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(ix) The equation of a line in symmetric form is:
Xy
—+==1
s &

TR e e Q@@@\h\ W =m(x —x,)

cosa s

(x) The equation o@m form is:
(a )W‘Wﬁﬂﬂﬂ —+%—1

(c) =N =y-—y, (d) xcosa + ysina =p
cosa  sina

A= x,+ -2

2 Find the distance between two points A(2, 3) and B(7, 8) on a coordinate plane.

Find the midpoint of the line segment joining the points (4, —2) and (~6, 3).

4. Calculate the gradient (slope) of the line passing through the points (1, 2) and
(4, 6).

S. Find the equation of the line in the form Yy = mx + c that passes through the
points (3, 7) and (5, 11).

6. If two lines are parallel and one lme Qm@@@ 1s the gradient
of the other line? Q&
7. An airplane need Kﬁm city 4 to coordinates (12, 5) to city B at

o

coordi alculate the straight-line distance between these two
cities

8. In a landscaping project, the path starts at (2, 3) and ends at (10, 7). Find the
midpoint.

9. A drone is flying from point (2, 3) to point (10, 15) on the grid. Calculate the
gradient of the line along which the drone is flying and the total distance
travelled.

10.  For a line with a gradient of -3 and a y-intercept of 2, write the equation of the
line in:

(a) Slope-intercept form

(b) Point-slope form using the pomt (1, 2%{@ @@m
(c) Two-point form using

(d) Intercep k

(e) Symmeﬁ}

O™ e P L 146 L
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earning Qutcomes A i - o

! he mt the students will be able to:

» Understand a mathematical statement and its proof

> Differentiate between an axiom, conjecture and theorem.

> Formulate simple deductive proofs [algebraic proofs that require showing the
LHS to be equal to the RHS. e.g., showing (x — 3)* + 5= x* — 6x + 14]

Studcnfs 1.

INTRODUCTION oS
Logic is a systematic method of reasoning '
that enables one to interpret the meanings of
statements, examine their truth, and deduce
new information from existing facts. Logic

plays a key role in problem—qolvm%)
decision-making.

who is considered the father of formal logic.
fC He developed a system of deductive

We generally use 1 g{:\h :
while athe atics. For reasoning known as syllogistic logic, which
o became the foundation of logical thought.

example, often drew  general | The Stoies followed, contributing to

conclusions from a limited number of | propositional logic and exploring paradoxes
i 4 such as the Liar Paradox. During the
observations or experiences. A person gets | medieval period, scholars like Peter

a penicillin injection once or twice and | Abelard and William of Ockham expanded
Aristotle's work, introducing theories of

semantics and consequences. In the 19
generalises that he is allergic to penicillin. | century, logic advanced through the works

. : . . of George Boole, who developed Boolean
This way of drawing conclusions is called alicbra. and Gottlob Frege, wh foysalized

induction. Inductive reasoning is helpful in | modern predicate logic. Bertrand Russell

natural sciences, where we must depend | and Alfred North Whitehead attempted to
reduce mathematics to logic in their seminal

upon repeated experiments or observations. | work, Principia Mathematica. The 20%
In fact greater part of our knowledge is | century saw ﬁ With Kurt

God completeness
\f our understandmg of
1 logic(history-of-logic:

\f;tn -//individual .utoronto.ca/pking/miscellan
eous/history-of-logic.pdf).

experiences a reaction soon afterward. He
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Unit - 8: Logic

based on their good reputation. This way of reasoning i.e., dra _ﬁ's clusions from

premises believed to be true, is called dedu ﬁ”“r%ﬁ#ﬁk ple of deduction is:
All men are mortal. We are men. T ) &'\é; Imhortal. To study logic, we start
with a statement O f‘f':ﬂ NN e

s
8.1 Sta R

A sentence or mathematical expression which may be true or false but not both is called

a statement. This is correct so far as mathematics and other sciences are concerned. For
| instance, the statement @ = b can be either true or false. Similarly, any physical or
chemical theory can be either true or false. However, in statistical or social sciences, it
is sometimes impossible to divide all statements into two mutually exclusive classes.
Some statements may be, for instance, undecided.

We can think of a mathematical statement as a unit of information that is either accurate

or inaccurate.
i atica - l "'(- ©m

at‘are all true.

and »n, we have: x". x" = x™"
(i)  The sum of & ?s of the interior angles of a triangle is 180°

a2 _
(iii) The ci@ﬁm of a circle with radius r is 277

(iv) Q< R(The set of rational numbers is a subset of the set of real numbers)
22
v Zed
7
(vi)  The sum of two odd integers is an even integer
(vii) x*-5x+6=0,forx=2orx=3
Further, we discuss some examples of mathematical statements that are all false.
(1) 3+4=38
e r/‘.',"/q\
(i) Zcw ks %\ @)©x Y
(iii)  All isosceles triangle are equilatera] t eﬁ‘\\] (S0
i ' VERCQNC A
(iv)  Between any two re \ &ﬁﬂ 4 real number
) {1,2,3, 4}W% ={1,2,3,4)
N o
(vi) Ifa andi@ii' € length and width of a rectangle, then the area of a rectangle is
1
—(axb).
~(axb)
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(vii) The sum of interior angle of an -51dc

(viii) The sum of the in 1

@ W
The following section will dlSCUSS various standard methods for combining statements
to create new statements.

8.1.1 Logical Operators

The letters p, g etc., will use to donate the statements. A brief list of the symbols which
will be used is given below:

Not p,

~ Not ~
¥ : negation of p

|

if and only if

5 _And rﬂi\ﬂg\ p@&\(ﬁ
fape
v M\@MW porg
Wﬁ@ﬂg\& o> iy s
0 164 Pp—49 ik
S p implies g
Is equivalent 1o, p if and only if g,

p>q

p is equivalent to ¢

8.1.2

1 Negation

If p is any statement, its negation is denoted by ~p, read ‘not p. It
follows from this definition that if p is true, ~p is false, and if p is
false, ~p is true. The possible truth values of p and ~p are given in FI|T
table:1, which is called a truth table, where the true value is denoted

by T and the false value is denoted by iﬁ@ @

and q1is syrnbohcally written as pA g (p and 9).

Explanation of the Use of the Symbols
Table 1

2. Conjunction -,
The conjunction of

A conjun c n51dered to be true only if both statements are true. So, the truth

table of p A g is given in Table: 2.

o, 149
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i T T

W\\J&N T F F
'F T F

F F F

ESSEPIEEE Whether the following statements are true or false.
(1) Lahore is the capital of the Punjab and Quetta is the capital of Balochistan.

(1) 4<5A8<10 (i) 2+42=3A6+6=10

Clearly conjunctions (1) and (ii) are true whereas (1ii) is false.

3. Disjunction

ﬁ@ O@©@ble 3
The disunctionofp and g s sy @@@ - T
(p or g). The disjuncﬁm to be true when

t 1S

at least one of true. It is false when both of
them € truth table p v gis given in Table: 3.

ERERBIEE 10is 2 positive integer or 0 is a rational number.
Find truth value of this disjunction.

Solution: Since both statements are true, the disjunction is true.

BRI Triangle can have two right angles or Lahore is the capital of Sindh. Find
the truth value of this disjunction.

BSOS Both statements are false, the disjunction is false.

2B e B R
M= | -
= - -

4.  Implication or conditional Table 4

A compound statement of the form if p then g (p — q) also

written as p implies g is called a conditional or T
implication. p is called the antecedent or hypot a%o:) S

is called the consequent or the co @W T F F
A conditional is regardes a1se only when the antecedent F : & T

is true and the con .@‘;‘ 3\ f2
conditionW@ to be true. So, the truth table of F F T
p—qisg in Table: 4.
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We attempt to clear the position with the help of an exampl onditional:

If the antecedent is fa&g i. ) S ore, he may still be living in
Pakistan. We have no r% ive i istan.

We caungmww ‘say that the conditional is false. So we must regard it as true.
Similarly,“when both the antecedent and consequent of the conditional under
consideration are false, then is no justification for quarrelling with the statement.

5. Biconditional p < ¢ Table 5

The statement p — g A q —pis ¥ By oy '

shortly written as p <> ¢ and is

called the biconditional or L ¥ 1 s
equivalence: It is read p iff ¢ T F F

(iff stands for “if and only if”) F T T F
We draw up its truth table.

From the Table 5 it appears that 7%:& O@©m i3

p <> g is true only when both S%@WE}W or both statements p and g
are false.

&ﬂted with a given conditional.
Let p and g be the statements and p — ¢ be a given conditional, then

(1) g — p is called the converse of p — g;
(ii) LB o B is called the inverse of p—q,
(iii) ~g— ~pis called the contrapositive of p — g.

The truth values of these new conditionals are given below in Table 6.

Table 6
plag| ~» |~ P9 gP |~por~g|l =9 ~P
T Tl CRsfip T T T O@T
7] R R
8 ey e m‘f\\g&@w U F T
FIF| T ;{n uw\g\j\i@ T T T
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From the table 6, it appears that m
(1) Any conditional and its contrapo iti E@(@q@h@efom, any theorem

may be proved b provm%gg ;
(i)  The converse i uivalent to each other.

Vxe U,xe¢—>xeA SR
The antecedent of this conditional is false because no xe U, is a member of ¢.
Hence, the conditional is true.
EXample’s Construct the truth table of [(p — g)Apland [(p > 9) A pl— ¢

The desired truth Table 7 is given below:

- Tabled ;
i g w‘ - bkl
et K 21 o & ) T
LD A -
NNRNST | F T
F F  § K T

8.1.3 Mathematical Proof -

Suppose Fayyaz is a student in Grade 9. One day, he arrived home late due to heavy
traffic in a city. His father, however, suspected that Fayyaz had not gone to school and
instead spent the day elsewhere. To address his concerns, his father asked, “Tell me the
truth, did you go to school today? Fayyaz responded, saying, “Yes, I did.” Still
doubtful, his father asked, “What proof do you have that you attended school? To
satisfy his father's concern, Fayaz says that my classmate Ahmad to school with
me and could confirm with him. But his father ed by his words.
Now, how will he prove hlS fath M 0 school or not? To prove his
father's claim, Fayyaz some evidence, like his attendance for that

day, which was g school attendance register, or CCTV footage from the
school to at he was indeed present that day:.
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Consider another situation, you have bought a mobile &@@@@T&ﬂt}f of about
ile

one year. After using the mobile @'@ phone breaks down,
so you take it to thenobi T % : ‘g\ ice provider. The customer support
representative wi t&! dtoof if you want to claim your mobile phone's warranty.
To claim on the mobile phone, you must present the warranty card as

documented proof to the customer service representative. Generally, we have to prove

and disprove many claims and statements in our daily routine. In mathematics, proofs
provides the evidence that a statement is correct, demonstrating a logical sequence of
steps that lead to the final conclusion.

_ Prove the following mathematical statements.
(a)  Ifxisan odd integer, then x* is also an odd integer

(b)  The sum of two odd numbers is an even number

(a) Let x be an odd integer. Then by definition.of -0 O@Me can express x
o f \@

If x is odd, then x can be expressed
in the form: x=2k+1 for some
| ke Z

as:
x=2k+@@m
Now W‘} =4k +4k+ 1
=202k +2k)+ 1
=2m+1,wherem=2k>+2keZ

Thus, x2 =2m+1 forsomeme Z

Therefore, x° is an odd integer, by definition of an odd integer.

(b)  Let x and y be odd integers. Then by
definition of an odd integer, we can | If x is an even integer, then x can

express x and y as: be expressed in the form:

x =2k +1 and y=2n + 1 for some k and ne Z. x =2k for some ke Z

Thus, x+y =(2k+1)+(2n+1)
2\ o
=2%+2n+1+ K}B@
@[% ‘- +n+l=meZ
So, me me Z.

Therefore, x + y is an even integer, by definition of an even integer.

153 s T -
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_ Prove th W@@@ d B, (AUB) ANB'.
Let X€ \i&
¢ AuB) A set B is a subset of a set 4 if

every element of set B is also an
= x¢€ Aand x¢ B

element of a set 4.
= x€ A and xe B’

= e LB

Mathematically, we write it as:
Bc Aif Vxe B = xe A

But xe (4 uB)' is an arbitrary element

Therefore, (AUB)’ cANB ... (i)
Now, suppose that ye 4' N B’
= ye A and ye B'

= yg Aand y¢ B
@@ﬁ@

: v (AUB)’ Kﬁ@@mw@o

uations (i) and (ii) we conclude that
(4 uB)' = A N B', hence proved.
8.1.4 Theorem, Conjecture and Axiom

In previous sections, we have explored mathematical statements and their
corresponding proofs. We will now move on to a more advanced concept known as
theorems. A theorem is a mathematical statement that has been proved true based on
previously known facts. For example, the following statements are theorem:

(i) Theorem: The sum of the interior angles of a quadrilateral is 360 degrees.
(i) The Fundamental Theorem of Arithmetic: Every mtelgér@m than 1 can

be uniquely expressed as a product of p ‘ order of the
factors. é @@W

three positive mtegcrs a, b, c, which

(iii) Fermat's L
satisfy the % c",wherene Nand n>2
O
W 154 TR e —




Mathematics - 9 T a @@@A}ﬂt
o)

One of the famous theorems was named afte m@eﬁch mathematician

%: P € for specific values of »n and see

Pierre Fermat. Let's € ine Fe
how they apply. For %%i

“ ment simplifies to @’ + b? = ¢’ which does have
solutions. Thig | own Pythagorean theorem. For instance, 3%+ 4?= 5% holds
true bec + 16 = 25.

Now, let's examine the statement for n = 3. The statement becomes @’ + b° = ¢°.

After centuries of searching, no such integer solution has been found, and Wiles' proof
confirmed that no such numbers exist. For example, 3*+ 4> # 5° because 91 # 125.

Fermat claimed he could prove this theorem but noted that the margin of his book was
too small for such a meaningful explanation. Despite his assertion, many
mathematicians found it challenging to prove the theorem for centuries. The theorem
remained unproven for over 350 years and became one of the most famous problems
in mathematics. In 1993, Andrew Wiles from Princeton University announced a proof
after working on it for over seven years, spanning hundreds of pages. This illustrates
that some factual statements are not immediately evident. @@

Conjecture: A conjecture is a mathengtical } .e I \e%is that is believed

to be true based on &l rvat é‘ m l

beert proved. In mathematics,
conjectures often serv d if a conjecture is proven to be true, it

becomes a 2 y, if evidence is found that disproves it, thc conjecture
is sho se. Here, is another well-known statement that has gained enough
recognition to be named. First proposed in the 18" century by the German

mathematician Christian Goldbach, it is known as the Goldbach Conjecture. The
Goldbach Conjecture states that:

Statement: Every even integer greater than 2 is a sum of two prime numbers.

We must agree that the conjecture is either true or false. It appears to be true based on
empirical evidence, as many even numbers greater than 2 can indeed be written as the
sum of two prime numbers: for example,4=2+2,6=3 + 3, 12 =15 + 7, among others.
However, this does not preclude the possibility that some large even number may
exist that cannot be expressed as the sum of two primes. The conjecture would be
proven false if such a number is found. Despite extensive efforts since Goldbach first
posed the problem over 260 years ago, no proof has been foug L{%{@ hether
the conjecture is true or false. Neve@l € ralid mathematical

statement, as it must beo 1 %
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In mathematics, we frequently encounter situations w % @m to determine

the truth of a given statement w:tl@u e will study the same

statement, which is krg
An axiom is a ma ment that we believe to be true without any evidence
Or requiri f. In other words, these statements are basic facts that form the

starting point for further ideas and are based on everyday experiences. Moreover, there
is no evidence contradicting these statements. For example, the following are the
statements of axioms.

Axiom: Through a given point, infinitely many lines can pass.

Euclid Axioms: A straight line can be drawn between any two points.

Peano Axioms: Every natural number has a successor, which is also a natural number.
Axiom of Extensionality: Two sets are equal if they have the same elements.

Axiom of Power Set: Any set has a set of all its subsets.

@ m& ed to prove these

Considering the above example, weowil
statements. For example, our m i finitely many lines can pass

through a point, so the%

Axioms a erred to as postulates. Both Axioms and Postulates describe
statements-that are accepted as true without requiring proof. However, postulates are
associated explicitly with geometry, while axioms can pertain to broader mathematical

contexts.

Next, we are going to prove the statement of a theorem.

Prove that £+ £ = adb-;bc where a, b, ¢ and d are non-zero real numbers.
Solution: 1.1.S - %4»3 %x 1+ Ex 1 (+ Multiplicative identity)
a 1 1
=Zx|dx= |+ Ex bx — *  Multiplicative inverse)
b d) d a bo
b d K\&K\
ad cb a c ac )
=— ** Rule of production of fraction —.— = —
bd bd
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d
> ok b (+ Commutative law of multiplication ab = ba)
bd bd
1
= adx —+bcx — ( ax—=2 ]
bd b b

=5 LHS=RH.S

Thus, kN ad + bc
b d bd

Hence proved.

8.1.5 Deductive Proof

As discussed earlier, deductive reasoning is a way of drawing conclusions from
premises believed to be true. If the premises are true, then the conclusion must also be
true. For example: All human beings need to breathe to live. ad is a human.

Therefore, Ahmad is also breathing to live @ c©
Similarly, in mathemat1c:§D edu wém raic expression is a technique

to show the validity of statement through logical reasoning based on
known rules, ﬁloms or previously proven statements. Deductive reasoning
is broadly used in algebra to validate identities and solve equations.

89T Prove that:  (x + 1)? +7=x"+2x+8
o Proof: LHS =(x+1)+7

=(x+Dx+1)+7 (2= =)
=y Tl (= Right distributive law)
=x-x+x-1+1-x+1-1+7 (~ Rightdistributive law)
=x2+1-x+1 - -xblit] (* Commutative law & x" x"=x""")
=x2+(1+1)x+8 (+ Le istributive law)
-x2+ 2x + w@n@

= LHS= R Q@ \S\

ce proved

Thus, (x + 1) ‘QS
-Mﬁ Ji; Lags L by justifying each step.

R
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SOIEBEE Proof: LHS = 45"”5 @ @ m

=_m\€f;®@@ W L)

15x3x+15x 1) (**  Multiplicative Identity)

- 1—5- x 15(3x + 1) (** Distributive Law)
= (I-lgx 15 } Bx+1) (** Associative Law)
=1:3x+1) (*  Multiplicative Inverse)
=3x+1=RHS (* Multiplicative Identity)
=5 LHS=RH.S
Thus, 45':;15 = 3x + 1 hence proved.

@ EXERCISES )

prividho

penments (b) if and only if statements

(a) basedo
Wﬂ%ﬂt Is proven by a theorem (d) based on general principles
(11) ich of the following sentences describe deductive reasoning?

(a) general conclusions from a limited number of observations
(b) based on repeated experiments
(c) based on units of information that are accurate
(d) draw conclusion from well-known facts
(111) Which one of the following statements is true?
(@)  The set of integers is finite
(b)  The sum of the interior angles of any quadrilateral is always 180°
© Zeg
7
(d)  Allisosceles triangles are equilateral tnangles

(iv)  Which of the following statements is the bes @.manon of
the statement "The stove is b@mni @

O

orrcct option.

| b Four options are given agamst
(1) Which of

etk

en related to inductive reasoning?
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(b) the stove is dim
(c) the stove is turned to low heat

(d) it is both burning and not burnmg @W@
(v)  The conjunction of two statv.al:tggr Wﬁ@

(a) bothp an q and g are true.
(c) only q 1 (d) only p is true
(vi) ded as false only when:

(a) ecedent 1s true and consequent is false.
(b)  consequent is true and antecedent is false.
(c) antecedent is true only.
(d)  consequent is false only.

(vii) Contrapositive of g — p is

@) g—-p (®)~g—p (¢) ~p—~q (d)~qg—~p
(viii) The statement “Every integer greater than 2 is a sum of two prime numbers” is:
(a) theorem (b) conjecture  (¢) axiom (d)  postulates

(ix) The statement "A straight line can be drawn between an twomts" 1S

@ logic
gle 1s 180°” is:

(c) axiom conditional

(a) theorem (b) con_gc

(x) The statement "The sum
(a) converse Q
2 erte erse and contrapositive of the followmg conditionals:
() =Py (11) g—>p (@) ~p—s~q (V) ~go~p

3. Write the truth table of the following

@  ~(pva)v(-q) @) ~(~qv~p) (Gi) (pvg)e(prg)

4, Differentiate between a mathematical statement and its proof. Given two
examples.

5. What is the difference between an axiom and a theorem? Give examples of
each.

6. What is the importance of logical reasoning in mathematical proofs? Give an
example to illustrate your point.

VOIS

me through any two points.

fs Indicate whether it is an axiom, co&w
reasoning.

€IS.

(1) There is exaﬁﬁi
(ii) W cater than 2 can be written as the sum of two
numb




10.
w1k
12.

13.

14.

35,
16.

(iiiy The sum of the angles in a triangle is 180°.
Formulate simple deductive proofs for each of the following algebraic
expressions, prove that the L. H.S is equal to the R. H S

(i)  prove that (x —4)*+9= =x—8x+
(i)  prove that.(x + 1) @mw

(iii)  proveth =20x
Prove t Justlfymg each step:
4+16x % 6x>+18x 2x
1 =1+4x 1 =
@) 4 | (1) 1 8t =27 sbe=3
X +7x+10 x+5
(ii1) &

*-3x-10 x-5.

Suppose x is an integer. Then x is odd, then 9x + 4 is odd.
Suppose x is an integer. If x is odd, then 7x + 5 is even.
Prove the following statements

(a) Ifxisan odd integer, then show that it x" - 4x + 6is odd.

(b) Ifxisan even integer then show that x*
Prove that for any two non- ‘ EmB AuB

Q
If x and y are bersandx < y’then x< y.
Pr §im of the interior angles of a triangle is 180°.
If a, b and c are non-zero real numbers, prove that:
g hie aiC .80 a ¢ a+c
a) —=—<ad=bc ——=— () S =
LB O) Spgrpg P REETR
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Students’ Learning ()utulmnc E s

At the end ¢ \I\h it the students will be able to:

» Identify similarity of polygons. Area and volume of similar figures.

RS B s T el ]

> Solve problems using the relationship between areas of similar figures and volume of similar
solids.

» Solve real life problems that involve the properties of regular polygons, triangles and
parallelograms (such as building architectural structures, fencing, tiling, painting and
carpeting a room).

INTRODUCTION

The concept of similarity dates back to ancient Greece, where Greek mathematicians,

particularly Euclid, developed the fundamental principles of geometry. reative
work, "The Elements", Euclid established the fou 10 wa
‘ r yor

the theory of similar triangles and polm laid the groundwork

for modern geometry and remains central in many branches

of mathematwm and algebra.
9.1 Similarity of Polygons

Similar figures have same shape but not necessarily of

, including

Three or more than three-sided

same size. Two polygons are similar if their
POE closed figure is called polygon.

corresponding angles are equal and the corresponding
sides are proportional (i.e., the ratios of the lengths of corresponding sides are equal).
This means that if two polygons are similar, one is a scaled version of the other. For
example, all equilateral triangles are similar to each other because they have the same
angles and the measure of the sides are proportional.

9.1.1 Identification of Similar Triangles
(1) If two angles in one triangle are congruent to two gles in

another triangle, the third angle ingacl } r ‘ﬂgruent Since the
angles are the same,, @ﬁ@ ‘

ymbol is ¢
i.e., In the corresponde s ABC and DEF.
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D

(ii)  If the ratio of two cprrcsponding sides and their included angle are equal, then
the triangles are similar. In the correspondence of the triangles ABC and EFG,
m~£ABC = mZEFG and the ratio of the corresponding sides are

and

9 9 9 P 3em O .Z 54cm X
Hence the APQR and AXZY are similar. e
: Proportionality of

= . 1 If one pair of corresponding sides [“ides means one side is k times of its
are parallel to each other, then the triangles so | corresponding side.
formed as shown in the figure are similar. i.e., C 4.2¢m D

In the figure, AB is parallel to CD and

mZLAOB = mzDOC (Vertically opposite angles)
msLA = mZD (Alternate angles of parallel lines)

msB =m<ZC (Alternate angles of p%_t)allel ~ W
Since all three corre

1e ondl
so AOAB ~ AODC n
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The ratio of corresponding sides are equal i.e., -
O

e m@@mﬂ@
B

So, the triangles OAB and ODC are similar.

Inthe tnangles XBC and XDE, find the value of x and y.

Solufion: Since BC is parallel to ED, so the triangles XBC and XDE are similar, so,
the ratio of the corresponding sides are:

mXB _mBC _mXC
mXD mDE mXE

<N A% <N
Il
b
-]
="

9.1.2 Similarity of Quadrilaterals H
lengths mAB = 5cm, mBC =8, mCD= 10 cm, 20, N
&
mAD = 12cm, and its angles are m<4 = 90°, ¢ C E P
m<B = 120° and m<C = 90°. Quadrilateral & 5 <
; — % g
EFGH has side lengths mEF = 10 cm, Py o

mFG = 16 cm, mGH = 20cm, mEH = 24 ¢cm
and its angles are m<E = 90°, mF = 120° and E 10

C
mZH 60°. Prove that the quadrilateral A is SW@Q@@ﬁeml EFGH.
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In the quadrilateral EFGH, mZG =360° — (90° + 120° + 60° @
@@ ent:

Now, check if the corresponding angl of the
mZA=mLE=90°, m£B=mA} 207, Iy . ‘ 90° and m£D=mZH=60°.

Next, check the ratlc%x "ﬂ SSPON sides:

— . e D S |

Ratio —=—=—, Ratioof BCto FG: —=—==
: wEE 10 2. o= 162
L C. B e il 12 ..
Ratioof ED 1 OFF + PeD 10 L RS D pE e Rt
"mGH 20 2 mEH 24 2

Since the corresponding angles are congruent and the corresponding sides are
: ) 1 : 20 o
proportional (with a ratio of 5 ), so the quadrilateral ABCD is similar to the

quadrilateral EFGH. T T T T T T T T T

Example 4: Find whether the parallelograms | | | | | |
are sumlar glven that one of the angle between L_M‘| =i

Measure of the base of smaller parallelogram, b1 = 2units

Measure of the base of larger parallelogram, b, = 6 units.
Measure of the height of smaller parallelogram, 4, = 1 unit
Measure of the height of larger parallelogram, hz 3 units.

1
Ratio of corresponding lengths are equal. i.e., —g‘— = % = 3 and -%
2

i

Therefore, b —=

O
—Thep v;
are 1 2 times the 1 oc

@@ﬂ Another octagon has sides that

tagon. What is the length of side of the second
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Solution: Perimeter of ﬁrst regular octagon = 48 cm

Side length of first regular octagon = — = =6 cm. @ @©

O
ﬁcon 1 =7.2 cm.

‘]EXERCISE 9.1 ))

mj\\lﬁa the sohds are similar. All

lengths are in cm.

Side length of

15.75 cm E

% In triangle ABC, the sides are given as F,
mAB *“60m mBC = 9 cm and
' mCA— 12 cm. In triangle DEF, the

sides are given as mDE = 10.5 cm,

mEF =15.75 cm, an @@
Prove that :
s MWW figure, AABC ~ ADEF,

mAB = 12 cm, mAC = 20 cm and E g
mBC =16 cm. In ADEF, mDE=6cm.
Find mDF and mEF

12 cm
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5 A plank is placed straight upstairs that 20 cm wide | f
and 16 cm deep. A rectangular box of helght 8 cm

and width x cm is placed on a sta1r under @@m <

16 cm

Find the value of x.

@m&@ o |

m tall casts a shadow of a 0.76 m in length. If at the same
time a telephone pole costs a 3 m shadow, find the height of the pole.

1. Find the values of x, y and z in the given figure.

10 cm

8. Draw an isosceles trapezoid ABCD where AB | CD and@@> mCD . Draw

diagonals AC and BD mtersqgt E is similar to ACDE.
If mAB =8 cm = 3 cm, find the length of CE.
9. A rc as its side lengths decreased by a factor of L If the

2
perimeter of the original dodecagon is 72 cm. What is the 51de length of scaled
dodecagon?

9.2 Area of Similar Figures

There are two parallelograms with
corresponding bases 6 cm and 8 cm and
corresponding altitudes 3 ¢cm and 4 cm
respectively. The ratio between their

lengths is 3 : 4 written as:
f o d

The area of smaller paral mx/

3=18 cm?

The area ofW am is: base x altitude
= 8x4=32cm?
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2
The ratio of their areas is: -:% = _?. = (EJ

)
Where A4 W& and ¢, and /, are any two corresponding lengths of similar

figures.

Hence the ratio of the areas of any two similar figures is equal to the square of the ratio
of any two corresponding lengths of the figures.

2
4 (4
AE f2
£ , e T
Since each length is k times of the other, we take g_ =k,then —=£k".i.e. Aread, is
2 2

i times the area 4, k is called scale factor.

mple 6: Find the unknown value i m the @Alowmﬁ@ @@@

hl- p mm

(i)

(iti) The quadrilaterals PORS and XYZW are similar where ml—f’—Q" =35 cm and
mXY = 25 cm.




A,=153 cm’ .

=833 cm’

v)

SOliGRE (i) Since two pairs of corresponding ang]es are equai i.e., triangles are
similar. We use the formula for ratio of areas of s;mﬂar -

2 @%@@@@

Scm, A,=25cm?, A, =7

(i)  Apply formula:
{

i‘f(ﬂ

. 168 S




(iii) i drilateral PORS is similar to quadrilateral XYZW.

AZZ

Here /{=35cm, /,=25cm, 4, =7, A,=98 cm?

]
e .
le
W | Wi
\..___./N

I
/_
W |
N—=

=% 98-192.08cm?

25

(iv)  Since two pairs of correspondm gles 5@@@@1 SO
triangles are 31m11ar @

- l,=3cm, 4;,=13.5cm? A= 24 cm?
13.5 ,ﬁ)z
24 \ 3

135 fﬁ)z

240 \ 3

9 = [fl )’
(; i s
3 m@@@?@"

4
98
4 (7
98
Al

Here ¢, =
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(v) For similar spheres

i“'(f’ J 2 o

Here r, = 2, rz 7cm, m@@ 33 cm?

5" ( )
s f % \/7 (Taking square root)

= r,=3cm

?

~ |-y

mpIe 7 Two polygons are similar with a ratio of corresponding sides bemg S it
the area of the smaller polygon is 54 cm?, ﬁnd the area ei_q,u ?{;@w gon.
SOl#ien: The ratio of the areas of two " ‘y s e square of the ratio of

corresponding sides. o7 = (5 ]2
y \é P . P
\ M& smaller polygon {3 9
Thew

e, Area of larger polygon = %-x 54=150 cm®

Given that BC || DE , prove that the triangles 4BC and ADE are similar.

(1) If mAB=3cmand mBD = 1.2 cm, find the ratio of area of AABC to

the area of AADE.
(i)  Ifarea of AADE is 125 cm?, find the area of AABC and area of trapezium
BCED.
SO Since .4 = m<4 (common), m/B = m-D A

and m<C = m<E (Corresponding angles of

llel lines BC and DE ). H c W@
:):r; ; Emes an mcﬁ @@s@
(1) Ratio W M\} -+ 2 7 Z :_ E\

YV
o -

B

C
170~ SRR e
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Area of AABC [e

Areaof AADE |\ ¢,
(ii) Area of AADE = 125 "ﬁ&@
Area of
49 :
—  Area of AABC_E x 125° =245 cm

Area of trapezium BCED.= Area of AABC — Area of AADE
=245 — 125= 120 cm?

@ EXERCISEY.2 )

B Find the ratio of the areas of similar figures if the ratio of their corresponding
lengths are: (i) 1:3 (i1) 3:4 (ii1) 2:7 (iv) 8:9 (v) 6:5
Find the unknowns in the following figures:

3. Given that area of AABC = 36 cm? and
mZ_B=6cm,
mBD =4 ¢cm . Find

(a) the area of

\m@m

4. Given ADEF are similar, with a scale factor of k = 3. If the area
of AABC is 50 cm?, find the area of trlangle ADEF?




the area of quadri
6 The areas of two s
pair
7. The areds of two similar triangles are 144 cm? and 81 cm’. If the base of the

large triangle is 30 ¢m, find the corresponding base of the smaller triangle.

8. A regular heptagon is inscribed in a larger regular heptagon and each side of
the larger heptagon is 1.7 times the side of the smaller heptagon. If the area of
the smaller heptagon is known to be 100 cm? find the area of the larger

heptagon.
9.3 Volume of Similar Solids

Two solids are said to be similar if they have same shape but possibly different sizes.
Two solids are similar if lengths of the corresponding sides are propo jonal i.e., the

ratio of the corresponding lengths are equa CS @ @ @ T .......

The two cylinders are suﬁ -----
Ifr,=4cm,y, cm and /,= 10 cm, then l‘

we note that

4 Volume of smaller cylinder, | Volume of larger cylinder,
3

r 5 h, 10 V. =mwrh V,= mr; h,
= 2, 1¢
:rl-:—}-tlh: ; =nx42x8 _72[;(05)(120
T = mem
: = 128n cm?

V, 1281 64 [4]3
250m 125

Ratio of volumes: — =
. 5

So, E’;_ fi 3 43%@@@W@0

Hence the ratio of the v l@ ‘0 similar solids is equal to the cube of the ratio
of any two W engths of the solids.




3
AVe
@ "% [
Since each length is k fi “we take — =

O ‘e 2 V
is 1 times the volume V5 and k is called scale factor.

Since mass of a substance is proportional to its volume, the ratio of the mass of two
similar solids is equal of to the ratio of their volumes. If the masses of two similar solids
are w1 and w» and volumes are V1 and V2, then

e
v, = W,
3
Therefore, i S (ﬁ'—)
W, 2

PR Find the unknown volume @b@@@
o




£, =5cm, £,=7cm
V,=?,V, =686 cm’

no_125
686 343
P et Bk
343
=250 em’

xample 102 A solid cone C is cut into two pieces 4 and B with sloping edges 6 cm

and 4 cm. Find the ratio of: :
(1) the diameters of the bases of the cones 4 and C.
(i) the area of the bases of the cones 4 and C.

(111) the volumes of the cones 4 and C.

(iv) If volume of cone 4 is 72 cm?, find :
of solid B. Q @@ =
SORIGORE Lt diame - S

a & 16
e T
3 e S
=— ie, —=—
5 £, 5
(i) Area of cone 4 ﬁ :
Area of cone C 5
_(zj =
5 25
Volumeof cone 4 | £, 3 @@W@
(111) =L o
Volume of cone C | /, %@@




(iv) V1= Volume of cone 4 = 72 cm?
V2= Volume of cone C=?

[ w@@mﬁ@ 2

= 72 x 125= 3331 i
2F 3
Volume of solid B = Volume of cone C — Volume of cone 4

= 3331— 712 = 261-1— cm’
3 3

ESSBBIEEE The mass of sack of rice is 50 kg and height 60 cm. Find the mass of the
snmlar sack of rice with height of 90 cm.
: ) Mass of the smaller sack of rice w; = 50 kg

Height of smaller sack of rice 4, = 60 ¢m

Mass of larger sack of rice W
Height of smaller sac (&@@

21000

50 i
w2
27% 50

F A4

W, ==——=168.75 kg

PIER2E The ratio of the corresponding lengths of two similar cylindrical cans
is3: 2.

(1) The larger cylindrical can has surface area of 67 ‘? metres. Find
the surface area of the smalier cyli

n
(i)  The smaller cylindri %@@ﬁg 2 CllblC metres. Find the

volume
rcan = A41=67.5m?
rrea of smaller can = A2="7

175




Ratio of corresponding lengths is ——=

Using formula for areas

(i)  Volume of smaller can = V2= 132 m’

Volume of larger can = V1="?

3
4
Using formula for volume of similar figures: ipes [—‘)

AE
L_(Ej
132 2

I o cppe fagne Sl ags s o @O@(@m
: 2 M\K@ W

"EXERCISE 9.3 P

1. The radii of two spheres are in the ratio 3 : 4. What is the ratio of their
volumes?

2. Two regular tetrahedrons have volumes in the ratio 8 : 27. What is the ratio of
their sides?

3. Two right cones have volumes in the ratio 64 : 125. What is the ratio of:
(1) their heights- (ii) their base areas?

4. Find the missing value in the following similar solids.

@) (i) T

| D@@@/
o@ :
Vi=? V,= 1536 cm’ .u

Ki=% V,=171.5 cm’

e ]

h,=8.75 cm

i€
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(111)

V,=216 cm’
r,=12 cm

5. The ratio of the corresponding lengths of two similar canonical cans is 3 : 2.
(1) The larger canonical can have surface area of 96 m’. Find the surface
area of the smaller canonical can.
(ii)  The smaller canonical can have a volume of 240 m’. Find the volume
of larger canonical can.
6. The ratio of the heights of two similar cylindrical water tanks is 5 : 3.
(1) If the surface area of the larger tank is 250 square metres, find the
surface area of the smaller tank.
(ii)  If the volume of the smaller tank is 270 cublc metrese volume

of the larger tank. o Y
i 8 @@&m d their Applications

Sum of Interior Angles: The formula for sum of interior angles of n-sided polygon is
(n—2) X180°. '

Interior Angle: For a regular n-sided polygon:

(n—2)x180°

n

Size of each Interior Angle =

For instance, a regular hexagon has » = 6, so each interior angle is
(6—2)x180° 720°

: =
Exterior Angle: The sum of all exterior angles of any polygon is always |

360° regardless of the number of sides. The exterl ,a n -sided
polygon is:

Exterior Angle @

=120°

The 1nter10r €s are supplementary at a vertex i.e.,
Inte exterlor angle = 180°
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r.-(n 3)
Diagonals: The total number of dlagonals ina regulzﬁla

Symmetry: A regular n-side M al symmetry and reﬂexwe

symmetry both of OW egul -' exagon has six lines of symmetry and has
rotational 5 er 6. A regular n-sided polygon can be rotated by o and

n

will look the same.
9.4.2 Geometrical Properties of Triangle

A triangle is a polygon with three sides and three angles. Triangles come in various
types based on side length and angle measure.

Angle sum: The sum of the interior angles in any triangle is always 180°. In equilateral
triangle, all sides are equal, and each angle is 60°. It has three lines of symmetry and
rotational symmetry of order 3. In isosceles triangle, two sides are equal, and the angles
opposite to the equal sides are also equal. It has one line of symmetry.

Exterior angle of a triangle: The measure of an exterior

opposite interior angles i.e.,
In AABC, m/A+m/B =m/B @@@

94. 3 operties of Parallelogram

A parall m is a quadrilateral whose opposite sides are parallel and equal in length
and opposite angles are equal. Its adjacent angles are supplementary. The diagonals of
a parallelogram bisect each other (they cross each other at the midpoint). They are not
equal in length.

Rectangle: All angles are 90° and diagonals are equal.

Rhombus: All sides are equal, and diagonals bisect each other at right angles.

Square: All sides are equal, all angles are 90° and diagonals are equal and bisect
each other at right angles. :

BXSRIPIERRE Find the measure of each interior angle of a regular pentagon.

—-2)x180°
SOIfiOR  Interior angle = i
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9.4.4 Applications of Polygons

Architects use polygons in building desi%s, m to make strong
structures like bridges. In art and design beautiful patterns and 3-D
models. On maps polyg sho P AR ke ities or land boundaries. Polygons are also
used in video

animations to build characters and scenes. In science, they

appear in tlar shapes, natural patterns like honeycombs and even in the design of
telescope mirrors. Their simple, versatile shapes make polygons essential in many fields.
Tessellation

A tessellation is a pattern of shapes that fit | Equilateral triangles can tessellate perfectly

. because the internal angle of each equilateral
together perfectly, without any gaps or triangle is 60°, and six of these triangles meet

overlaps, covering a plane. These shapes | at a point to form a 360° angle, allowing them
can be repeatcd inﬁnitely to create a to fill space SeanﬂeSSly. Squares can tessellate

e T llati b perfectly because each square has an internal
repeating pattern. lessellations can be angle of 90° and four squares meet at a point

created using a single shape or a | toforma 360° angle.
combination of shapes. They can be
regular or irregular and they can exhibit various symmetrie

Pw@
Only three regular polygons can tessellate the piané ofi\the c@:quilatf:ral triangles,

0°) Regular pentagons and other polygons with
angles that don’t add up to 360° at each vertex
cannot form gap-free patterns. 1ie.,
at each vertex to form a 360° | Tessellation is not possible.

angle with no space creating a natural look inspired by honeycombs.

hexagons

Regular Tessellation Irregular Tessellation

S \\’Mﬂ" i
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Example 14 A tessellation is created using a combmatmn of re entagons and
decagons Fmd the sum of the angles ata ertex decagon meet.

Interior angle of re ?&@
n

(10 2)x 180° 1440°

=144°

10 10
Interior angle of regular pentagon = 108°

Sum of angles = 144° + 108° = 252°. Since, angle sum # 360°. Tessellation cannot be
done.

. MIS: A parallelogram-shaped room has a base of 10 metres and a height of
Sm Babar wants to carpet the room using rolls that cover 20 m? each. How many rolls
of carpet do he need?

§i0RE The area of the parallelogram = 4 = base x height =10 x 8 = 80 m’

Number of rolls needed:cg—g =4 rolls @O@@E E

Example 16: Find ﬂ@%m;%%@%ngle ABC of side length s.
W@ om A to side BC at point D. In the right angled trianglé ‘

Using trigonometric ratios: sin 60° = Pagrendicular *
Hypotenuse
_‘\/__3_ mAD == mA— = £ 2
2 s 2

B

Area of triangle ABC = % x base x height =% X § X 73

Area of triangle ABC = gsz

g\@ |
@g},@@ agons (each with

with a side length of 1 metre)
m by 5 m. Find how many hexagons and
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o To find the area of an equilateral triangle with side length mcan use the

Multiply bww e 6 triangles)
63

Area of a hexagon = e i % s?
Area of a hexagon = i{—?’—x st = 3—2JE>< (1 m)® ~2.598 m’
Area of an equilateral triangle = in-x s? & J_ x (1 m)? = 0.433 m*
Area of the rectangular floor=10m x 5 m
= 50 m?

Determine the arrangement: Assume a pattern where one hexag

6 triangles. The area covered by one h%ag ‘r‘ﬁ undimtriangles:
Total area covered by 1 &Wm

=2.598 m* + 6 x 0. +2.598 m*=5.196 m?
Calculate mber of hexagons and triangles needed:
Number of sets = —S—Oi—,— ~ 9.62 sets

5.196 m”

Rounding up, you can fit 10 sets of the pattern. Therefore, we need:
. Hexagons: 10 . « Triangles: 10 x 6 = 60

Example 18§ Falak plans to tile a square patio with an area of 100 square metres. He
decides to use both square tiles and triangular tiles, each with an area of 0.25 square
metres. If 60% of the tiles will be square and 40% will be triangular, how many tiles of
each shape are needed?

Patlo Area _

Total number of tiles = 10 @@\S@
o

s

®)
Number of squareffi =240
Numbw@@@ﬂ@ 65 = 400 x 0.4 = 160
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(@ EXERCISE

(1) What is ﬁﬁon (10-sided polygon)?
(11) Calcu e of each interior angle of a regular hexagon.

s each exterior angle of a regular pentagon?

(w) If the sum of the interior angles of a polygon is 1260°, how many sides
does the polygon have?

In a parallelogram ABCD, mAB =10 cm, mAD= 6 cm and mBAD = 45°.
Calculate the area of ABCD.

In a parallelogram ABCD if m«<D AB =70°, find the measures of all other angles
in the parallelogram.

A shape is created by cutting a square in half diagonally and then attaching a
ri ght—angled triangle to the hypotenuse of each half, Explain wmls shape can

tessellate and calculate the interior angle of
A tessellation is created byfepez asic shape The basic shape

is a right-angle@ e 'ﬂ of length 3, 4, and 5 units. Find: The
minim ‘

eflections needed to create a tessellation that covers a
an area of 3600 square units.

A tessellation is created using regular hexagons. Each hexagon has a side length
of 5 cm. Find the total area of the tessellation if it consists of 25 hexagons and
total perimeter of the outer edge of the tessellation, assuming it's a perfect
hexagon. '

A rectangular floor is 12 m by 15 m. How many square tiles, each 1 m by 1 m,
are needed to cover the floor?

A rectangular wall is 10 m tall and 120 m wide. How many gallons of paint are
needed to cover the wall, if one gallon covers 35 m2?

A rectangular wall has a length of 10 m and aw




 Unit - 9: Similar Figures

(( REVIEW EXERCISE 9 )P

1. Four options are given against each statement. Encircle the correct one.

(1)

(iii)

(iv)

v)

(vi)

(vii)

(viii)

(ix)

_183 «

If two polygons are similar, then: ﬂ@ @@

(a) their corresponding
(b) their areas \a

(c) thej lutes 2 -

(d)WMrrespondmg sides are equal.

The ratio of the areas of two similar polygons is:

(a) equal to the ratio of their perimeters.

(b)  equal to the square of the ratio of their corresponding sides.

(¢)  equal to the cube of the ratio of their corresponding sides.
(d)  equal to the sum of their corresponding sides.

If the volume of two similar solids is 125 cm? and 27 ¢, the ratio of their
corresponding heights is ~---------- :

(@ 35 (b) éz%g@))md) 9:25
The exterior angle of regular pen °
(a) 40° (d) 72°

Q@M cm? and a sumlar parallelogram has an
. If a side of the smaller parallelogram is 8 cm, the
corresponding side of the larger parallelogram is:

(a) 10cm (0). - 12cm (c) 18 cm (d) 16 cm
The total number of diagonals in a polygon with 9 sides is:

(a) 18 (b)) 21 (c) 25 d 27
Two spheres are similar, and their radii are in the ratio 4:5. If the surface
area of the larger sphere is 500 cm?, what is the surface area of the smaller
sphere?

(@ 256mcm® (b)) 320mcm® (¢ 400m cm®> (d) 4057 cm?
A regular polygon has an exterior angle of 30°, %;w nm@agonals does

the Polygon have? w
(a) (b) &W (d) 108

Ina regula:r hexa of the length of a diagonal to the side length
is:

J"l ) 21 ) 3:2 d 2:3
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(x) A regular polygon has an interior angle of 165°. How many sides does it
have?

@ 15 (b) d6 @xn@@ (d) 24
2. If the sum of ttherorfx is 1 80°, how many sides does the

polygon has?

ratto of their surface areas and their capacities?
4. Each dimension of a model car is 1o of the corresponding car dimension. Find

the ratio of:

(a) the areas of their windscreens = (b) the capacities of their boots

(c)  the widths of the cars (d) the number of wheels they have.
5. Three similar jugs have heights 8 cm, 12 cm and 16 cm. If the smallest jug holds

-;— litre, find the capacities of the other two.

6. Three similar drinking glasses have heights 7.5 cm, 9 cm .5 cm. If the
tallest glass holds 343 milliitres, find the capacifies o 0.

7 A toy manufacturer produce
actual cars. If m
is l cmt 0 :
( e'ratio of their lengths
(b) the ratio of the capacities of their petrol tanks
() the width of the model, if the actual car is 150 cm wide

(d)  the area of the rear window of the actual car if the area of the rear
window of the model is 3 cm?.

ré similar in every way to the
a of the model to the door area of the car

8. The ratio of the areas of two similar labels on two similar jars of coffee is
144 : 169. Find the ratio of
(a) the heights of the two jars (b) their capacities.

9. A tessellation of tiles on a floor has been made S v ‘-_-' ' v ~

using a repeating pattern of a regular hexagon,
six squares and six equilateral triangles. Find
the total area of a single patte with_si




» Recall sketch graphs of linear functions (e.g. y = ax + b)

» Plot and interpret the graphs of quadratic, cubic, reciprocal and exponential functions.

e  Graph y = ax" where n is +ve integer, —ve integer, rational number for x > 0 and a is any
real number.

e  Graph y = ka", where x isreal a > 1.

» Discover exponential growth/decay of a practical phenomenon through its graph.

A%

Determine the gradients of curves by drawing tangents.
» Apply concepts of sketching and interpreting graphs to real-life problems (such as in tax
payment, income and salary problems and cost and profit an al%ms] @

INTRODUCTION @
ing

Graphs are powerfu and analyzing relationships between
vanablew 1al in understanding various mathematical functions and
their ap ons. In this unit, we explore the graphs of linear, quadratic, cubic,
reciprocal and exponential functions. We will also examine how to determine the

gradient of curves by drawing tangents. Finally, we will connect these concepts to real-
life scenarios, learning how to sketch and interpret graphs to solve practical problems.

10.1 Functions and their Graphs

Functions are essential tools for representing real-world phenomena using
mathematical concepts. A function can be expressed in various forms, including an
equation, a graph, a numerical table or a verbal description. For example, the area of a
circle depends on its radius.

In such cases, one variable y depends on another variable x. latlonshlp is

expressed as: Wa @

andﬁmt variable (input) and y is the dcpendent
e by the value of x




Mathematics - 9 --
10.1.1  Graph of Linear Functions
A linear function is a mathematlcal expressw m straight-line
relationship between two vanabl mx + ¢, where “m” is the
slope or gradient of th ep it is and “c” is the y-intercept (the
point where the line - 1s). It can also be written as y = mx + c.

N\N the graph of y = 2x —1.

Unit — 10: Graphs of Functions

solution: To sketch the graph of linear function, we can
ﬁnd 1ts x and y intercepts.

Putx =0, we get y = 5. So (0, —1) is the y-intercept.

1
.25
The graph is a straight line that rises to the right because | | |
slope is positive. |
10.1.2  Graph of Quadratic Functions
A quadratic function is a type of polyno : i

involves x* term. Its general form m
y= axz +bx+c%“m

Puty =0, we getx = 5 So ( ] is the x-intercept.

Keep in mind!

Stants and g = 0. The graph of a quadratic function is always a parabola.
S ® [fa> 0, then the parabola opens upward like “*~"
y le 3¢ Plot the graphs of == x2 |e If a < 0, then the parabola opens downward like“ ™%

and y= ot the same diagram.

_ The following table shows several values of x and the given functions are
evaluated at those values: |




OH]

(i)  Graph of y = »2 ﬂ
upward)) K
W represents parabola, passing through origin and opens
ward.

-1 0
0 ¥9
1 —14
2 -15 S

| . i'dl | ; | | |

6 21

Graph of y = 2x* — 7x — 9 represents parabola and opens upward. It intersects the y-axis
at (0, -9) and x-axis at (1, 0) and (4.5, 0).

10.1.3  Graph of Cubic Functions
A cubic function is a type of polynomial function of degree 3. Its standard form is:

y=ax+b+cx+d
Where q, b, c, d are constants and a #0.

*  The graph of a cubic function is a curve that can have

* It has a general "S-shaped" appeay

. Such function 2
quadratic R’ﬁs
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EXample®: Plot the graph of the follgwi W@ §< x<3:

N1 S several values of x and the given function is

Ay
30

O

20
The following table shows several values of o
x and the given function is evaluated at those

10

values:

=5 =3
0 5
S =5
2 1
3 25

function's value is

The graph tells us tﬁ@x@@@

-_,-—-
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10.1.4 Graph of Reciprocal Functions

A reciprocal function is a function of the fo @ @
S 5

Sketch the graph of the following reciprocal function:
1
2+0.5

i The following table shows several values of x and the given function is
evaluated at those values:

y= ,X#0.5

Horizontal -

1.2 1.43 Asymptote
1.5 1 e S
2 0.67
2.2 0.59
i 0 An asymptote is a line that a graph
3 0.4 approaches but never touches.

10.1.5  Graph of Exponential Functions (y = ka* where x is real

number, a > 1) @©m
An exponential function is a mathematw@ W@O
y=ka’ é

Where a, k are consta

I_L\N




Example & Plot the graph of the exponential function y = 2* for -6

- The function y = 2* has base 2 and variable exponent x@p @@of (x, y) are
ey o

1ven the table below e T\mw é \o

2 4

B - [T
BRI

6

4 16 64
S8 Ll e
SR B
= 2R
> 13
30]-
20— — -

tEEEIREP Ny ANCS

O )
The graph of y = 2* represents @E\AX\B U
— Plot % exponential function, y = &*.
(o

Selution: ction y = e*has base e and variable power x. We know e =2.7182818,
correct to two decimal places e = 2.72. Table of x and y values is given below:




iaihemaiics-9 R T RS

10.1.6 Graphs of y = ax” (where n is +ve integer, - eger or

rational number for X 0 ang m
. The graph of the function y = @ eger, negative integer or
rational number for x > 0 % eal number, exhibits distinct behaviours
depending on th wing are the examples of these cases:

(i) When = is positive mteger (n=3)
Example®d: Plot the graph of y = x° for 3 <x < 3.

e o R
shows several values of [~ 3 ~27

r and the given function ) _8

is evaluated at those 5 )
values: 0 0

The curve passes 1 1
through the origin. 2 8

3

2 e
(ii)  When n is negative in %@5
Example0; Plot X
o L NN |
my 3 10

The following table shows several
-alues of x and the given function
s evaluated at those values:

The above graph consists of two branches, one in the first quadrant and the other in the
‘hird quadrant. Both branches approach but never touch the x-axis or the y-axis.




(iii) When 7 is rational number [n = %)

i
T — @@W@O@(@
s

The following table shows several values of x and the given function is evaluated a
those values. .

L B
0 B
0.01 0.80 -
0.5 1.74
) 2
16 3.48 >
32

G QCEXERCISE 10.1))
1. Sketch the graph of the following linear functions:
@ y=3x-5 (i) y=-2x+8
(iii)) y=0.5x-1
2 Plot the graph of the following quadratic and cubic functions:
G y=rx+22_5x-6,-35<x<25 (i) y=x+x-—2
(i) y=x+3242x —2.5<x<0.5 {v) y=5x*-2x-3
3. Plot the graph of the following functions:

o yee (i) @@@W@@@@@ﬁ i i

192
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10.2 Exponential Growth/Decay of a Practlcal Phenomenon

through its Graph XJ]
Exponential growth and de : : @@e world phenomenon and their
graphical representatlons of} : 1ghts into these processes. In exponential

growth, suc iBn expansion, compound interest in finance or the spread of
infectious diseases, the graph starts slowly but accelerates rapidly as time progresses.
The curve increases steeply, showcasing how growth becomes more pronounced with
time due to constant proportional changes. Conversely, in exponential decay, observed
in cooling of objects or depreciation of assets, the graph starts high and decreases
sharply before levelling off, indicating a gradual reduction over time. These graphs are
essential for interpreting trends, making predictions and informing decision-making in
diverse fields.

IXaniple 128 The population of a village was 753 in 2010. If thegfﬁulation grows
accordmg to the equation p = 753e° 03 wher persons in the
population at time 7, @@

(a) Graph the popula 0 (in 2010) to 7= 30 (in 2040).

(b)  From W populatton (i) in 2020 and (ii) in 2030.
Solution: (a)- The general shape of the exponential is known; however, since the graph

is bemg used for estimations, an accurate graph over the required interval,/=0to7=30,

is required.

Calculate a table of values for different time periods and sketched in below figure:

.
0 753 _g_
5. 874.9 &
&
10 1016.4 K
15 1180.9 : =
& W@%ﬁj e
25 i 1ghdl |
WOV " 1852.1
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(b)  From graph, %ﬂ@ €O
(i) In 2020 (z= 10) the ‘“@

(i1) In 2030 o 1S 1372 persons.
10.2.1 urves by Drawing Tangents
The or slope of a graph at any point is equal to the gradient of the tangent to

the curve at that point. Remember that a tangent is a line that just touches a curve only -

at one point (and doesn’t cross it).

The gradient between two points is defined as:

Changeiny Ay _y,-y

Changeinx Ax X3 =%,

EXample 3! sketch the graph of y = x* — 3x — 2 for values of x from -8 to 8, draw a
tangent line at x =—6 and determine the gradient.

Gradient =

Selution: Calculate the y-values for given values of x. The results are given in the table
andsketched in below figure: S ﬂéj\ ((DAO
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10.2.2 Apphcatlons of Graph i m Real-Llfe wa @@@

Applying concepts of sketchmg and f V«‘ life problems enables

\% ¥ ithun itics - 9

individuals to visualize and LA ationships, make informed decisions
and optimize SW A% payment scenarios, graphing concepts help identify
optimal income™evels, tax brackets, and liability. In income and salary problems,
graphing facilitates analysis of compensation packages and income growth. By
sketching salary against experience, patterns or anomalies in compensation structures
become apparent. In cost and profit analysis, graphing enables businesses to visualize
cost-profit relationships, determine break-even points, and optimize production levels.

Bi6 48 Majid’s salary S(x) in rupees is based on the following formula:
S(x) = 25000+1500x ,
where x is the number of years he worked. Sketch and interpret the graph of salary

functlon for 0 <x < 10. ©©m
Solution: Table values and graph ar WW@

1
|

40000 | -
25000 | 35000 |
2 28000 o 7 D
4 | 31000 s g g R e
200001 ————+—1
6 | 34000 247 FUN 7% TR R RE
: 15000 IS NG e S B
8 37000 | R T o
10000_ — 5 E_____L__. 3
10 | 40000 |

Majid’s salary increases linearly with years of 4# 2 1 6 $ 1;0 —i
service and rises by Rs. 1500 for every year. | | '. A

— A company manufactures t(‘g @ngx footballs
is C(x)=90,000 + 600x e re tballs is R(x) = 1,800x. Find
the break-even point and 0 1t or loss when 200 footballs are sold. Draw

the graphs of Wﬁm ons and identify the break-even point.

Solution: Given that
Cost function: C(x) = 90,000 + 600x
Revenue function: R(x) = 1,800x
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The break-even point occurs when R(x) = C(x)

| 1800x = 90000 + 600 O@@G@
S
SO

1200
| x =05

So, at the break-even point, 75 footballs are produced or sold.

Next, we find the profit for 150 footballs

When x =150, revenue:
R(150)  =1,800(150)
= Rs. 270,000
and C(150)  =90,000 + 600(150)
~ =Rs. 180,000

Now profit: P(x) = R(x) — C(x)
Substitute x =150

— I@ 1 % q
= If. . WL
O ’ >
Thus, a arns a profit of Rs. 90,000 when selling 150 footballs.

Table values and graph are given below:

B 52
400000 |
350000
30 | 108000 | 54000 ik
60 126000 | 108000 g:_mm
90 144000 | 162000 E.Ezeom .
120 | 162000 | 216000 £ 150000
150 | 180000 | 27000 - 100000 ¢ |
- 180 | 198000 | 324000 CK)-O | = | o
210 216000}\%\(?@@)@ o[ %0 @ % 0 om0 T
(8]

W Quality of Footballs Reduced/Sold
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1.

4.

8.

0
197

@ EXERCISE 10.2 ) @0@@(@@

Plot the graph of y =37 — %% t w tangent at (2, 3) and find
the gradient. “

@]

Plot t 232 + x +1 and draw tangent at (1, 5). Also find gradient
of the tangent line at this point.

The strength of students in a school was 1000 in 2016. If the strength decay
according to the equation S = 1000 €7, where S is the number of students at
time .

(a) Graph the given equation for t=0(in 2016) to t =9 (in 2025).

(b)  From the graph, estimate the student’s strength in 2019 and in 2023.

The demand and supply functions for a product are given by the equations
Pa=400-50, Ps=30 +24: "

Plot the graph of each function over the interval 0 =0 to ¢

AVl

Shahid’s salary S(x) in rupees is,based-omthe ﬁ# g
S(x éui\

i mms he has been with the company. Sketch and
ph of salary function for 0 <x =< 5.

where x is
inte
A company manufactures school bags. The cost function of producing x bags is
C(x) = 1200 + 20x and the revenue from selling x bags is R(x) = 50x.

(a)  Find the break-even point.

(b) Determine the profit or loss when 250 bags are sold.

(c) Plot the graphs of both the functions and identify the break-even point.

A newspaper agency fixed cost of Rs. 70 per edition and marginal printing and
distribution costs of Rs. 40 per copy. Profit function is p(x)= 10x — 70, where
x is the number of newspapers. Plot the graph and find profit for 500
newspapers. "

Ali manufactures expensive shirts for sale t @c{g@@@aes) for x
shirts is C(x) = 1500 + 10x +\0, ¢ graph and find the cost
of 200 shirts. C@“m
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1.

@(REVIEW EXERCISE 10)p

Four options are given against each statement. Ewa @@tmn

(1) x=35 represents: |
(a) x-axis Om “ (b) y-axis ' j
W& (d) line || to y-axis _'

(i1) pe of the line y = 5x + 3 is: : 1
@ 3 b) -3 (¢ .5 @ -5 |

(iii) The y- intercepts of y = —2x —1 is: "

(@ -2 (b) 2
(©)iru—l (d 1

(iv) The graph of y = x°, cuts the x-axis at: 4]
@ x=0 b)) x=1 () x=-1 (d x=2 |

(v) The graph of 3" represents: '

(a) growth (b) decay (c) ) ..s ) ) aline i

(v1) The graph ofy——x2+ OpRNS |

upwm% ‘ WITW d (c) leﬁ side (d) right 51de:

(vit) -9 opens |

upward downward (c) leftside (d) " right side

(viii)) y = 5% is function.

(a) linear (b) quadratic  (c) cubic (d) exponenti

(ix) Reciprocal function is: |

| 2 j
(@ y=7 () T = 1) y=2x (d). 9= 5%

x) y==3x+17 is function.

(a) exponential (b) cubic (c) linear d) reciprocal
Plot the graph of the f0110w1 ct1 @ €O
@ p=5 (u) y=<,x#0

198
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3 Sales for a new magazine are expected to gr 1@@mquanon

S=200000 (1 — 4“’Sf)

(a) Plot weeks
ber of magazines sold, when 7= 5 and 7 = 35.
. M of following for x from -5 to 5:
@ y= x2—3 (i) y=15-2x

5 Plot the graph of y = % (x+4)(x— 1)(x—3) from -5 to 4.

6. The supply and demand functions for a particular market are given by the
equations:

= 0 + 5 and Pa = Q* — 10Q, where P represents price and Q represents
quantity,

Sketch the graph of each function over the interval Q = -20 to O = 20.
3 A television manufacturer company in e e cost of

@0 and the revenue from selling

manufacturing x LEDs i

x LEDs is R(x € reak-even point and find the profit or loss

WD are sold. Identify the break-even point graphically.




Loci and Construction

At the end of the unit, t

Construct a txi hg'given two sides and the included angle.
Cons € having given one side and two of the angles.
Construct a triangle having given two of its sides and the angle opposite to one of them.

Draw angle bisectors, perpendicular bisectors, medians, altitudes of a given triangle and
verify their concurrency.
Draw loci and intersection of loci for set of points in two dimensions which are
* ata given distance from a given point.
=  ata given distance from a given line
- = equidistant from two given points
= equidistant from two given intersecting lines
Solve real life problems using the loci and interesting loci.

INTRODUCTION

A locus plural loci is a set of points that follow a given rule. Loci are-also useful for
- le walking
““The possible locations

VVVVY
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around a room, each maintaining a
are where each person for

3 R
where each person might

satellites orbitﬂﬁgﬁf@] e the concept of loci to predict where they will be at
given timesm Ips in areas like telecommunications and GPS technology.

Loci in two dimensions are triangle, circle, parallel :

lines, perpendicular bisector and angle bisector. ,
There are three types of triangles

w.r.t. sides:

11.1 Construction of Triangles Scalene triangle: All sides are of

- - : : different length.
A triangle is a closed figure having three sides and Bobectss Sriamaten: Twe sides are

three angles. We construct triangle in the following | ¢ equal length.

cases: Equilateral triangle: All sides of

(a) When measure of all three sides are given. equal length. _

(b) When measure of two sides and their Ivh::ea:rgie;l‘lree hipes OF G
included angle are given. ot ' e: All angles

Acute angled triangle:
() When measure of one side and measure of ' ‘O

. is of measure equal to 90°.
opposite to ong

; a zlo rmne: OI;G angle
two angles are given. Q W& measure greater than 90°.
(d) When measure W e ght angled triangle: One angle
) en.
o




Q ’50 An equilateral triangle
is acute angled triangle.

« A right angled triangle
cannot be equilateral.

be greater han the third side i.e.,
5+7>8,5+8>7and7+8>5

(a) Construction of a triangle when measure of three sides is given

Example ! Construct a triangle of sides 5.3 cm,
5 9 cm and 6.2 cm.

solition: Steps of construction: _
(1) Draw a line segment AB of length 5.3cm long.

(i)  Using a pair of compasses, draw two arcs with
centres at points 4 and B of radii 5.9 cm and
6.2 cm respectively.

(iii)  These two arcs intersect each ath @@ @ |
(iv) Join 4 and B wq k

I—Ience, W(ﬂ ed triangle. ' 53cm B
axples 30°, 45°, 60°, 75°, 90°, 105°, 120°,
135° and 150° are constructed with the help a pajr of When three sides are given’ we
| compasses. Other angles are drawn using protractor. can draw any length first.

(b) Construction of a triangle when the measure of two sides and their
mcluded angle are given

BIé23 Construct a triangle BCD in which
measures of two sides are 5.5 cm and 4.2 cm and
measure of their included angle is 60°."

SOIEGNAE Steps of construction
(1) Draw a line segment BC of length 5.5cm.

(ii)  Draw an angle 60° at point B using a pair
of compasses and draw a ray B rou

 this angle. Qh C
(1i1) Draw an arc o entre at point B intersecting BX at point D.
(iv)

Hence, is the requu'ed tnangle
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(c) Construction of a triangle when measure of one side and two angles are given

ERE® Draw a triangle CDE when mDE Wz@c@@@@@ = 30° and

m<E = 120°. X\ T

- Steps of cons m

(1) Dra

(i1) Draw gles 300 and 120° at
points D and E respectively
using a pair of compasses and
draw two rays through these
angles from D and E.

(ili) These two rays intersect each 4.3cm E
other at point C.
Hence, ACDE is the required triangle.

(d) Construction of a triangle when measure of two sides sﬁﬂlgle opposite
to one of them is given @Wa
Consider the given two case @@

(1) If the measure S greater than or equal to 90°.

() If e of angle is less than 90°.

- Construct a triangle DEF when mDE = 6 cm, m D = 110° and

mEF =9 cm. ' |

Solution: -

Steps of construction:

(1) Draw m DE = 6 cm.

(1) Construct msD = 110°
using protractor and draw
DX through this angle.

(i) Draw an arc of radius 9
cm with centre at point E

intersecting DX at (ﬁ

Ve

If the given angle opposite to the given side is obtuse, only one triangle is possible.

T . 202 eSS ST

(iv) JoinE and F.
Hence, ADE 1red triangle

D 6 cm E



Construct tnangles DEF and DEF’

mEF = 3.6cm “@
Steps of conw

(1) Draw mDE = 6 cm.
(ii)  Construct an angle 30° at point

D using a El_ii of compasses
and draw DX through this

angle.

D 6 cm

(iii) Draw an arc of radius 3.6 cm

with centre at pomt E:

(iv)  This arc intersects DX at two points F | The Ambiguous Case (SSA) 0

and F". when we are iwen tw ﬁ

(V) Join F and F' with E.

@)
We get two tria @%JU =
This is kno AY )
o

(a) mEF =3 cm
(b) ~mEF=2.5cm

Soliifion: Steps of construction:

Follow the same steps (i) and (i1) as in Example 5.

Case (a)

(1) Draw an arc of radius 3 cm with
centre at point E which touches E)T'
at point F.

iy  Join E with F. Here, wﬁ%&‘@
perpendicular ‘%@
6 cm
Hence, Wc%uired triangle, which is a right angled triangle.
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Case (b)
(i)  If we take mEF = 2.5cm less than

3cm and draw an arc of raui @@
2.5cm with centrg “@
(i1) ThiWO X.
So, in this , HO triangle can be formed .
D 6 cm E
md three cases when acute angle is given.

© If mEF >3 cm, two triangles are possible.

* If mEF = 3cm, only one triangle is possible.

X : mEI; < 3cm, no triangle is possible.

11.2 Perpendicular Bisectors and Medians of a Triangle
Perpendicular Bisector: A perpendicular bisector is a line that intersects a line

segment at right angle and dividing it into two equal parts Ir c%@@s, it intersects
the line segment at its midpoint and forms with it.

.m\
Median: A median of a %@ ., “
the side that is oppos@' @l%mex.
@]

Point of co cy: A point of concurrency is the single point where three or more
lines, rays or line segments intersect or meet in a geometric figure. This concept is
commonly used in triangles, where several important types of points of concurrency
exist.

Example 7 Draw perpendicular bisector of the triangle EFG with mEF =5cm,
mFG=2.5cmand mEG = 4.3 cm . Find the medians.

Jution: First we draw perpendicular bisectors and then medians.

Steps of construction:

1. Draw AGEF as explained in the previous e p&@ei@m
ii. Draw two arcs above anghbelo
centre at £ g@ﬁ\ﬁ“

iti. Draw g@ ve and below EF with radius more than half of
WBM&I centre at F,

fhan half of mEF with
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1v. Draw a line through the

il Ve the
endicular bisector
- LL'of the side EF at A.

V. Draw two more
perpendicular bisectors
MM' and NN' of the
sides FG and EG at B
and C respectively.

V1. Join the point G with opposite midpoint 4 so GA is the median.

vii.  Join the point F with opposite midpoint C, we get med'ﬁﬁ_é and join

point E with opposite m(i)dp mt i
Hence, we see LIB e @‘\ G
ns

at point O or GA, EB and FC are concurrent at point O".
Circumce pgint of concurrency of perpendicular bisector of the sides of a

el B

4>
M’ and NN' are concurrent

triangle is called circumcentre.

Centroid: The point of concurrency of the medians of a triangle is called centroid
of the triangle.

11.3 Angle Bisector of a Triangle

An angle bisector is a line or ray that divides an angle into two equal parts, creating
two smaller angles that are congruent (each having half the measure of the original
angle).

Draw angle bisector of a triangle FGH if:

mFG=52 cm, mGH = 4.1cm and m£F =12@°m
olution: We first construct triangle 66@@@ @Eector.

Steps of construction:o
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(iii)  Draw two arcs with centres at points 4 and B with s ua m
(iv) Draw a ray from F Q @@@
passing through K@
point of intersciﬁc' %

the iii).
Which"is the required
angle bisector FP of the
angle F.

" (v) Draw two more angle
bisectors GQ and HR o - J4 52cm/R ol ¥
the angles G and H.

respectively.

. We see that all the angle bisectors F_'P: Eé and HR intersect at one point O. i.e, the
~ angle bisectors of the triangle are concurrent.

Incentre: The point of concurrency of the angle bisecters 3 (@m called
incentre of the triangle. O @@@
11.4 Altitudes of Tria mﬂ

Altitude isara icular from a vertex to the opposite side of the triangle.
There are titudes of the triangle which meet at a single point i,e. the altitudes of
a triangle are concurrent.

Orthocentre

The point of concurrency of the altitudes of the triangle is called orthocentre of the
triangle.

Construct a triangle GHI in which mGH = 5.7 cm, mZG = 68° and m£H = 50°. Prove
that altitudes of the AGHI are concurrent.

First, we construct AGHI using the given measurcments and then draw @W of the
triangle.

NJEC
Steps of construction. @@@
(i)  Construct AGHI usig éments.

i e
2

®
. 206
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(ii)

(iii)

—_— — ——
So, GA, HB and IC are the altitudes of AGHI
and they intersect at one point O. i.e., the
altitudes of AGHI are concurrent.

Draw perpendicular GA from G to the
opposite side HI .

Draw two more perpendiculars O—" m
and IC . The first is from %@

O
the opposite side er is

B
from pai Oopposite side GH .

{(EXERCISE 11.1 )

Construct AABC with the given measurements and verify that the

perpendicular bisectors of the triangle are concurrer @@@
. o

(i) mAB=5cm, mBC=6cm
(i) mAB= 71@ mBC=6.5cm

Construct AL ing measurements and verify that the medians of
ncurrent.

(1) mLM =49 ecm, mZL="51° and m/M =38
(11) mMN =4.8 cm, m/N =30° and mLM =8.1 cm

Verify that the angle bisectors of AABC are concurrent with the following
measurement:

(i) mAB=45cm, m/A=45 and mAC =53 cm

(i) mAB=6cm, mZA=150° and m/B=60°

Given the measurements of ADEF : mDE = 4.8 cm, mEF =4 cm and

mZE = 45°, draw altitudes of ADEF and find orthocentre. m
ambiguous

Construct the following triangles andcg& W
case. w @X

62° and mCD = 4.7 cm
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11.5 Loci and Construction

In Latin, the
efined by the

A locus (plural loci) is a set of points that follow a give ;g@ &
@j erm, location.

rule. In geometry, loci are often @se @ .
positions of points %m 0 other

geometric figures. types of loci along | Equidistant: Let 4 be a fixed
. . . : point and B be a set of points.
with d ations will be discussed. il Scrat diiegistanbe Srom
11.5.1 Loci in Two Dimensions all points of B, then 4 is said
e : : to be equidistant from B.
We study the loci, circle, parallel lines, perpendicular g
ocus

bisector and angle bisector in two dimensions and apply
them to real life situations.

Circle

The locus of a point whose distance is constant from a fixed
point is called a circle.

For example, the locus of a point P whose distance is 3 cm
from a fixed-point O is a circle of radius 3 cm and centre at

fom a

pOint 0. . &
Parallel Lines @“‘ Locus

A 4

The locus of a poi% _
fixed W arallel lines,fand m < [ >
A e B

2l e .y 208 s AN

e. g s of a point P whose distance is 54

oCm
2.5 cm from a fixed line AB are parallel lines S
at a distance of 2.5 cm from 4B. _m i S

it P
For example, a locus of points equidistant from a line segment
creates a sausage shape. We can think of this type of locus as (» ;)
a track surrounding a line segment.
Perpendicular Bisector f
P
The locus of a point whose distance from two fixed ot i
points is constant is called a perpendicular bisector. i i
For example, the locus of a point P whose distance fro (\f{g\\» : u‘ﬁ
fixed points 4 and B is constant is tm o
bisector of the line ¢ W&“ e eesliatl
‘ bisector '
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Angle Bisector

The locus of a point whoO stant from two intersecting lines is called an
angle bisector. & =

For exampmwof a point P whose Angle

distance is constant from two lines 4B and €—£ - L -
CD intersecting at O is the angle bisector

(/) of ZAOC and £BOD.. 2 D

| Remember! J8
i *  Locus of points equidistant from a fixed point is a circle and equidistant from two fixed points
i is a perpendicular bisector.
*  Locus of points equidistant from a fixed line are two parallel lines and equidistant from two
fixed intersecting lines is angle bisector.

11.5.2 Intersection of Loci

If two or more loci intersect at a point P, then P satisfies all giy n@@mw loci.
This will be explained in the followi e@ s

Example 10: Construct ﬁg@& vith mAB= 5 cm and mBC = 3.2 cm.
Draw the locus of io are: |

(1) at 6f3.1 cm frompoint 4. (i)  equidistant from 4 and B.

Label the point P inside the rectangle which is 3.1 cm from point 4 and equidistant

from A4 and B.

Perpendiéular

Solution: Construct rectangle ABCD with Sisector

given lengths. D

Circle

(1) Draw a circle of radius 3.1 cm with
/
centre at A.

3.2cm

(i)  Draw perpendicular bisector of AB. p

The two loci intersect at P inside the

rectangle which is 3.1 cm from point

- y 5 B
A and equidistant from 4 and B. i o :@m
A AR
Angle w ' ical angle 80° at E and

mEF = mDE = 4.8 cm&re A Mcusof alf points which are:

Example 11: Construct an isosce

(1) at a di em from point E,
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(i1) equidistant from DE and Eg . @ @@W@ 1@@

Label the pomtX the tri ‘ \
from point E and e ‘ ‘ n ED and EF .

ct tnangle DEF with given

5
%0
measurements. ™~

(i) Draw a circle of radius 2.8 cm with centre at .

(i) Draw angle bisector of angle DEF. The two loci
intersect at X inside the triangle whichis 2.8 cm E 2.8 cm / Circte ]

from point £ and equidistant from ED and EF

MERE: A field is in the form of a triangle LMN with mLM = 69 m,
mAL 60° and mZ M= 45°,

(1) Construct ALMN with given measurements. IOm = lcm]

(i)  Draw the locus of all pomts and M, equidistant
from LM an ﬁ% m from LM inside the triangular
field.

(iii) @to be planted at points P and Q inside the field.

(a) Mark the position of point P which is equidistant from L and M and
equidistant from LM and LN .

(b)  Mark the position of point Q which is equidistant from LM and LN
and 13 m from LM .

Find the distance mPQ.

(1) Construct triangle LMN with given measurements using a scale of 10 m to
represent 1 cm.

(i)  Draw perpendicular bisector ¢

Mm Al e e
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(iii) (a) Label the point P which is
equidistant from L and M and
equidistant from LM and
LN . Mark the point P insi

Unit — 11: Loci and Construction

Perpendicular

V bisector

the triangle Parallel
equidist A line
*'e_z l_\.
(b) Label the point Q which is ¥, X’
* e g 1.3cm
Eﬂl-ldlstant from LM _and 60° — 5
LN and 1.3 cm from LM . L 6.9 cm y M
(c) mPQ=12x10=12m
11. 6 Real Life Application of Loci

The concept of loci has many applications across
fields where spatial relationships, distances, or
specific constraints are important. Here,

are 2
detailed examples illustrating the u OH-‘QQ@W
different contexts. o%@k@

g ces at two different

(i) A park ha

points. hydrant needs to be placed

so it is equally accessible to both sources.

Let X and Y represent the two water
SOuUrces the park. Draw the
perpendicular bisector of XY which
represents the locus of all
equidistant from X and Y.

in

points

(ii)

to work within a specific area without
crossing into areas ‘where it
interfere with other equi |
of the robot's possi
a defi 1C

A robotic arm in a factory is programmed §

+

rectangular region, ensuring it operates

safely within its designated zone.

28
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§( EXERCISE 112 @@

Two points A and B are 8.2@m jJ fbcus of points 5 cm from
point 4. S Q@

Construct a .2 cm from line segment CD of measure 5.7cm.

fl ‘angle ABC = 105°. Construct a locus of a point P which moves
such that it is equidistant from BA and BC.
Two points E and F are 5.4 cm apart. Construct a locus of a point P which '
moves such that it is equidistant from E and F.

The island has two main cities 4 and B 8 km apart. Kashif lives on the island
exactly 6.8 km from city 4 and exactly 7.3 km from city B. Mark with a cross
the points on the island where Kashif could live.

Construct a triangle CDE with mCD = 7.6 cm, m<D =45° and mDE = 5.9 cm. |
Draw the locus of all points which are:

(@  equidistant from CandD  (b) - e w@@m and CE
Mark the point X where the two loghi @0

o T
N ‘ 17
e

M =7 em, msL = 70° and m2M = 45°.
e triangle LMN which is equidistant from L and M and

Construct a right angled triangle RST with mRS = 6.8 cm, m.~ S = 90° and
mST =17.5 cm. Find a point within the triangle RST which is equidistant from |
RS and RT and 4.5 cm from R.

Construct a rectangle UVWX with mUV = 7.2 cm and mVW = 5.6 cm. Draw
the locus of points at a distance of 2 cm from UV and 3.5 cm from W.

Imagine two cell towers located at points 4 and B on a coordinate plane. The
GPS-enabled device, positioned somewhere on the plane, receives signals from

placed equidistant
gﬁgaﬂon.

raw
m s, especm]]y for contagious

both towers. To ensure accurate navigation, the device is
from both towers to estimate its position. Drg
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of the infection source. Draw the locus of all points 10 km from the source

defining the quarantine area to monitor and control the disad.
: oy .
g1 e .'\‘-'@ reasure is 24

kilometres from A@Q& equi % | \@
represent 10 ere th
P A

There e tree at a distance of 90 metres from banana tree in the garden

JUsing a scale of lem to

of Sara’s house. Sara wants to plant a mango tree M which is 64 metres from
apple tree and between 54 and 82 metres from the banana tree. Using a scale of
lcm to represent 10m, Find the points where the mango tree should be planted.

@ REVIEW EXERCISE 1)) _

1. Four options are given against each statement. Encircle the correct option.

(i)

(ii)

A triangle can be constructed if the sum of the measure of any two sides is
the measure of the third side.
(a) less than (b)  greater than

(c) equal to (d) greater @m to
An equilateral tria}ngle (\V,,g /\%\@@W 5

)~ can be right angled
(d)  has each angle equal to 50°.

(iii)  Ifthe sum of the measures of two angles is less than 90°, then the triangle

(iv)

1S

(a) equilateral (b)  acute angled
(c) obtuse angled (d)  right angled

The line segment joining the midpoint of a side to its opposite vertex in a
triangle is called ,

(a) median (b) perpendicular bisector

(c) angle bisector (d) circle

The angle bisectors of a triangle intersect at fras;

(a) one point (b) hoints

(c)  three points o ) 6@@“@

Locus of allp { from-ai soint is

(a) j IQW (b)  perpendicular bisector
M@ bisector (d) parallel lines
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(vii)  Locus of points equidistant from two fixed points i @Q\E\m
(a) circle o ar bisector
(¢)  angle bisecto%%{@ parallel lines

(viii) Locus of om a fixed line is/are

WWQ] (b)  perpendicular bisector
)~ angle bisector ‘ (d)  parallel lines

(ix)  Locus of points equidistant from two intersecting lines is

(a) circle (b)  perpendicular bisector
(c) angle bisector (d) parallel lines
(x) The set of all points which is farther than 2 km from a fixed point B is a
region outside a circle of radius and centre at B,
(a) 1 km (b) 1.9 km
(¢) 2km (d 2.1km

2. Construct a right angled triangle with measures of gz@ and 10 cm.
0° an

3. Construct a triangle 4BC with@: = @ﬁ? d m<B = 120°,
Draw the locus ] poﬁ% idistanit from 4 and B.

of al
O L3
4. Construct a hiali@ { =73 cm, msD =42° and mEF = 54 cm.
5. C gle XYZ with mYX =8 cm, m¥Z =7 cm and mXZ = 6.5 cm,

Draw the locus of all points which are equidistant from XY and XZ .

6. Construct a triangle FGH such that mEG = mGH = 6.4 cm, mG = 122°.
Draw the locus of all points which are:
(a) equidistant from F and G,

(b)  equidistant from FG and GH .
(c)  Mark the point where the two loci intersect,
f B Two houses Q and R are 73 metres apart. Using a scale of 1 ¢cm to represent
10 m, construct the locus of a point P which moves such that it is;
(1) at a distance of 32 metres from Q m
(i)  ata distance of 48 metres from the line jeining ¢ O@.
8. The field is in the form of @ ; ‘

m-B_5=60m.C :

fart m from AB .

il i g R e
i o e T e e e




Information Handling

AN @m

- " ﬁ?-\\\\\‘[ ] > O\\\_J)\./
students’ Learning OQutcomes %\@\j "X U 0
y Wi a -

W e end of the unit, tl__l\el_, H le to:
AN
» Coastruct'y Ouelzlcy table, histogram (with unequal class interval) and frequency
polygon. '

+ Calculate the mean modal class and median of a grouped frequency distribution.

+  Solve real life situations involving mean, weighted mean, median and mode for given data (such
< allocation of funds in different projects, forecasting future demographics, marketing,

forecasting government budgets).

INTRODUCTION -
In statistics. information handling

3 ore knowing about information let us think how :
- & : : is also known as data handling.

= we answer the question like how many students | «pata Handling” plays vital role to
=== there in each class of a particular school. represent the i[mlaﬁon in a

“ow many patients visited in a hospital withi @lo
sarticular week. Q Q @@ word “Data Handling was first
- used by Sir Ronald Fisher.

answer these questi@ﬁ\}\\gg&“ ave
Wﬁﬁgn

gsantitative m{)\ can be obtained by
counting. J
- <hould be kept in mind that simple numbers 85,
%. 70, 80, 73, 70, 65, 83, 89,75 are not data but if
«e say that the above data indicates the marks of
<udents of different classes, the above figures are
-onsidered as data and have precise meaning.
Hence. to know about something is known as
“Infoﬁnation” and to represent thatginformation ina - Febmary.l =1 ?79 i
For further information scan the
manageable way so that useful conclusions can be following OR Code:
drawn is called information handling. So, the

Sir Ronald Aylmer Fisher

collection of meaningful information in the form of f@% n@@ﬁ:@}ical figures 1s
()ﬂo 4

known as data. ® T\ \ A’&;’“\Eﬁé :
The numerical figures areobtai %{ij‘i\l\ study e. g., the mass of the students

of your class, the n l% hoes sold by a shopkeeper in a month etc. Data
can be obtairt r;u‘s'ting sources i.e., office records, published papers or the same

can be obtained directly from the field according to needs.
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Information Handling

Information handling is the process of collecting, organizing @@@mg, analyzing
and interpreting numerical data. @Q’

Data is further classi %@@

(i) Discrete d e only some specific values. whole numbers are used

ete data. e.g., number of books sold by a shopkeeper, number of
patients visited a hospital in a week etc. This data is only obtained by counting.

(i)  Continuous data: It can take every possible value in a given interval. Decimal
numbers are used to write continuous data. The data is only obtained by

measuring e.g., the mass of students in class i. e., 28.5 kg, 26.5 kg, 27.5 kg etc.

12.1 Ungrouped and Grouped Data

-Data which is not arranged in any systematic order (groups or classes) is called |
ungrouped data. For example, the number of toys sold by a shopkeeper in a month is |

given below:

If we arrange the abow@ ' oups or classes, then | Ungrouped data is also
it is called grouped ¢z known as raw data.
e -_QJSIL
5-9 I 2
10-14 [| 2 By using more examples, clear
the concept of grouped data
15-19 N N 10 and ungrouped data to the
20-24 I 14 s
25-29 ] 1
30— 34 ; 1

In above grouped data, 5, 10, 15, 20, 25 and 30 are lower class h @ , 14, 19, 24,

29 and 34 are upper class limits. ;\HW@

ses or groups along with their respective class
Cy distribution. In other words, the various items of data

. 216 "G

12.1.1  Frequency Distrl
A distribution or table
frequencies is i
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are classified into certain groups or classes and the
number of items lying in each group or class is put If the size of class limits is 6. The

Mathematics - 9

: : d th llest
against that group or class. The data organ sed and A b B you find tl: esr?;?nl:;
summarized in this wa% is know m‘f'w\ of Llass limits for the data?

distribution.

FormaﬁoW Sistrihution
In this method, the raw data or the ungrouped data is presented into a grouped data.
Choice is yours to select the number of classes.

Generally, the size of class limits is determined on the basis of the greatest value,
smallest value and the desired number of groups or classes.

Following are the major steps to construct frequency distribution:

(1) Find the range of the data. Range is the difference between the greatest value

and the smallest value i.e., Range = Xmax — Xmin W—
(ii) Find the size of the class by dividing the range by the | The number of times a

number of classes or groups you wish to make. value occurs in a data
For example, the greatest value is 136, is.called the frequency

lue. It 1
and if we have to make 10 classes of-groups,t ““q £ yaue, 3.8
J

denoted by /.
class limits is found byd“ iy %ﬁ

Size

Greatest Value — Smallest Value

Number of classes S Number of classes
i 136 — 30 ks 106 106 1]
10 10

So, size of class limits = 11

(iti)  Prepare four columns.
(a) Class limits (b) Tally marks
(c) Frequencies (d) Class Boundaries
(iv)  Make classes having size of 11. Start from the smallest value.
‘ For example, 30 — 40, 41 — 51, 52 — 62 and so on.
(v)  Look for the class in which each element of u @WIS. Draw a small
tally mark (|) against that class a @@ﬁ t concerned with a sign

(v). In this it

you have counted for the element.

Continue thi 1 next element that upto the last element of the data
S more tallies appear in any class, mark every 5% tally diagonally
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(vi)  Class boundaries usually are found by the

following method: %@@ (oot ies may also be
* Chose the upper class limi (3l obtained from the midpoints (x)
lower class limif¢ m i [x - o8 ] Where I it
* Find the diffexens een these two limits. 2
* nce is divided by 2 and subtract it | difference between any two
from the lower class limit and add it to the | SOmSecutive values ofx.
‘upper class limit.

Example I: Following are the number of telephone calls made in a week to 30 teachers
of a high

Do vou know?

-

school.
O S udd, 25 3. .16 520 6 L 15,16 30 =21 14 1182719
6 22 28 15 A9 a§ 293 2898 20 10 9. T 726
Construct a frequency distribution with number of classes 7.
jolution: (i) Find range
Greatest value (maximum value) = 35, Smallest value (minimum value) = 5
Range = Xmax — Xmin =35 -5=30

(ii)  Size of class limits =

(ii1)  Make class limit,
(see 1% column

(iv) TaW@ 0 count the values, fall in the given class limits. (See 2™
co table: 1).

(v)  Now, count the number of tally marks and write the number as frequency in the
third column (see 3™ column of table: 1).
(vi)  Class boundaries
The difference between lower class limit of the | Collect data of height of 50
second class and upper class limit of the first | students in your class, and

class is 1. i.e, 10 — 9 = 1. Now, divide the | convert the data into
grouped data.

difference of the limits by 2 i.e. % =(.5.

Lower class boundaries are obtained by “subtracting 0.5” from the lower class

limits.

Upper class boundaries are obtained by “adding 0.5” e s limits.
S

Lower class boundarie&
5-0.5 mﬂ 5
, ‘ | q L

9.5 and so on.
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10-14 |_ \WQ\BE~- 4 9.5-14.5
154NN oKt 8 14.5-19.5
2024 N 5 19.5-24.5
2529 Ml 5 24.5-29.5
30 — 34 [ 2 29.5-34.5
35-39 | 1 34.5-39.5

12.1.2  Graph of Frequency Distribution
The following are the types of graphs which can be used to represent a frequency
distribution on a graph.
(a)  Histogram (b)  Frequency polygon

(a)  Histogram (with equal class limits)

This is a graph of adjacent rectangles constructed on xy plane. A histogram is similar
to bar graph but it is constructed for a frequency distribution. In a histogram, the values
of the data, (classes) are represented along the horizontal axis

and the frequencies are shown by bars perpendicu ﬂ WA 5
horizontal axis. Bars of equal width %M mostly ' represented’ by
individual classes o ure for | using histogram and
making histogram is € v | frequency polygon.
(1) W @\ axis and as y — axis on a graph paper

icular to each other.

(i)  Class boundaries are marked on x — axis and a rectangle is made against each
group with its width proportional to the size of the class limits and height
proportional to the class frequencies.

(iii)  Setting a scale, draw frequencies on y — axis. The resulting figure is called histogram.
Histogram of table: 1 is given below:

KD Histogram of tetephone calls made in & week

§ = o e 1iky Seale 11y
T B 1 i On x-axis: 1 box= 1 unit
: iy On y-axis: | box=1 teacher
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1. Draw lines as x — ax and
paper perpendicul % >
ii. Class ¢ marked on x — axis and a i:
rectangle is made against each group with its 5:
width proportional to the size of class limits Z
and height proportional to the class |-
frequencies. 0! Cliits Dol darics

iii. This can be achieved by adjusting the heights of rectangle. The height of each
rectangle is obtained by dividing each class frequency on its class limit size.

le 2: The frequency distribution of ages (in year: ) of 76 members of a locahty

is avallable Draw a histogram for this data.

2-4 | 4-9 [9-12 [12-17| 17 204@@7 27-30
7 10 18+ @Q\W = 4

i ' 2 B
n: Look at the 1 w\w‘%th of the class limits is not equal as
first class has width 2, S% - the third has 3, the fourth has 5, the fifth has 3,
sixth class h ass has wzdth 3 So there is need to adjust the heights of the
rectangles i.&” “for the first -’_ ;,‘.-:_ 5 e -
class we have 2 as width of | limits _ (Adjusty
class and 7 as a frequency, Z =1s
so the height of the first 2
: 10
class is -;—= 3.5, similarly| 4-9 10 3-4FD '75":2
8
fortheother—0—2 = =6,| 9-12 | I8 [2-9=3 ol
s B R el ] i i b
| | 20
20 By 12-171 20 - 17-12=5) =4
RS 7 1 St

W s
|
=
4
Lol
L= |
%
2
=
f |
wg
L

!-‘»I-h!qfﬁ-.l;l,

are also called adjus * AR S, J( : e
frequencies. WO | 27 -30 | 4 130=27= IJ
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Taking class boundaries along
x — axis and corresponding

% § xS
adjusted frequencies al 2 4 .
1 O il Seale
}" TR rectangles s & ! On x-axis: 1 box =2 units
and the histo ) g A | On y-axis: 1 box =1 unit
=
below. =0
b

2—4—6—8-10-12-14-16 18 20 22 24 26 28 30
Class boundaries

12.1.4  Frequency Polygon

A frequency polygon is a closed geometrical figure used to display a frequency
distribution graphically. A line graph of 2 frequency distribution is known as frequency
polygon in which frequencies are plotted against their midpoints.

Midpoint is the average value of the lower and upper class limits. Midpoint is also
known as class mark. Midpoint is calculated by the given formula: @m

 Lower cass imit #Bppe i e
Midpoint = - T
: QL
The following steps arﬂ%@ aw a frequency polygon for a frequency
o

distributiop: g
(i) Draw “lines as x — axis and y — axis ﬁﬁ
- perpendicular to each other. 2
(i) ~ Take midpoints on x — axis and class %‘_‘
frequencies on y — axis. = 4
(i) Put a dot mark against each midpoint I e

corresponding to its class frequency. Join (Midpoint)
all the dotted marks by straight lines to get the required frequency polygon.
(iv)  The lines at both ends are joined together with the next midpoints to touch the

bases of x — axis.

mpie 3: The following are the marks obtained by 30 students out of 100 in the '

subject of Mathematics at their final examination. Cono@mygon for the
TR el

y ";L'j ca

ollowmg tjruency table. | ﬂvf’g‘ /{C{\Y\V g
a 1 4540\ 3\45\35}35\)’” 60= 64 | 65=69° 17074
e
4 7 2. 5
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g |
50 — 54 ?Qﬁ@ﬁ@ﬁ\ﬂ” ma iy |
<t \ = L; i
! g 15}
A $5+5 86—
= g
60 + 64 =
60—-64 | 7 P 9
5+ 69 0l
656013 |8 ; =E7 2
70 + 74
70-74 | 5 ; =172

Frequency polygon on histogram: In histogram, we mark the midpoints on the top of rectangles and
join all the points. To touch the base of ¥ — axis, we extend the line at both ends to th t midpoints,

The resulting graph is a frequency polygon.

3 &
On x-axis: | box =2 units
On y-axis: 1 box = | unit

2 46 810121416 18202224262_830
Class boundaries

{(EXERCISE 12.1 )

§ The following distribution represents the scores achieved by a group of
chemistry students in the chemistry laboratory.

124-28129-33134 38]39_43 [ 44_23 4953 [Fwtal]
i 6 lzﬁ r‘\(%%\ g%ﬁ O(‘>

(1) What is the uppe
(i)  What is the . | e class 39 — 437




(iii)
(iv)
v)

(vi)
(vi)

(viii)

h

What is the midpoint of the class (34 — 38)? m
What are the class frequencies of the classes 29 @éﬁ)@

Q
What is the size of thg) s limits j {x ab distribution?
In which class or grov.% ' number of students fall?
of the class having 15 as its class frequency?

What iWﬂ
What is the number of students having scores between 24 and 43?

For a school staff, the following expenditures (rupees in hundred) are réy;: red
for the repair of chaits.
145, 152, 153, 156, 158, 160, 146; 152, 158, 159,
161, 163, 165, 147, 148, 151, 154, 156, 158, 160,
144, . 167, 151, 150, 152, 149, 145 o188 (15205 195
Prepare a frequency distribution by tally bar method using 3 as the size of class
limits and also write down what are the frequencies of the last three classes?

Given below are the weights in kg of 30 students of a high school.
B0, 33, DA AN T Uy i Aol 37,

39, @ an
33 08 R 3k T W@O@ e ¢
8, 36, 4l m 26, 18, 34
Taking 5 as the si ?&m , prepare a frequency table and construct
v@@@ﬁﬂa

a freq

A group of Grade - 10 students obtained the following marks out of 100 marks
in English test.
58, 59, 58, 33, 40, 58, 45, 46, 43, 45, 45,
50, @y THRGRTS0r AL - S, 55,49, %0, 62, "W,
48, 44, 42, 47, 46, o AL ik i SRR 3 et
Classify the data into a frequency distribution by (direct method) taking 6 as
the size of class limit. Also find the class limit with least class frequency and
construct histogram for the data.

From the table given below. Draw a frequency polygon on histogram for the

- given frequency distribution.

15-19 | 20-2¢ | 25~ RG89
A W@ \Blow V| 22 | 13

C A
ata\s 6\%\&1@&%"& of heads in an experiment of 50 sets of
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tossing a coin 5 times. Make a dlscrete 3 wﬂm from the

information.
3, _3_. 4,0, 5

“ 4 4 0 s S as 2. 1
1321313143224
J the students of Grade - 10 in mathematics test were
5-37|38-44 |45-54 55—61 62—-67 | 68 —-72

- [Frequency]| 2 12 16 13 9 3
Draw a histogram for the above distribution.

8. Make a frequency polygon on histogram for the following grouped data:

8—12 [12-20(20-25|25-27 | 27-32

12 25 32 14 5

122 Measurés of Location (Central Tendency)

The measure that gives the centre of the data is called measure of central tendency.

Therefore, measure of central tendency is used to find out the n'@@j@mral value
of a data set. g]

We have seen that when the ra : into a frequency distribution,
the information was stood, The information given in the data can be further
condensed to a-si % tative value for the entire distribution. It is more or less
the ¢ around which the data appear to be crowded. For example, usually,
we make statements such as:

(1) Hassan studies 6 hours daily.

(1)  The monthly expenditure of Ayesha’s house is Rs.50,000.

(ili)  The speed of Maham’s car is 72 km per hour.

(iv)  Ina country, yearly income is 70,000 rupees per head.

(v)  The price of onion in the market is Rs.150 per kg etc.
If we look at the first statement, we come to know that Hassan does not study exactly
6 hours daily. Sometimes, he studies more than 6 hours and sometimes less. But still
why do we say that he studies 6 hours daily? As he studies near about 6 hours daily so
in his study time, 6 hours becomes an important figure because of its @ﬁimmmated

statement, which we call Average. Such an average value ig of central
- > dz €. Slrmlarly, other
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The following measure of central tendency will be discussed 1
() Arithmetic Mean (A M.) w
(i) Mode %& ted mean

12.2.1  Arithm
It is defined a of vanable whlch is obtained by dividing the sum of all the

values (observations) by their number of observations. Thus, the arithmetic mean of a

set of values x1, x2, X3... Xn is denoted by X (read as X-bar) and is calculated ~<
X tx, tx, totx

£ (Direct method)
n n

where, the sign £ stands for the sum and 7 is the number of observations.

- @48 The marks of a student in five exammahons were 64, 75, 81, 87,90. Find
the anthmetlc mean of the marks.

A.M.=3('=-Z—x

n
~ 64+75+81+87+99 @@
- \//
PR
e A :
or &
O
§iBiés! A Yovernment allocates funds of Rs.200,000 to five sectors of a school i.e.,

(i)  School Library: Rs. 35, 000 W
(i)  Sports facilities: Rs. 25,000 The mean of 15 values was
(iii)  Parking area: Rs. 40,000 f&heimgaiat ﬁt)hu:dvalig
(iv) Room renovation: Rs. 45,000 25 was wrongly copied as

(V) Furniture: Rs. 55,000 52. Find the correct mean.
Find the average of fund allocation in each sector of a school.

X =

The mean of 10, 30, 40, x,

67 and 81 is 5 mthe
e

jufion: To find out the average of each sector, we will ﬁnd the mean of the glven

35 000 + 25,000 + 40, 000 + 45, 000 + 55,000

200 000 m @@Wa
On averaMr takes Rs.40,000 in funding.

225

><:|

P
I

S
I
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Method of finding Arithmetic Mean for Grouped Da @%
sponding frequencies

Lot 215 %5, X3y o s Xy DEIDE mldpo ts af ﬁ*l’ﬂ
say fi, /2, f3,. ..o fn. The ',_, s obtained by dividing sum of the products

of fand x by the s encies.
fxl +f‘2x2 ..... +j:!xn M zﬁ
el friche +1s zf

or X = 44.9 marks
Hence, the average marks is 44.9 of the surdents.

Short Formula for Computing Arithmetic Mean
The computation of arithmetic mean using direct method for ungrouped data as well as

Wcry large, it

and calculations

for grouped data is no doubt easy for small values. If x and f be

becomes difficult to deal with the probl W
jati - e

an. Let A be considered as
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(for grouped data) (1)

3
ixamplé?i Find the arithmetic mean using short formula
for the runs made by a batsman. If X=120;4=85and
. n = 25, then can you find
....... Runs: 40, 45, 50, 52, 50, 60, 56, 70. A o L

Taking deviations from 4 = 52 (assumed mean)
| 40 45 50 52 50 60 56 70

_ Deviations from 12.5 are:
6, -2, 3.5, 9, 8.7, 5.5, 14, 11.3, 6.8, 4.2
Now, D = 34. Also, 4 = 12.5, using the formula we have.

Erden
n

=125+ ﬁ
10

or X=125+34=159 |
EXSmpIed: The heights (in inches) of 200 students are recorded in the following

frequency distribution. Find the mean height of the student by short form

51| 52 | 53 ﬂd\ﬁf@ /%S@@\“’éé' 60
el A Ve (@255 as P3s 16 [ 6 | 1




X 35+ =
2

or X =55+0.675
X =55.68 inches approx.
Hence, the mean height of the students is 55.68 inches.

_ Ten students each from Grade-V section A and B of a well reputed school
were taken randomly. Their weights were measured in kg. and recorded as given below:

30 28 32 129.5 | 35 34 375
2, SO

‘-‘f

35 '3%\5 34, 7\%@%@;\\%\8&1 205 | 36 |36.5 | 34

(1) Comwy&éﬁ }?))r section 4 and B.
(i) Con which section is better on Average?

I 928 T e




#ion: (i) We find arithmetic mean for
both the sections by direct method. (Any
method can be applied).

As number of observatlons n=100 @Q

an X(A}
g @u) =33 kg
and X{B) 2X s
n
e 342.8

Xon=——~3428k
(B) 10 g

(i1) We have seen from the results that
" X (s is greater than X (4 . Therefore, we conclude that section B is better on

the average. s
12.2.2 Median _ 6@@;5@
Median is the middle most value in an ar%ng d (asgendin @ eerding order) d.ata
set. Median is the value whlc “‘.“d it pgrts i.e., 50% data is
before the median and 50% \Median is denoted by X .
Median for

The median of ¥ observations x;, X,, ..., X, is obtained as:

» i when 7 is
Median (X ) = (n : observation
odd number

2 )
N o L aNe when 7 is :
Median (X )= 2 [ﬁ observation + (-R——Z) observation
. i 64 Ioally Gl even number
The following are the scores made by a batsman. Find the median
of the data. 8, 12, 18, 13, 16, 5, 20.
_ Writing the scores in an ascending order, we ‘have

5,8,12,13, 16, 18,20
Since, number of observatlons is odd i.e.

Median (X)= ( nel Y iﬁiﬁﬁ&@@w@
M&ewaﬂon 4™ observation = 13

Hence, 13 is the median of the given data.
229‘_
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Example 12; F ollowing are the marks out of 100 ok @%@@ﬁ&

23,15, 35,48, 41, 5, 8,9, 11, 5 ﬁ!\
Solution: Arrangmg

dmg order.
! ,9, 11, 15, 23, 35,41, 48, 51

Since, n f observatlon 1seven,i.e.,n=10

1 is 3N
Median ( )—— 5 ((g) observation + [ nz J observation}

a1l

ents in English.

B g
2y

Median = l[5"' observation + 6™ observation]

or Median = —[15+23]_—=19

Hence, 19 is the median of the data.
Median for Grouped Data
The median for groupéd \dats

‘ \ ‘ ‘ | h(n
WW edian (X) = ¢ + 7[-2-— c)

Where, ¢ = Lower class boundary of median class,

h = The size of class limits of median class,

/= Frequency of the median class,

n = Total frequency i.e., Zf,

and ¢ = Cumulative frequency preceding the median class.
Remember the following points:

(1) The groups of classes must be in a continuous form i.e., we need class
boundaries.

(i) Make the column of cumulative frequencies 7?‘9\ @@@m column of

frequencies. A

(iii)  Locate medlan alue in c.f. column wherever it lies.

(iv)  Un edlan class, then take the values of fand 4 of the median class
thus obtained

R e, 230




_ The heights of 100 athletes, he tieart
in the followmg table. Flnd the med{a{xﬁﬂ f‘ci @

Q@S 66.5-67.5 67.5—68.5 68.5-69.5 | 69.5-70.5 [70.5-71.5

10 20 30 13 12 3 2

2‘.5 sy : e _ .
63.5-64.5 6 6+ 4=10
64.5 -65.5 10 10+ 10 =20
65.5 - 66.5 20 20+20=40— ¢
66.5 - 67.5 30 30+40=70 — Median class
67.5 - 68.5 13 13+70=283
68.5 — 69.5 12 12 + 83 30N
69.5 - 70.5 ; @ ©O
70.5-71.5 A ' R

SO, —=—-=50

50" item lies in the class boundaries 66.5 — 67.5.
(=665 h=1, f =30, c=40

h(n

Median = { + -—[——c)
A2

= 66.5 + —1—(50 —40) (Putting the values)

= 665+——

g
WHI_




110-11

125 - 129

130 - 134

12

23 6

4

- s Class boundaries are not given so, first of all we make class boundaries
by the usual procedurc

130 - 134

- 129.5 — 134.5 -

115-119 12 114.5-119.5 17— ¢ g
120 - 124 23 119.5-124.5 40 — Median class
125 -129 6 124.5 -129.5 46

Heren=50so,-’21=5—20-—25 23+ Jteml @mﬁ@ ©©
£=119.5, h= @

=119.5 + —5_(25—17)

(Putting the values)

—1195+i9=1195+1 74
23

Median = 121.24 kg
1223 Mode

In a data the values (observation) which appears or occurs most often is called mode
of the data. It is the most common value. Mode is denoted by X.

Mode for Ungrouped Data @
f@,@ s were 75, 76,

The marks in mathematlcs of Jamal
80, 80, 82, 82, 82, 85. Find the m

- As 82 isre number 8o, clearly mode is 82.
— Ten s D%é ed about the number of questions they have solved
out of 20 1 eek. Records were 13, 14, 15, 11, 16, 10, 19, 20, 18, 17. Find

the mode e data.

I R e 232 e e ]
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9@@ ill-defined.
515,118120,°20, 20,25,

| } N as conducted from the 15 students of a school and asked the
students about he1r favourite colour.
The responses are: purple, yellow, purple, yellow, yellow, red, blue, green, yellow,
yellow, red, blue, yellow, purple, green. Find mode of the data.
__ Mode is the most frequent colour.

Mode = yellow
So, the colour “yellow” is the mode of the given data.

A data can has more than one
mode. A data may or may not

Mode for Grouped Data | haves made:
Mode can be calculated by the following formula: m |
( f f ) " T Mode cannot be easily
Mode = (+ x h ca]culated ﬁ'om the data
WS AT AET A NN pre nt equency

Q Sf¥ u U hﬂS no
Where, £ = Lower class boun of M0 i“ E’a values, so we do
ot know which value

fi= Frcquenc appears most frequently. We "
fl Fre € mOdal class. only assume the class with

y followmg the modal class and | the highest frequency as a
h = Size of the modal class. modal class.

8: Followmg are the heights in (inches) of 40 students in Grade - 8.
B 25 — 50| 50— 52[ 52— 54[ 54— 56|56 58|58 60

ofstudents | S 7 109 6 3
Find mode of the above data. :

PR A 5

- 50-52 7—h Oollect’ data of ‘weights wof 50

52 - 54 10 — fm students: frequency

54 - 56 9—f2 /f\@i on d mean, median

TRV wus
TR




In the above data,

Uni %ﬁ f\"  Handlin
f‘\ )0
@ﬁ’-\ﬁ\@y} ready been given. Using the

formula for grouped
£=52, h=2, s N=T7, =9 Find the mean, median
) and mode of the first
Mods w £+ Ve 5 B twenty whole numbers.
(fo-£)+(fu-12)
(10~7)- %2
Mode = 52+
s LA (10-7) + (10— 9)
€ g ) 6

Mode = 52+ 8o 48
A g 3+ 1 4

or Mode = 52 + 1.5 = 53.5 (inches)

12.2.4 Weighte(_l Mega
Arithmetic Mean is used wh,  all the observations are given equal impa
but there are certain situations in which the different obs : 3 g ®

118 preferred. The weighted mean of
S Wi, W2, Wi, ..., Wais calculated as:

I\ i
}w='WW+WSX;+"‘+W,Xn_; ik ZWX

W;+Wz+"’3+‘“Wn ) iwz ZW

i=1
_ The following data describes the marks of a student in different subjects
and weights assigned to these subjects are also given:
4 k.18 6

Find its weighted mean.

. Weighted mean(fw) = %

T, = H74) +3(78) + Mﬂ@qg@@m

TR
WW o5 LK =0

234 LR TV




(~

Mean = X
n

So, the aw ckets of the medicine distributed by the company per area
is 16.
Weighted mean = gl
W
_ 15(5)+25(4)+18(3) + 23(4)+15(2)+10(1) + 8(2)
= 5+4+3+4+42+1+2
= I}l =17.95~18
21
12.2.5 Real Life Situations Involving Mean, Weighted Mean, Median
and Mode
Qales and Marketing

ample 215 A toy factory sold toys ina mOntl;,C\Ql\W@ data:
10-20 [ 2030 ’\B%ﬂ?/ B S TR

L- e 5\ (\\\ e RN 29 20
(1) Wg@\ﬂe\ﬁn and mode of the number of toys sold by the factory.

(i1) e modal class of the distribution.
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QAIQNBY T 28 25 | 700 | 28+15=43 |
T 30 240 Al 35 | 1575 | 45+43 =88 | Modal class
40 - 50 |- 29 45 | 1305| 29+ 88 =117 | Median class
50 - 60 20 55 | 1100| 20+117 =137
— 2 4905
Mean(X) g =358 ~ 36
xf 137
Average sale of the toys is 36.
For median: Here, n =137, so, 1—32 = 68.5 ; 68.5 lies in 40 — 50.

Yi\@
£ =40, h’=10 fg%@k ‘@@W@@
Median (

= 40+—;(13—7— 8)
29 \ 2

- 40+ 29 (68.5-48)
29

- 40+ (205
29

= 40+ 7.07
Meman = 47.07 =~ 47
Thus median of the sold toys by the factory is 47 07.

For mode: /=30, h=10, fm=45, fi =28, ﬁv@ @.m
Mode (2);f+ €750V @K@

O AT
('4”4)(2‘?‘29) gy




Mode (X) =35.15 ~ 35

Thus, mode of the sold toys by the factory is 35.
(ii)  The modal class of sold toys by the factory is (30 — 40).

{(EXERCISE12.2 )

¥ Find the arithmetic mean in each of the following:
(1) 4, 6, 10, 12, 15, 20, 25, 28, 30.
(i)  12,1819,0,-19,-18,-12
(i) 6.5, 11, 12.3,9, 8.1, 16, 18, 20.5, 25
iv) 8,10,12,14,16,20,22

2 Following are the heights in (inches) of 12 students. ’d tl'@ Welght

55,53, 54, 58, 6¢ 0, 61 @m
3. i 5 "v‘@
2 ‘ 31, 90, 95, 90. Calculate

5 O

(i)  Median (iii) Mode
4 arks obtained by the students in the subject of English are given below
15-19 20-24 25-29 30-34 35-39

9 18 S = 17 5

Find: (i) Arithmetic mean of their marks by direct and short formula.
(i)  Median of their marks.
3 Given below is a frequency distribution. -
TV 10—14[ 15-19| 20-24| 25-29
B 3 g

Find the mode of the frequency distribution.
6. Ten boys work on a petrol pump station. They get weekly wage s follows:
Wages (m Rs.) 4250, 4350, 4400, 4250 4350, 4 fﬂ@ C , 4390.

aid mode of their wages.
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10.

11.

12.

13.

14.

On a prize distribution day, 50 students brought pocket money as under:

(1) Find the median and mode of the above data.

The arithmetic mean of 45 numbers is 80. Find their sum. m

Five numbers are 1, 4,0, 7, 9. Find th W@n@g%de.
\
,160.

A set of data contai % 57, 156, 160.
h ode > Median > Mean.
The m ttendance of 10 students for their lunch in the hostel is recorded

a8: 21,15, 16, 18,14, 17, 15, 12,.13, 11.
Find the median and mode of the attendance. Also find the mean if D =4 —20.

5-10 10-15 | 15-20 | 20-25 | 25-30
12 9 18 7 4

(i)  Find the arithmetic mean of the data given above usjn “ﬂ ing method.

The arithmetic mean of the ages of 2 @ﬁths and 5 days.
Find the sum of thei % s is of age exactly 15 years. What

is the average age 0 ining boys? _
O

CalcuMmcﬁc mean from the following information:

(i) If D=X-140,Zp=500 and n= 10

@ ru=212

,2U=-150and n=15

(i) IfD= x-25%D=300and%f =20

vi) IfU= 5P L

The three children Haris, Maham and Minal made the following scores in a
game conducted by a group of teachers in the school.

53, L DA %0
f\/7t600 \p o) | 45 53
7 06 2 48

that the candidate who gets the highest average score will be
awarded rupees 1000. Who will get the awarded amount?

,ZfU = 60 and If = 100

., 238
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15.  Given below is a frequency distribution derived by making a substitution as
D = X - 20. Calculate the arithmetic mean.

BF 28 BT B T Rl 2 4 5 6
{ 1 () So@©9
1 3 6 @\J@@M 12 2

__ . A 73\
N
16.  Being partners M& took part in a quiz programme. They made the
followi ér of points 45, 51, 58, 61, 74. 48, 46 and 50. Compute the
average number of points using deviation D = x — 58.

17. A person purchased the following food items:

96

Rice 10

Flour 12 48
Ghee 4 190

Sugar 3 .l (\ﬂ@ f@@m
Mutton _ | DR \SPBY " eso

What is the wei n%b\fgost of food items per kg?
18.  For thefollowing data, find the weighted mean.

ashing Machine 5 | 3 5
Heater 3 5
Stove 2 13
Dispenser 6 18

19. A company is planning its next year marketing budget across five years: yearly

budgets (in million) are: 5, 7, 8, 6, 7. Find the avg or the next year.

ertain examination. Find the
;4 Tespectively are allotted to the subjects.
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(( REVIEW EXERCISE 12 )

Four options are given agalnst each s@te ne m@% ect optlon.
(1) Whlch data ta
contm (b) discrete data

(d)  ungrouped data

(11) number of times a value occurs in a data is called:
(a) frequency (b) relative frequency
(b) class limit (d) class boundaries.
(1i1))  Midpoint is also known as:
(a) mean (b) median
(¢) . class limit (d) class mark
(iv)  Frequency polygon is also drawn /constructed by using:
(a) histogram (b)  bar graph
(c) class boundaries (d) class limit

(v) The difference between the greatest value and the s %1/1 lless called:

(a) class limits
(c) relative frequenc
(vi) "m

sed tofindoutthe  of a data set.
(b)  cumulative frequency

(d) frequency
(vii) Ifthe mean of 5, 7, 8, 9 and x is 7.5, what will be the value of x?

(a) 10 (b) 8 (c) 8.5 (d) 5.8
(viii) Find the mode of the given data: 2, 5, 8,9,0, 1,3, 7and 10
(a) 5 (b)y 7 (c) 0 (d) no mode
(ix) In a data the values (observations) which appears or occurs most often is
called: ,
(a) mean (b) mode
(c) median (d) weighted mean

(x) Find the median of the glven data: ]IO 125, 122, 130, 124, l%_\;&nd 120

(a) 124 120 (¢) 125 @(@
Define the following: @ W
(1) ﬁmwmy@%%@m ogram (unequal class limits)

(iv) median
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Following are the weights of 40 students recorded to the nearest (Ibs).

138, 164, 150, 132, 144, 125, 149, 157, 146, 158, 14
168, 126, 138, 176, 163, 119, 134, 163,
161, 145, 135, 142,
of class limits a

> , 144,
‘3 , 153, 140, 135
_ ¢ a frequency table taking size
istogram . (c) Draw a frequency polygon of

the giv 8

From the table given below. Draw a frequency polygon on histogram for the
given frequency distribution.
57-59 | 60—64 | 65-72 | 7375 | 76—80

32 40 30 13 8

Given below are marks obtained by 45 students in the monthly test of Biology:

20-24 | 25-29| 30-34 | 35-39 | 4044 | 45-49
05 08 12

Wlth reference to the above table find the followi @ @@ \W
(1) upper class boundary 0 @ W

(i)  lower class b m SSES.

(iii)  mid

(iv) S8 mterval with the least frequency.

Given below is frequency distribution.

Draw frequency polygon and histogram for the distribution.
axk limits 10-14 | 15-19 | 20-24 | 25-29 | 30-34

Chair 20

Q%

500
able : o0 C
;1:@; board iz % @@@ C

Tube light Oi&@
c \
“&»W 0 09 950
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8. A principal of a school allocates funds of Rs.50, 000 to five different sectors:
(i)  chairs: Rs. 15000 @ m@%@
(iii)  black boards; .6,0%“ enovation: Rs. 10,000
Q
(v)  gardening; m
Find t@&@&g@o‘f funds allocation in each sector of the school.

9. The marks of a student Saad in six tests were 84, 91, 72, 68, 87, 78. Find the
arithmetic mean of his marks.

10.  Adjoining distribution showed maximum load (in kg) supported by certain.
ropes. Find the mean load using short method.

93-97 | 98-102 | 103-107 | 108 —112 | 113117 118—122:

. 5 8 12 6 2

11.  Usman rolled a fair dice eight times. Each time their sum was recorded as 8, 5,
6, 6,9, 4,3, 11. Find the median and mode of the sym @@@
12.  Two partners Mr. Aslam an 3 ¢ompany. In the following

&als0o .'nlv
dw- .
data the weekly @\.\\‘.{ 3. Y. &f emiployées who work in the company are

700 —800 | 800-900 | 900—1000 | 1000 - 1100
5 7 21 11 *

.
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Solve real life problems involving probability.

Calculate relative frequency as an estimate of probability.

Calculate expected frequencies.

Solve real life problems involving relative and expected frequencies.

>
»
»
»
>

INTRODUCTION
In our daily life, we normally say that | History!
manufacturing companies give warranty | The word “probability” is

on their products, there is chance that | derived from the Latin
word “Prebablhtas“ It

some product might not meet warranty means “probity”.
ity. He

time period. A person judges the chances dan
of winning cricket match of a team b @@%
on previous performance e facioe, o

mathematiclan

above statements h ction
with certaintys tlons what makes it easier for us to represent the chance of
an event occurring numencally i.e., probability.

Hence, Probability is the chance of occurrence of a particular event

Probability is calculated by using the given formula:

Number of favourable outcomes

Probability = .
Total number of possible outcomes
It is wiitien #= i P20
n(S)

P(4)= Probability of an event 4
n(A) = Number of favourable outcomes

n(S) = Total number of posmble w@ Q

Basic Concepts of Probability (‘}
' e

Experiment: The process

etc. is called Wo 2

sults e.g., tossing a coin, rolling a dice,




Unit — 13: Probability |

Outcomes: The results of an experiment are m the possible
outcomes of tossmg a coin ar ea@o ail,\ -m ble-otitcomes of rolling a dice are
1,2,3,4,5,or6.
Favourable Out 0 me whlch represents how many times we expect the
thlngW\ €8, Whlle tossing a coin, there is 1 favourable outcome of getting
head ail. While rolling a dice, there are 3 favourable ‘
outcomes of getting multiples of 2 i.e. {2, 4,6} _ Remember! Jug r
Sample Space: The set of all possible outcomes of an | Fach element of the

: : : A sample space is called
experiment is called sample space. It is denoted by ‘S’ e.g., :

5 : : : sample point.

while tossing a coin, the sample space will be S = {H, T}.
While rolling a dice, the sample space will be S = {1, 2, 3, 4, 5, 6}.
Event: The set of results of an experiment is called an event e.g., while rolling a dice
getting even number is an event i.e., 4 = {2, 4, 6}; n(4) = 3.

Recall! Types of Events:

* Certain event: An event which is sure to occur. The probability of sure event is 1.

* Impossible event: An event cannot occur in any trial. i mnt is 0
* Likely event: An event which will probably oecqr
* Unlikely event: An event whic . . Ithas less chance to occur.

* Equally likely eve ave equal chance of occurrence. The probability of thesg

events is 0, = '
1 Unlikely Equally likely Likel Certain
vent event event even event

€ — : : o~
0 or 0% 25% 50% 75% 100%

13.1 Probability of Single Event
Example 1: Abdul Raheem rolls a fair dice, what is the probability of getting the

"S’nce to occur.

number divisible by 3? Keep in mind
Solution: When a dice is rolled, the sample space will be: | The range of probability
S=1{1,2,3,4,5,6): = for an event is:
{ £y =0 0<PA)<1

Let “A” be the event of getting the number divisible by 3.
={3,6};n(4)=2

-—5 @@@W@

umber divisible by 3 is 3

rm\‘“

icachers’ note:

Clear the concept of all the ('
types of events by using
different colours of balls or |
pencils etc. ‘
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ixample 2: If Zeeshan rolled two fair dice, find the probability of geﬁ‘g

(1) Even numbers on both dlce w@ @
(i)  Multiples of 3.on bo % @@
(iii)) Even num %@ ¢ and the number 3 on the second dice.
(iv) M Sumber 3 on the first dice and number 4 on the second dice.

tion: When a pair of fair dice is rolled, the sample space will be:

WREEEE 1,6
oot ofFf 200 1 @pso P, 41 12755 26 Can you find out the
g 3,1 3.2 3,3 3 441 3,51143}6" sample space when 3 dice
At 147 | 4314445 | 48 age:olted
ROgUpHiTaT APl GEY NSRS 5,0
6,1 | 6,2 |63 |64 65766

3 @m
(i)  Even numbers on both di W‘@O@

Let “4” be iﬂﬁm n@em on both dice.
(2, 6), (4,2) (4,4),(4,6),(6,2),(6,4), (6, 6)}

= 9; n(S)=36
p(A)=”(A)=__=l
n(S) 36 4

Thus, the probability of getting even numbers on both dice is % ;

(i)  Multiple of 3 on both dice.
Let “B” be the event of getting multiples of 3 on both dice.
= {(3,3), (3, 6), (6, 3), (6, 6)}
n(B) = 4; n(S) =36

P(B)—i’%_%@ @W@@ o

Thus, the probabili les of 3 on both dice is 5

I -°
PR L 245 RS
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e no@@ ability
(iii)  Even number on the first dice gad ﬁ“ﬁ- ¢ Second dice.
Let “C” be the, % 8 :
3on t}W.

mbers on the first dice and the number

= 1(2,3), 4,3), (6,3)}
n(C)=3; n(S)=36

P(C):n(C')z 3 1

n(S) 36 12
Thus, the probability of getting an even number on the first dice and the number 3 on

the second dice is —1— :
12

(iv) At least the number 3 on the first dice and number 4 on the second dice.
Let “D” be the event of getting at least the number 3 on the first dice and number
4 on the second dice.
D ={3,4),4,4),(549), (6,4)

] @
i et @@W@O@@

n(S) 36

Thus, the probability %ﬁﬁm mber 3 on the first dice and number 4 on
the 2™ %@W o

13.2 Probability of an Event Not Occurring

Sometimes, we are interested in the probability that the head will not occur while
tossing a coin.

Let “4” be the event of getting head while tossing a coin, then the event “ 4’ ” be the
event of not getting head while tossing a coin.
The probability of not getting head while tossing a coin is known as the complement

of that event. It is written as P(4") or P (4¢).
The complement of an event “4” is calculated by the | Give more examples to

given formula: explain complement of events
e.g., if the desired outcome is

PA') =1-P(4) head on a flippi i
pping coin, the
For example, while tossing a coin, the probability of | complement - ; ih\) The
n s that the

must be equal to 1.

tting a head is:
getting ad is : O @ gprobability of an
= “ event and its complement
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O%mm ‘
Wo“ ok
Thus, the comptement of the event of getting a head is 5"

5i63: Zubair rolls a dice, what is the probability of not getting the number 67?
ation: Let “4” be the event of getting the number 6.
The sarnple space while rolling a dice is: § = {1,2,3,4,5, 6}

n(S)=6
= {6};n(4)=1 | Remember! J
1 The sum of the probability
P(A)= 2d) =— of an event “4” and the

: n(S) 6 probability of an event not
To find out probability of not getting the number 6, we occurring “4” is always “1”

have X (@(ﬁﬁ@ 53

P(A) :I %A@\%ﬁ@@@ CAL A

Thus, thé probability of not getting the number 6 isg.

aple 4: If two fair dice are rolled. What is the probability of getting:
(1) not a double six (i)  not the sum of both dice is 8

ition: Sample space of two fair dice is given by:
S={(1,1),(1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2.3, (2, 4),(2,5),(2.6),
3,1), 3.2), 3.3), (3.4), (3,5), (3,6), (4,1), (4.2), (4.3), (4.4), (4.5),
(4.,6), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (6,1), (6,2), (6,3), (6,4),
(6,5), (6,6)}
n(S) =36

(1) not a double six.

Let “A” be the event that a doub&g s1 . W@ ©©

nS

247
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Let “ 4" be the event that no! a dou W@ @
As we know that

P(A )@

. e&} ) __1_
WW 36! .36 36
Thus, the prébability of not getting the double six is % ;

(i)  not the sum of both dice is 8.

Let “B” be the event that the sum of both dice is 8.
B={(2,6),(3,5),(4,4),(5,3), (6, 2)}
n(B)=S5

P(B) = n(B) 5

n(S) 36
Let “ B’ ” be the event not sum of both dice is 8.
P(B')=1- P(B)

2o a3 - 31 @W@@ m

Thus, the praﬂ@% oth dice be 8 is _6

13 € roblems Involving Probability
Example S: Let 4, B and C are three missiles and they are fired at a target. If the
probabilities of hitting the target are P (4) = %, P(B) = %, P(C) = —;-, respectively.

Find the probabilities of

(1) missile 4 does not hit the target. (1)  missile B does not hit the target.
(1ii)  missile C does not hit the target.
Solution: (i) missile 4 does not hit the target.

Since, P(4) = %

Let * 4" be the event that missile 4 does not hit the target

P(4')=1-P(4) @©m
=1== @@@m@
O \ 03
Thus, th issile ‘4’ does not hit the target is 5

. 248
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(ii)l missile ‘B’ does not hit the target.

Since, P(B) = -3—
Let * B'’ be the event missile B does not hit the target
P(B")=1-P(B)
= e
-
ok ot
7 7

o FAE : . 4
Thus, the probability of missile ‘B” does not hit the target 1s .
(iii)  missile ‘C” does not hit the target.
Since, P(C)= %

Let ¢ C"’ be the event missile C of not hitting the target
P(C")=1-P(C)

Thus, the probability of missile ‘C” does not hit the target is % ;

Example 6: A bag contains 5 blue balls and 8 green balls. Find the probability of
selecting at random: :

(1) a blue ball (i1) a green ball. (iii) not a green ball.

Solution: (i)  ablueball |
Let ‘A’ be the event that the ball is blue

Blue balls = n(4) =5

Total balls=n(S)=5+8=13 Can you find out the
complement of selecting
P(A)= oA a blue ball?
n(S) '
Lo
13

Thus, the probability of selecting a blue ball is 15—3 .

. 249 €
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(i)  a green ball
Let ‘B’ be the event that ball is green

8
ability that a person 4

Green balls = n(B) = 8§ V@X@ will be alive 0.75. Can you find
Total b%! = %@%@ out the complement of that event?
WN Anim(8) 13

Thus, the probability of selecting green ball is -185 :

(ii1)  not a green ball
Let ‘B’ be the event that the ball is not green.
P(B')=1-P(B)
8

= T

13
15~8
3

= o -1—
Thus, the probg%n

'ﬁ%ﬁ 3 @wﬂall is =

LA &!\N ‘ﬂ\}awn at random, from a pack of 52 playing cards. What is the
of getting:

a card of heart (if)  neither spade nor heart
Solution: (i) a card of heart
Total number of cards = 52 ; n(S) =52

Let ‘4’ be the event of selecting a card
of heart.

Number of heart cards = 13 ; n(4) =13

n(4)
P(A) = n(S) 1 king I king |1 IKing 1 king
3 iy & + 1 Queen~f 1/ Queed 11 Queen || 1 Queen

—

=—=— Q {éc]éd )_f Jack 1 Jack 1 Jack
5(_?} 4 %@qﬂ Ace 1 Ace 1 Ace 1 Ace

Thus, the pw % E?Q\E gard Of |(2- 10 cards | [(2 - 10) cards | |2 10) cards | |2 - 10) cards
O

1
heart is —.
e 1s4

i R |
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(i)

neither spade nor heart

Let ‘B’ be the event of selecting a card of spade or heart

Number of spade and heart cards = 26 ; n(B)=26

n(B)
n(S)
_26
i

1

2

P(B)=

Let ‘B’ be the event of selecting neither spade nor heart card.

P(B") = 1 -P(B)
et L

2

S
2

Thus, the probability of getting neither spade nor heart cards is . :

1.

4.

/.

{(EXERCISE13.1))

Arshad rolls a dice, with sides labelled L, M, N, O, P, U. What is the probability
that the dice lands on consonant?

Shazia throws a pair of fair dice. What will be the probability of getting:
(1) sum of dots is at least 4.
(ii) product of both dots is between 5 to 10.
(iii) the difference between both the dots is equal to 4.
(iv)  number at least 5 on the first dice and the number at least 4 on the second dice.
One alphabet is selected at random from the word “MATHEMATICS". Find
the probability of getting:
(1) vowel | (i)  consonant (iii) anE
(iv) anA (v) notM ‘(vi) notT

Aslam rolled a dice. What is the probability of getting the numbers 3 or 47 Also
find the probability of not getting the numbers 3 or 4,

—-251‘
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5. Abdul Hadi labelled cards from 1 to 30 and put them in a box He selects a card
at random. What is the probability that selected card contai

(1) the number 25 @&& een 17 to 22
(111)  number at number not 27 and 29
(v) n 12 tol5

6. The pr ility that Ayesha will pass the examination is 0.85. What will be the
probability that Ayesha will not pass the examination?

% Taabish tossed a fair coin and rolled a fair dice once. Find the probability of the
following events:
(1) tail on coin and at least 4 on dice.
(i1)  head on coin and the number 2,3 on dice.
(iii)  head and tail on coin and the number 6 on dice.
(iv)  not tail on coin and the number 5 on dice.

O

(V) not head on coin and the au e.

‘ “‘%i uffled pack of 52 plying cards. What

(1) en (i)  neither a queen nor a jack

9. A card is chosen at random from a pack of 52 playing cards. Find the probability

of getting:
(i) ajack ’ (ii)  no diamond

13.4 Relative Frequency as an Estimate of Probability -

Relative frequency tells us how often a specific event occurs relative to the total number
of frequency event or trials. It is calculated by using the following method:

Relative frequency = Freque;cilalo i - eventimm,
0 rgue

given date.

5 6 7 8
6 9 10
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2 5 %Q@W o@@ﬁﬂ
A \5@)\@?
B
W | 6
4 6 . 0.14
5 9 % =0.21
6 10 -i% =0.23
7 8 % =0.19
8 2 2 004
43 @@@

The surh of all the relative frequencies is

students of rade - IX and asked about their ;
always equal to or approximately equal to 1.

favourite colour. The responses are:
(1) Red colour = 23 students (ii)  Green colour =15 students

(iii)  Pink colour = 25 students (iv)  Blue colour = 10 students
(v)  White colour =7 students.

Find the relatwe frequency for each colour. Relative frequency is an
‘. estimated probability of an

Total number of students = 80 event occurring when an

. . 23 experiment is repeated a fixed
(1) Relative frequency for red colour = E =0.29 et of flnien:

It means that 29% students prefer red colour.

(i)  Relative frequency for green cojour @W @O@©E
It means that 19%Wﬁ%

253
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(1ii)

(iv)

v)

Relative frequency for white colour =

Relative frequency for pink colour= ===

It means that 3 1% student é

¢ colour —=().

Relative fri
M 5) 80
It means that 12% students prefer blue colour.

Le 0.09
80

S

12

It means that 9% students prefer white colour.

-

'Unit - 13: Probability

Out of 200 students in a
school, 80 play cricket, 50
play football, 25 play
volleyball and 45 do not play
any game. Can you find out
the probability of the students
who do not play any game and
relative frequency of the
students who play cricket?

N Urdu

English

Islamiyat

Mathematics

Science

Computer Science

15

80

72

cOI

Find the relative

\Jg“\ou

i

Urdu 73 m =0.15
80
Ellglish 80 -4?8 =0.16
2
Islamiyat 72 4788 =0.15
; 95
Mathematics 95 m— 0.19
81
Science 81 — -~ 0517 O
. m\(‘f/&g@” (o O@
Computer %@ \J M bSU_ 0.17
Science O\ N 488

_ 0: Abdul Rehman obtained different marks in different subjects out of |
100 marks The detail is as under:

A




13.6 Expected Frequency

Expected frequency is a ng:
how often an event s
depended )

is found by u e followmg method:

Clear the concept to the students that

ected frequency relative frequency as an estimate of
probability by using different real life
problems.

Expected frequency = Total number
of trials x Probability of the event.
= N x P(A)
mpledl: Six fair dice are rolled 50 times. The probability of occurrence of
dlfferent number of sixes are given below. Find the expected frequency of the
following data:

0 1 3 Fo g0 g 5 6
009 | 0.0 | 0.12 | 024 | 0.10 | 0.
f each\§ . o
C

Find the expected frequency of occ

3 i 50 x 0.09 =4.5

\:J“ 1 0.10 50 x 0.10=5
2 0.12 50x0.12=6
3 0.24 50 x 0.24 =12
4 0.10 50 x0.10=5
5 0.20 50 x 0.20 =10
6 0.15 50x0.15=17.5

13 7 Real Life Application on Expected Frequency

Xample12: Find the average number of times getting 1 or 6, when a fair dice is
rolled 300 times.

jolition: Let “S™ be the sample space wher: ‘.
dlce is rolled: @u m of all expected frequencies is
always equal to or approximately
={1,2,3,4, 5 equal to a fixed number of trials.
Let “B” be Ol or 6 comes up. :
B={1,6} ; n(B)=2
255 s nEE R

B i E I
B e
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n(B) 2 '

So, P(B) = | T
7S} 3 | €O
Therefore, E (B) = N x P(B) Q @@@W
| o 0
; @gﬁ@%

Thus, the-average number of times 1 of 6 comes up is 100.

Example 13: If the probability of a defective bolt is 0.3. Find the number of non-
defective bolts in a total to 800.

Solution: The probability of defective bolt is = 0.3
Probability of non-defective bolt =1 - 0.3 = (.7
Number of non-defective bolts = 0.7 x 800 = 560

Thus, the non-defective bolts will be 560,
{( EXERCISE ,13,2]@ O
i: A researcher collected

O
' Q
dm@%gm él}elgs from Horse-Ricks in Russian
ears table is as follows:

1 2 3 B 5 6
60 | 50 87 40 32 15 10

ind the relative frequency of the given data.

%

2. The frequency of defective products in 750 samples are shown in the following
table. Find the relative frequency for the given table.

0 1 2 3 4 5 6 7 8
120 | 140 | 94 | 85 | 105| 50 | 40 | 66 | 50
5

3. A quiz competition on general knowledge is conduc € number of
corrected answers out of 5 questioas for %@@g S 1s given below.

AR
T 15

25 18 9

. 256 R
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4. A survey was con
favourlte food.. Fly 3

0 a class and asked about their

N

Biryani | Fresh Juice Chicken | Bar. B.Q | Sweets |

40 07 a9y 15 25

(i)  how many percentages of students like biryani?
(ii)  how many percentages of students like chicken?
(iii) which food is the least like by the stude!nts?

(iv)  which food is the most pre_‘fer by the students?

S. In 500 trials of a thrown of two dice, what is expected frequency that the sum
~ will be greater than 87
6. What is the expectation of a person who is to get Rs. 120 if he obtams at least

2 heads in smgle toss of three coins?

1. Find the expected frequencies ﬂ@@@nem is repeated

bt J\vﬁ?\\

‘L

5 P
018 | 009 | 017 | 007

8. The probability of getting 5 sixes while tossing six dice is -i— , the dice is rolled

200 times. How many times would you expect it to show 5 sixes?

@(REVIEW EXERCISE 13)P

1. Four options are given against each statement. Encircle the correct option.
(1) Each element of the sample space is called:
(a) event (b) experiment

(c)  sample point (d)  outcomes

(i)  An outcome which represents how many times we expect m@@@e
happened is called: O a o
(a) outcoﬂﬂigg\fﬁm le-outcome

b 257

sample point




(iii)

_ number of frequen _
Xpe n ien (b)  sum of relative frequency
clative fre (d)  frequency
W@mied probability of an event occurring is also known as:
(a)  relative frequency (b)  expected frequency
(¢)  class boundaries (d)  sum of expected frequency
(V) The sum of all expected frequencies is equal to the fixed number of:
‘(a) ° trials (b)  relative frequencies
(¢) outcomes (d) events
(vi)  The chance of occurrence of a particular event is called:
(@)  sample space - (b) estimated probability
(c)  probability expected frequency
(vii)  An event which will probably occur. It I@W occur is
called:
() ally likely\g @@@ likely event
(c) 1rikely\eve certain event
(viii) _Fi he'tofal number of poss1ble sample space when 4 dice are rolled.:
I i (b) 6 (c) 6 d 6
(ix)  While rolling a pair of dice, what will be the probability of double 2?
1 1 5 1
(@) P (b) 3 (©) g (d) %
(x) A card is chosen from a pack of 52 playing cards, find the probability of
getting no jack and king:
2 11 2 11
(a 3 (b) T (©) 3 (d) 7y
Define the following:
(i) relative frequency (i)  expected fre

o

Which one tells us how often a i gecurs relative to the total

An urn contains 10 red balls, 5 gree @@%@md the probability

of selecting at random.
(1) a a red ball (1)  ablue ball
(i)

i B (v) not a green ball

258 THRERNE Y R



4. Three coins are tossed together what is the probablhty % a
(i) exactly three heads @@
(i)  atleast two mﬂ@
(1ii) Wm
(iv) tly two heads

5 A card is drawn from a well shuffled pack of 52 playing cards What will be the
probability of getting:

@) king or jack of red colour
(i) - not“2” of club and spade

6. Six coins are tossed 600 times. The number of occurrence of tails are recorded
and shown in the table given below:

0 1 2 3 4 5 G

110 90 105 80 123 16

ctive. Find the relative

y o From a lot containi

frequency of non-
defew s

Find the relative frequency of glveg ta il .

also ﬁnd the expectcd frequency of non-
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I. (i) Rational (iii) Irrational (iv) Irrational (v) Irrational

(vi) IW tional  (viii) Irrational (ix) Rational (x) Irrational
» (ii) :
P i 3 -4;'; e L

-3 2 | 0 1

)

% + + »
1 1
(111) | (iv)
) PSR | ' PR | 1 1 L 1
< 1 1 i i
S B2 5 i £ A g iy
=3 =k oy R ] 3

4. (1) AW; (n) Conmmvepropmyomm

(iii) Additive inverse (iv) Left distributive property :

(v) Additive identity (vi) Multiplicative identity

(vii)Associative property under multiplication  (viii) Commutative property under multiplication
5. (i) .Additive property (ii) Reciprocal property - (iii) Additive property

(iv) Multiplicative property  (v) Multiplicative property  (vi) Tncllotomymopeny

«EXERCISE 12 )) _
M -G ‘/g"‘/— ‘/- L S R ®5-2J6

IO

i) 237 -f5) 1. m; Gi) 12 Gii) — () »? yff\ (v) o

9 27

(vi) — (vn) i (viii) 24 (@) (\ﬁ ,L (u) 2\/_ (ii1) 34
2 : k 0\ 3375 2

(iv) IZ\/_ (v) 1154 R\Q@‘ ——25 qg=18 5. (i) — (i) -
6 M “ _

(1i11) : Q[
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Answers

€ ExercisE 13 ))
13, 14,15 2. AB=43 2f )

1184 6.20 years 7. 133‘9@,..;*1@“(\ W

&&WMEE D

n@@ 23

9. Rs.52500

d (v) a (vi)b (vii) b  (vii)a (ix) d (x) d

. (1) —:— (ii) 3% (i)-27 & 15,019 9. 34,62 10. 540750

3  @(exercise21 )

. (i) 2x10° (i) 4.89 x 10* (iii) 4.2 %107 (iv) 9x 107 (v) 7.3 x 10
(vi) 6.5x 10" 2. (i) 804 (ii) 300000 (iii) 0.015 (iv) 17700000
(v) 0.0000055 (vi) 0.00004 3. 300,000,000 m/s¢c 4. 4.0075x10"m

6779 km 6. 12756 km

{( Exercise 22 ))

_ : 1
(i) log,,1000=3 (ii) log,256 =8 (iii) l()g3 —=-3 (iv) log,,400=2

1 1

(v) log,ﬁ5=—4— (vi) log,,121=2  (vii) log, p= @@v\?@ﬂ:_

() 5=125 1 (i) 2! @@@@ (iv) §'=5
el
) 2° ““ (vil) 10° = 100000 (viii) 4 = —
' 16
(i) x=0 (i)x= 8 (iv) x=——  (v) x=8 (vi)x=10
' 100

(i) 3 (ii) 1 (iii) -2 (iv) 2 (v) =5 (vi) 5

() 1.6335 (i) 2.7627 (iii) 0.2971 (iv) ~1.0575  (v) —1.3279  (vi)-34510
(i) 3.5019 (i) 1.5019 (iii)—1.4981 . 4. (i) x=1.015 (i) x=15.56

(iii) x = 0.0003681 (iv) x = 0.02675 v) x=2270  (vi) x=0.009585

€ Eexercise 24 ))

e Oy (i) 7 (1) 2 (lv),2 : - (v) 5 (vi) 1

4

: %z h’
(i)log45 (i) log 27 (iij) 6 lo_g‘,b (w) log;xly . (V) log i (vi) In E—?—

4 -(1)logll—log5 (u)—-log 2+3Iggs W@P@v) ﬁllog\+log1-log;]
: WA @X
(v) =In2+Inx @%@ —logzb] 4. () x=5 (i)x=4 (i11)) x=-10
N N_

RN R T e e -._-':,; e T i
o AT ‘%5"& VT A
‘g-f‘ivf:u_vg%_j_'__:,{?-;‘. B

S “u _ 261 %Wﬁ( e




fa—
L]

—
-

St o

12. (@) 5 (b)

(iv)x=5 Mx=22 (vi) x= 5-32— 5. () 2960 (i) 23.62 (i) 1.339

SO

(iv) 14.21 6. M=3

(Qawwmm

() ¢ @G)b (i \'(;I)l) ¢ (vipd (vii)c (ix)d (x)c

() 5.67x10* (i) (ii)) 3.3 x 10% 3. (i)2600  (ii) 0.0008794
(M)W () log,2187=7 (i) log, c=b (iii) log,, 144 =2
() 4*=8 (i) 9°=729 (iii) 4° = 1024

|

@) x=3 (i) e (iii)x=—§ 7. @) log= (i) log2 (i) log,2
Yy

1 3
(1) logx +logy+6logz (ii) E[ Slog, m+3log, n] (iii) -5[ log 2 + log x]

(i) 4.086 (i) 1133 © (iii) 24.01  10. 2035 :
((Cexerases )

()  {x|x=n* neNAl<x<500} (i) f{x|x=2"ne NAl<x<256)

(iii) {x|xe Z A-1000 < x < 1000} (iv) {x|x=6n, neNA1<n<20}

) {xlx-—lOO+2nneWAO<n<150} (vi) {xlx 3. neWw m
(vii) {x|x is a divisor of 100} (vm) @@ n<20}

(ix) {x | xe Z/\-IOO <x 1000} 5} (ii) 2}
(iii) {2, 3,5,7, 11} W 6,32,64,128; (v) {248 16,32,64,128}
(vn){} 1,2, 3,4.5... (viii) { }

yes, { S. {a,b}isaset contammg two elements a and b while {{a, b}} is a
set containing one element {a, b}

@i 1 (u) 3 (1ii) 128 (iv) 256 v) 4 (vi) 9

) {0, {9}, {11}, {9, 11}}

(ll) {0 {+} { } {X} { } {+ } {+ X] {+ _} { ’X} { " } {X -} {-l-,—,x}’{+,—,-:—},{+’x,+.},{—,x,+}’{+,~’x’+}}
(i) {0, {0}}  (iv) {o, {a}, {{b, c}}, {a, (b, c}}}

€ =xzraise sz 7)

28
() A-(6,12,18,24,30), B=(8,16,24) (i) A B~ 24 @i X BN
@ G={1,2,4,8, 16,32, 64, 128), elzs 2
H={1,4,9,16,25,36,49, 64, 81, 100, 121, 144} t e
(i) GUH={1,2,4,8,9,16,25,32, 36,49, 64, 81, 100, 121, 128, 144} | 10 2"

(iii) G H= {1, 4, 16, 64}
() Pn0=1{2,3,57} (i) PUQ=1{1,23,56,7, 10,11, 13 415@@
9 8. 130 . 9. 9 10.-18 11. (a) W« 2.2 ,100} (b) 40

@&M <S3(1») 5 © 27 (@@ @
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1.

(it)

(iii)

(iv)

b

S
-

- X=8 T, ¢=—,d=—

(( EXERCISE 3.3 ) N @©g@

¢\l W)
@ €1,1),@2,2),6,3),43 %@U 1
Domain of (i) = {1, 2, 3, $ (4,
Range of (i) = 4 3l «(33)
2 *(2.2)
1T *@1
£ 0 120y 4 § ®
54
4+ x(14)
3 ) {(1,4),(2,3),3,2), (4, 1)}
24 32) Domain of (ii) = {1, 2, 3, 4}
il !
11 x(4 1) Range of (ii) = {1, 2, 3, 4}
B l 2 3 4 5 x

{1, 1),(1,2),(1,3),(2,1),(2,2),3, 1)} o 5
Domain of (iii) = {1, 2, 3}

Range of (iii) = {1, 2, 3} 5 W@o
. ﬂmm@@@ SRERIE

x {(2,4),(3,3).(3,4),(4,2),(4,3), (4, 4)}
Domain of (iv) = {2, 3. 4}
Range of (iv) = {2, 3, 4}

R
1 -
e

ad

Fig (1) does not represent a function. Fig (2) represents a function, which is a bijective function.
Fig (3) represents a function, which is a bijective function.
Fig (4) represents a function, which is an into function. -

- 2 : % 10 5
@ 2 @) -7 ()4 (@(v)2 (v) 17 (v1); 4. a=2,b=1 S a=?,b=——

4 14
3
{(revew EXERCISE 3 )

i b (i) c (m) a (ivyd (v)d (w) b (vii @ 5@@@

. (1) {2,4,6,8,10,.. (ii) {3, 5, 7, @Qﬁs 5,66,77, 88,99, 110}
(ivie (v) o (v1) %) % (1) L3519
(i) {6,7, 8,9, 10} @ 13,6, 8, 10} (iv) {6,8,10} (v) ©

(vi) {1,2,3,4 (vii) [l 3,5,7,9} (vii) o




14. 4={1,2.3, .. - ., 55}, C=176,77,78, ..., 100}
.30, 31,32 55, 76,77, ....100}
(b) _m m 30 (d) 90 16. (a) 160 (b) 160 (c) 140 (d) 50

((exeraise41)

L. (1) 6(x+2) (11) 5v(3y + 4) (iii) —3x(4x + 1) (iv) dab(a + 2bh) (V)x(y — 3x + 2)
(vi) 3ab(a — 3b + 5) 2. (i) 5(x+3) (i) (x+1)(x+3) (1) (x+2)(x+4) (iv) (x+2)
3. () +Hx-3) (i) (x + 5)(x +2) (i1i) (x = 4)(x — 2) (1v) (x = 8)(x + 7)
(V) (x— 12)(x + 2) (Vi) (v + 6)(y — 2) (Vi)(y + 9y +4)  (viii) (x — 2)x + 1)
4. () 2x+ I)x+ 3) (i) 2x+ S)x+3) (i) (4x + D(x +3) (iv) 3x + 2)(x + 1)
(v) Bv-2)y—3) (Vi) 2y = 1)y — 2) (vii) (4z - 3)(z - 2) (viii) (3x + 2)(3 — x)

((exercise42)

L () (2¢- 6xy + 97 W2 + 6y + 9°) (i) (@°— dab + 8b~)(a*+4ab + 847) .
(1i1) (x°— 2y +4)(x° + 2x + 4) (v) (x°— 4x + I+ 4x @@
(V) (= 6xy + 337) (2 + 6xy + 317) (vi) o= 2xy O@

2. () (24 S5x+ 5)° W 13)
X+ 6)(3x* + 5x + 2)

(1ii) (222 + 7x +4)° @ y
(V) (27 +4x + 6)(a2 + H (2 — Sx +2)(x* +5x + 2)

3 (1) (714 1)} (lll}(l + 6y)° (iv) (2x - 5v)°

4. = Su + (11) (4x + S)16x°— 20x + 25) (1) (x* — 3)(x?+ 32 + 9)
(1\)( a + 1 )(100a° — IOa 1) (V) (Tx+6)(49x° - 42y + 36)  (vi)(3 - 8YN9 + 24y + 64y%)

§ Exeraise 4 3 )

1. (ilHCF=7,x}= (1i)) HCF = -2x — 3y (111_) HCF =2+ x + I (iv) HCF = a(a + 3)
(VHCF=¢+1 (vijHCF=x+8 2. (()HCF=3x-2 (i) HCF = x" —4x+ 3
(iti) HCF = 2(x" + 1) (iv) HCF = x{x—2) "3, (1) LCM = 124787 (1)) LCM = r:r x+1)

(1) LCM = a(a - 2)° (iv) LCM =x( x* - 16) VMLCM =44 -x)x +3) 4. - 12v + 35

S. g =% - &) 6. 12x(x - a)x+a)

€ exercise 4 4))
L () +Gx-9 (ii)) +(3x+2) (1) +(6a+7) - - (iv) + (8y-2)

(v) +V2(10¢-3) (vi) + VI0(2x + 3)
2. (i) +@F-7x-3) (ii)i(ll.\fz—-9x—l2) (1i1) + (¥ - S.ty+;,—’
3. x=2o0r x=4 4. x=5 5. x= Orﬂm

QWW@E@M

L (i) a (i)b (iii) (

(V')F (vii)c (vi;;)a (ix)c (x)a

264




Answers

-
2. (i) 2x(2%*49x-6) (ii) (x+4y)(x*—4xy+16)°) (i) (xy — 2)(xy*+2xp+
(iv) —(x+3)(x+20) (v) (2x+1)(x+3) (vi)(f+4\+8)(x:4.'a 2x+3)(x7-2x+3)

(viii) x(x+9)(x*+9x+38)

X) (x5
3. ()LCM= sz(x+2)(x+3) HCF 1
(1ii)) LCM = (x — 4)( %

4. +(4x+1)8.3 years

‘ 3)(x +4), l-l('F—\—l
=x(x+ 2)(x’ -9), HCF =x -3

{(exercisesT)

L () x=3e¢—t—tet—t—t—t—r—s (i) x= Sdg—pt—t—t—t—t— P

L. s v | Attt
(1) I=—;‘: g B w it S P> (V) P s e T i SR A
(V) = 4 < 14 i X - i ay (\'I =6 B3 A | I } Il ‘2 LS
x=-14€ 1s 1o s 0 5 n* Jo ‘__; (', .i_"j ;'] 5 :1 - .'l'{_’

3 « & S ra -

2. (i) x<4A—————+—+—++> ) <7
8 6-4-2 0 2 4 6 B 6 -4-2 o 2 4 6 8
- >




(v) AV ] (vi)
¥
Py I I 2\
= :’Jf‘\ ﬁa( )ydu
T \ N [l[Ca \p -4+
- i = q * m@@wi
\
) .
oW 4 2
NN
] By o WK Zi
2 (i) : (i) A
04 -
; G - N
X 0 ”0% X > o706 19
- i a o)
— : = J= N2 '\T‘\\\.
TRuAZaRGHEL
GO
y OR ' KXX 4
(iii) N (iv) AN EEE
QNN Y ==
Y
? bor
(0,
i’
o 770
ol 71c[o) |
2L :
0]=3)
y!
) & "
(vi) |
\v?\”g\;
0 =\
2 il
= - 0,-1
INTD '
N b N § 0 e
J "




z e ; b= = - =5 ESS e TR e B
T g . E B e 3 e ¢ e T A e e it . b

1. Maximum at the corner point (16, 12) - @ @@m
2. Maximum at the corner point (0, 5) @m &
3. Maximum at the corn
4. Minimum at the com:%
5 Maxlmmn , 6)
6. Maxim corner point (9, 0) and minimum at the corner point (0, 3)
@ REVIEW EXERCISE 5 ) |
1.()c (i)c (i)c (ivid - (vVb  (vi)b (vi)b (vii)c (ix)b (x)b
: 1 ¥ | S8
33 B S, e o 1y e T N ) e 1o £ 1 2 gt
2 A 2 1
i)x<3 €3 1+ 1> (xSl T T
_ 2 y
3 (@) (ii) A
&l At
( & : 0 :
s *la. i —%x f \@J © 1
AN TR E@“ L %
% BATLVATRAIY A
RPN
Q |
\\‘r\vf' 1\ ¥
Y |
v 4.3
4. Maximum at the corner point (0, 4). 5. Minimum at the corner point [—;—, -12—]

{(=xzroisEs )

1. () 1%425° @) 2,-225° (i) 4",320° (W) 3d _150°  (v) 3%9,210°
@) 123737 e (i) 58°47'20.76" (iii) 90° 34" 4.08"
3. (i) 65.5375° (i) 423125°  (iii) 78.76°

. n R ST 3n . o 5% o Gl
4. (1) -S-rad (i1) E (ii1) —8— rad TR s (i) 396 (iii) 210

6. (i) (a) 6.28cm (b) 18.84cm?  (ii) (a)4cm (b) 3.06 cm?
7. 754 cm?, 16.67% 8. 6.25% 9. 12cm,5cm

ww ster )\ o™
(@ @) 4 (11) =

R 4
L )'" (VH) " (Vm) (1x) = {x) s
(b) () () () () ()15( )17 () ()8
e ) = av) — )" Vi 11 A Vlll T 3, e ) 4 e

Sk B 8 5 17

267—
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5 12 5 13
(c) (ll — {11) —~ (ml - (:V) A (v) ol (vn) - @@ ) s (x) -
G e (i) — ( m“

(1) cos 60° (u) si ® (iv) cot 30° (v) cos 30° (vn) sin 30° (vn) cos 45°

(viii) cot (1 ) sin 45° 8,168 "E (u) - (m) s (w) (v) =

(vi) — (i)~ (R o S
b b C £ a

_ 5 2 3 3 Js
(i) cosf=—  tan@=— cosec=— sech=— coth=—
3 J5 2 Js 2
7 7 4 4 3
(11) sin9=———,tan9=—{—,cosecﬂ———— secO=— cotQ=
4 3 N1 3 7

(iii) sin 0 = —l—,cosB~ g
Vs V5 13
(iv) sin B = -2—-2—.c® iy %@mecﬁ— .coth= ——
o 242 JE
(v) @@W?e z,tan9=J§,cosecB=\/:,sece=\/§

((exerciseca))

1

G = (ii) —’E (iii) -‘—/_— )3 2 (v1)-— (vii)ﬁ_ (viii) —
2 2 3 3

(ix) —32' (x) 2 (x1) g (xii)'z—

I

(1) —2— (ii) ? (1ii) 2\/5 (iv) 1 (v) 0 (vi) % (vii) —é_:i (viii) 2

G) 0 g g @@m
N3 Z\d
EEITT) | :
(l)x—J_cm z——-—-cm(@ =V6cm (iii)x=lcm, y= \/_cm(lv)x =4cm, z= 4\/_cm
(i) b_4c A mZC=6436° (i) b= a42em, mod=mC= 45° 3. 602 m

(1) a=3cm,b=6cm, me4=30° (i1) b=8\/5 cm, ¢ = 8 cm, m<2A = 45°




i Answers
(iii) b=6/5 cm, mLA=63.4°, m/C=26.6° (iv) b=8cm,a=4~/3cm, msC=30°

8
(v) a= \—/—%cm = ﬁcm. mz C = 60° (vi) c=8cm, msA4=369° m-C 1@"

5. 12m, 1.18 rad 6. 5v/5cm W@g@@.:\cm

‘.‘:\ A
A ‘ R ..jh"
Y17 <
1. 6928m 2. 289cm ‘ 11.55m 5.866m  6.49.98°  7.33.69°
8. 874m 9. Z’m 10. 9192 m
{(ReViEW EXERCISE 6)))
1. (i) d (i)a (@)a (@G)b (v)c (vib (vii)d (vii)a (x)d (x) a
i T 101n Y L ) &
2. (@ @) ~——uad Gy ——t . (h) ——r1ad (b) (i) 127°30° (ii) 105° (iii) 123°45°
12 240 24
2
4. sin9=—-3— . e0sl = —2— g c:sc:9=ﬂ Jesec = L ; cot9=£
11 11 3 2 3

5. 5642m 6. 9.06m

{(exercise ﬂ% @o@@ﬁ@

1. (i) Right half plane (i1) s‘ 3@ iv) x-axis (v) 4" quadrant
and negative y-axis  (vi) (ﬁ i) Tt is a line bisecting 1* and 3" quadrant.
Il

(vii) The set of powﬁ ght side of the line x = 3.
(ix) The set of pointslying above x-axis. (x) The set of points in 2™ and 4" quadrants.

2 ) W3 Gy 45 i) VS3 Gy V13 3. () @ 52 () 2429
2109 13 7
— @) @ (—,?) ®) 3,1) (© (-26,5] 4. (i)(\/176,7)isatdistance

2
of 15 units from the origin. (i) (10, —10) is not a distance of 15 units from the origin.
(iii) (1, 15) is not a distance from the origin. 6. h=0

(c)

7. h=1 8. C(0,-3);radius = \}26 9. h=-10orh=6
(( Exercise 7.2 ))
1. (i)m=l,a=45° (ii)m=—9,a=96°20' (iii)m=oo,a=90° 3. () k<11

(i) k= 2—23- 5. (a) lines are neithﬂ@@W@P@(@
e “ 5 (a) y+9=0 (b)x+5=0
\(\lp R 58=0 () x-Ty-16=0
(8 Sxty+7= R[4 (i) 4x+y+36=0
7. 4x+2y-37=0 . 2x-3y-10= 9. 24x+y-259=0

1 11 1
10. @) () p=—x+— (i) ——+>==1 (i) xc0s (116.57°) + ysin (116.57°) = —
3 e -11 11 25




m

~4" 2
) @ ys iy i)
oA

65
8 é; k.
© @) y= ——x— = ii) %@@Jco 8.07°) + ysin (298. 07°) =
TR %@ 17
11. (a) PmW@%endxcular (¢) neither parallel nor perpendicular.
12. 2% Tp+ 13. x+y+3=0 |

(( Exercise 7.3 ))

=1 (iii) x cos (60. 26°) o y

~|—~I><
IMI&:

1. \/8—5=9.22km 2. (10,5) 3. J6l~ 781 m 4. /89~ 943km
- G1D) 6 (57 1. 429=215mits 8 26units o, 105 = 22.4 units

10. Perimeter = 20 units 11. 16 units

{(review EXERCISE 7))

L D) ¢ (i) a ()b (ivya (v) b (vi)a (vii)b (viii)a (ix)e (x)d

1 4 2 :
sJ2 3. (-1,—) $ = 5. y=2c4] & = \/_.. 9.85 units

2 ; iz w@b@@—xﬂ)

3
8. (6,5 9. >3~ Mduits 10 @
~= (f) xcos(-71.56") + y sin(-71.56°)=
0 410 71-;

(_EXERCISE 8 ))

L ®a @4 Gide Ma Wb (vi)a (vii) ¢ (vii) b (i) c  (x) b

((exercisesn)

L. Similar 3. mDF=10cm, mEF =8cm 4. (Dx=3cm (i) x=2.25cm (iii) x=2.19 cm

- : 18v2.
S. 10em 6. 71lm 7. x=10= cm,y 8cem, z=13— cm BmCE—ISCm 9.

.
(LXERCISE 97)
L @) 19 (i) 9:16 (i) 4:49 (V) 64:81 (v) 36:25 2. (i) 86.4 cm?
(i) 106. 67cm? (111) 7.03125 cm? (iv) 150 cm? (v) 126cm 3. (a) 100 cm?
(b) 64cm® 4. 5§cm ~5.1024 cm? s 1 DScor 289 cm?

(LXERCI&E 9,4 @@ﬁ@

1. -2—2 2 -2— 3. (1) - (ii) ol 4 (i 440“13 (iv) 8cm 8, (1)42.67m?
(11) 810 cm3 G)
W&NM (@XERCISM 1) |

L (i) 1440° (i) 120° (iii) 72° (iv) 9 sides 2.4242cm’ 3. mMC = 110°

_zm—

s




IRk S el S i =

m£BCD =170°, m£CDA=110° 4. The shape can tessellate, with interior angles summing to 360"’.
5. 600 reflections needed to cover the square. 6. 1623.8 cm’ ,190 cm 7. 180 tiles

8. 35 gallons 9. 6 litres 10. 4.5’ @©m

{(rReview exeret plo= ]
. & a @b @) boE ( \B@&W‘“ﬁi) e lanta. o b | )8
3. S1RT - A e © 1:10 (@1:1 5. 1.69litres, 4 litres
6. 125 millilitr 7. (a) 1:50(b) 1:125000 (c) 3cm  (d)7500 e’
8. (a)12:13 1728:2197 10. 6.69 m’

{(Exercise 01 )

1. () RIS e = (ii)




Graph of y=5~




(VI) o i b= - . S

o o ',

|
|
|
|
| s
O S
|
|

1AL ISP
ISz aNE 2 ()
NI
BRE
Tl 6 L
RS :

W T e
_|> .._{_ ' _ =1 =2 . i
!_ fan kot
b1
| | 1] _ :
__Ii Lol o | :
| s ' !
SRR
! NN ¥
4 -3 2 -\f “0| 2

Gradient=4

[

—
o QD

C . -‘ -l I S| o
RO »

\ Lo

f"‘-_ o
> N

| e L ]
20%16 2417 20'18 2019 2$08




(b) From the graph, students’ strength in 2019 is
approximately 50, and in 2023 approximately 1.
- 2 - S(x) = 45000 + 4500x 6.

B

oy T

¥

Shahid’s ;alary increases linearly with yem‘s of
service and rises by Rs. 4500 for eve:y year

7- I‘.y
A S A B
20 |
"0 2 4 30

MWSLRS 4930 Costofzooshms Rs. 11500
(review EXERCISE 10))

I. (i) d (i)c (i) ¢ (iv) a (v) a (Vl_)b (Vu)a (vili)d (ix)b (x)b

2. () (ii)




QT T B S SR v | X
BN
(b) For t =5, S = 44239.84 and for t = 35,
S=165245.2

= | e Y |

- =

..._i_l R WA RANEE
[ 2520-15-10-5 0} 5 10 15 20 25

[ e e 75 e .




(( REVIEW EXERCISE 1
L. @b G)a Gi)e (Ma (v ,W\HN‘W

= oy
(x) ¢ (x) C.

L ()53 (11) 39 -] ')\éandls V)5 (vi) (24-28) (vi) 44 (viii) 44
' IIII 4
147 - 149 M F 3
150152~ | Ml I "
153155 - | i~ * .
156158 | ||| 4
159161 | ||| 4
162-164 || 1
165-167 ||| 2
Total f=30| 8§,
|| {On x-axis: 2 boxes=S usits |
4. {=d i_Ony—mslhox —Su:uts
6. : 2
0 : :
1 THI L1
2 W | 4
3 THLHTI\IIII 14 ({8
T : i
8. s L e e +—r Clmlloundanu T
FEIETINES = e uy
e g s | (( EXERCISE 12.2 ))
i L T B S s o e et
%;_ L L 01667 )T~ @3{“. = 14.04
! T Gy an height = 56.5 inches
%‘F _?é) &) (ii) X =90 Giii) £=90and 95
T () 5= 84 TfX=2223, X=26.46
1§ > (i) Median = 26.64; c.f.=9,27,62,79, 84

5. Mode=17.44

P55 26 R
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6. X =Rs.437, X = Rs437X Rs425Rs435Rs450 b Ix= 3600

8. Mean = 4.20, Median = 4, No mode 9, Mode
10. Median = 15, Mode = 15, Mean =15.2 16 ?‘X

11. Median = 16.11, Mode = 17.23
12. 266 years,11 months and 1

13. (1) X=190
14. X(m,—'IO ,

\oe aoe of 19 boys = 13 years, 3 months and 4 dayq approx.
(iii) X =40 (iv) X=123 '
= 58.6. X o = 40, Haris will get awarded amount.

{ Maham )
15. () X=21.17 16, X=54.13 17. X.=Rs120.74 18. X.=Rs20.25 (in thousands
19. Average budget = 6.6 (million) 20. X.=76.9 marks |

{(reViEw EXERCISE 12))

L. @b @)a @d Ga ()d ()ec (vi)c (vii)d ()b (x)a

3. (a) (b)
: 11 &;’.’lﬁ f:&":"'z?;".;‘
129 - 138
139148 | ML I I 13
149 - 158 | ML M| 9
159 - 168 ”‘LL (] ﬂ =
169 — 178
Total _
C -
( ) ! ,'Iz’ = i i, G S : - ;
7 T RS On x-axis: 2 boxes=10 units
- b —{On yoani. Tbox = 2unie]]
----gl‘ I NS RS Ry A [T, IIN S L
14
il T
Ha-+-6 =1
L Ly
o !
+ ; e ___ ﬁFldn"ﬂ s l _i et

5. () 44 (i) 19.5,245,29.5,345,39.5, 445 (iii) 22,27, 32,37, 42, 47 (@) 5

7. Rs.473.81

.. = | _. ES On m =
| - w u ' tia 10. 108 kg '
: __ = ._ \ | %“ . 6, Mode = 6

| | On x-axis. S units

12. Mean = 918.09. Median = 940.46,
Mode = 958.33

Pl s
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150
8 0 st
. () 37% (i) 20% (iii) fresh juice (lv) blryam 5 138.89-": 139 6. Rs. 60
7. X o 1 2 3 4 5 6 |
% 0.11 0.21 0.17 0.18 0.09 0.17 0.07 8.
{Review EXERCISE 13))) ;
L. ()¢ () & (iii) ¢ (ivva () a (w) ¢ (vi)) b (viii) ¢ (@ 3. (i) g
10 18 os D8
(ii) -2—- (m) — (w) e i) 4. (1) — /@\E\Y\W 5. (1) = {(id) -7
6. No. of =1 \2\/ ( ] Total
R B e
] w 7 2 19 41
o —_— —_— —_— —_— —_—
: R 20 40 15 150 200 75
g ! Re[atlve ﬁ'equency = l-; =0.68

Expected frequency of non-defective items = 17

‘m‘_
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Antilogarithm: An antilogarithm is the inverse operation of a logarithm.

Axiom: An axiom is a mathematical statement that we believe to be true without any evidence or
requiring any proof.

Biconditional p < g: The statementp — g A ¢ =P is shortly written as p <> ¢ and is called the
biconditional or equivalence.

Binary Relation: Any subset of 4 x B is called a binary relation, or simply a relation, from 4 to B..

Centroid: The point of concurrency of the medians of a triangle is called centroid of the triangle.

Characteristic: The characteristic is the integral part of the logarithm. It tells us how big or small the

Common Logarith .\ -
or simply as lo n :

number is.
Circular Measure (Radian): It is defined as, “the angle subtended at the ce f a circle by an arc
whose length is equal to the radius of the circle”. §©
Circumcenter: The point of concurrency o be @W se-of the sides of a triangle is called
circumcenter. \‘ \@

. \ lopakithe

Con tedowith a given conditional: Let p and ¢ be the statements and p —> g be a given
conditional, then

(1) g — p is called the converse of p — ¢;

(11) ~p — ~q is called the inverse of p — ¢;

(iii) ~g —~ p is called the contrapesitive of p — ¢.

Conjecture: A conjecture is a mathematical statement or hypothesis that is believed to be true based on
observations but has not yet been proved.

Conjunction: The conjunction of two statements p and g is symbolically written as pA g (p and g).

A conjunction is considered to be true only if both statements are true.

Deductive Proof: Deductive reasoning is a way of drawing conclusions from premises believed to be
true. If the premises are true, then the conclusion must also be true.

th

Degree: A degree (°) is a unit of measurement of angles. It L@@ full rotation around
‘ O@@@W

a point.

Disjunction: The di@@ms ymbolically written as pv g (p or g). The disjunction

pv W o when at least one of the statements is true. It is false when both of them

are

—p ] 47
=
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Glossary

: 1@@@:1 its domain,
Event: The set of results of an experimele-{)is callee i &0
Expected Frequency: Expected ﬁi}@ &-‘ that"estimate how often an event should be

Domain: The set of the first clements of the ordered pairs fo

occurred depended on
Experiment: The proc enerates results e.g., tossing a coin, rolling a dice, etc. is called an
experi o

Favourable Outcome: An outcome which represents how many times we expect the things to be
happened. '

Feasible region: A region which is restricted to the first quadrant is referred to as a feasible region for
the set of given constraints.

Feasible solution: Each point of the feasible region is called a feasible solution of the system of linear
inequalities (or for the set of a given constraints).

Frequency Polygon: A frequency polygon is a closed geometrical figure used to display a frequency
distribution graphically.

Implication or conditional: A compound statement of the form if p then g also written as p implies g is
called a conditional or an implication. p is called the antecedent or hypothesis and q is called the

consequent or the conclusion. m

Incentre: The point of concurrency of the angle bisecto 1 @ﬁ@uceﬂm of the triangle.
Linear Equation: An equation of th :

variable, is called a line:e,

d ‘b’ are constants, a # 0 and ‘x’ is a

Linear Functions: A li
Loci: A loc
define t

s a polynomial function of degree 1.

€i)1s a set of points that follow a given rule. In geometry, loci are often used to
1tons of points relative to one another or to other geometric figures.

Logarithm of a Real Number: The logarithm of x to the base b is ¥, means that when b is raised to
the power y, it equals x. The relationship between logarithmic form and exponential form is given as
log,(x) =y & b = x where b > O0,x>0and b #1..

Logic: Logic is a systematic method of reasoning that enables one to interpret the meanings of
Stalements, examine their truth, and deduce new information from existing,

Mantissa: The mantissa is the decimal part of the logarithm. It represents the "fractional" component
and is always positive.

Measures of Location (Central Tendency): The measure that gives the centre of the data is called
measure of central tendency. _

Natural Logarithm: The natural logarithm is the logarithm with base e, wh mathematical
constant approximately equal to 2.71828. @@

Negation: Ifp is any Statement, its negation @@@%@Wo@?ﬁﬂows from this definition

that if p is true, ~p is false, and if pis fi { @

Non-negative constrain m in the system of linear inequalities relating to the
ife mw and are called non-negative constraints.

B 250 @
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; @y \isals rs thh repeating a pattern
u (o md recurring decimal numbers.

Optimal solution: iblé solution whlch maximizes or minimizes the objective function is cal]ed
the optimal .

Orthocentre! The point of concurrency of the altitudes of the triangle is called orthocentre of the
triangle. :

Outcomes: The results of an experiment are called outcomes e.g., the possible outcomes of tossing a
coin are head or tail.

Point of concurrency: A point of concurrency is the single point where three or more lines, rays or line
segments intersect or meet in a geometric figure.
Problem constraints: The system of linear inequalities involved in the problem concerned is called

problem constraints.

Range: The set of the second elements of the ordered pairs forming a relation is called its range

Relative Frequency: Relative frequency is an estimated probability of an event occurring when an
experiment is repeated a fixed number of times.

Sample Space: The set of all possible outcomes of an experiment js
Scientific Notation: A number in scientific @atl on ' erel <a< 10 andn € Z.

Here “a” is called the coefficient or b
Similar Solids: Two sohds@ if they have same shape but possibly different sizes.

Two solids are si corresponding sides are proportional.
Similarity imilar figures have same shape but not necessarily of same size.

Slope or Gradient of a Line: The measure of steepness (ratio of rise to the run) is termed as slope or
gradient of the inclined path.

Square Root of an Algebraic Expression: The square root of an algebraic expression refers to a value
that, when multiplied by itself, gives the original expression.

Statement: A sentence or mathematical expression which may be true or false but not both is called a
statement.

Terminating Decimal Numbers: A decimal number with a finite number of digits after the decimal
point is called a terminating decimal number.

Tessellation: A tessellation is a pattern of shapes that fit together perfectly, without any gaps or overlaps,
covering a plane.

Theorem: A theorem is a mathematical statement that has been proved true based on previously known
facts.

Triangle Inequality Theorem: The sum of

than the measure of the third s % m
AL
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Symbols / Notations

‘ ==
. - : :
# W’N_ \ is not equal to n pi
[ belongs to/element of e culer constant
3 not belongs to/not element of € degree celsius
A logical and °F degree fahrenheit
% logical or log logarithm
U union In natural logarithm
N intersection AB line segment 4B
S is greater than # AR measure of line segment 4B
is less than AB ray AB
< is less than or equal to Q—éﬂ AN (ﬁh@\m};AB
> is greater than or ecltjxal te ' m N / (S 5 angle ABC
* is n(g\t\.g(rcigtg;fl{\r\fz K\ ) QD’%\?A"E}&‘J measure of angle ABC
¢ is bt lesk\than - — AABC triangle ABC
| .o HNNNNJ Ostich that ’E’ length of 4B
G oF Pt subset AB arc AB
z not a subset It is parallel to
c proper subset k is not parallel to
) superset & is perpendicular to
? not a superset — if . . . then or implies
or { } empty set 0 theta
therefore/so ¢ phi
since a alpha
= is approximately cqual to ° (Eg{ce
% is similar to ped, B\ (ﬁ(@ﬁ}é&ark
= implies that o A \« ’\ £\ \:J [ (S0 arithmetic mean
P if and only if. | \/?\\\ D WESY ™ H weighted mean
|x| a?slgl\i:fé\%%l%w\)w 3 median
J— IN Squrdre root b% mode
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-4 Y\m&&%ﬁw =
g LSS

.S

W N ;l \Uz\-" > '3 a & : 3 s . Mean Difference
RN i 10 0T v i e e el
70 | 0000 0043 0086 0128 0170 3 9 13 17 21 26 30 34 38
0212 0253 0294 0334 0374 | 4 8 12 16 20 24 28 32 37
11 | 0414 0453 0492 0531 0569 T 8 12 1B 18 28 22 335
. 0607 ©Osas 0682 o719 orss|a 7 11 15 19 22 26 30 33
12 | 0792 0828 0864 0899 0934 0969 3 7 11 14 18 21 25 28 32
1004 1038 1072 106]| 3 7 10 14 17 20 24 27 31
13 | 1139 1173 1206 1239 1271 3 7 10 13 16 20 23 26 30
1303 1335 1367 1399 1430 3 7 10 12 16 19 22 25 2
14 | 1461 1492 1523 1553 =% .9 12 .48 ;0. M, W
e, WS 7, e v 3 (A A s J . e, | PN
15 | 1761 1790 1818 1847 1875 1903 3 6 9 11 14 17 20 23 26
1931 1959 1987 2014 | 3 5 8 11 14 16 19 22 2
16 | 2041 2068 2095 2122 2148 3 & 8 AT mo1e 8 2T
9175 - 2201 2237 2253 )3 s 8 10 13 15 18 21 23
17 | 2308 2330 2355 2380 2405 2430 2 5, & 40 13 45 A8 0 2
2455 3480° 2504 2529 )2 -5 7 10 12 15 17 19 22
18 | 2553 2577 2601 2625 2648 s 1 9 14 16 19 21
2672 2095 2718 2742 2765 2 5 7 8 321
19 | 2788 2810 2833 2856 2878 2 \ig\l% 18 20
1567 _pooe 128 @@ v 1
20 | 3000 3032 3054 8139 /ﬁs\gﬂafm\\ an\[\e' | Lo Ps 1 15 17 19
N | 3222 3203 3263 3304 3 \5/3\)&’ i]a 6 & 10 12 1 16 18
22 | 3424 3444 34 &i\ 2. 4 6 8 10 12 14 15 W
23 | 3617 3636 3655 3747 4| 2 4 6 7 9 1 13 15 17
24 | 3802 3¥IQ\[ 3BBS 4997 3945 3962 |2 4 .5 7 9. .11 13 M.6
25| RUPON 39097 4014 4031 4048 4065 4082 4099 4116 4133 ) 2 3,5 7. 9 10 12 3415
6 V120 4166 4183 4200 4216 4232 4249 4265 4281 428 |2 3 5 7 B 10 11 13 1S
27 | 4314 4330 4306 4362 4378 4393 4409 4425 4440 456 | 2 3 5 6 B 9 11 13 14
a8 | 4472 aas7 4so2 asis 4533 4548 4564 4579 4594 4c09 ) 2 3 5 6 8 CY U 7
20 | a624 4639 4654 4669 4683 4698 4713 4728 4742 4757 |1 3 4 6 7 9 10 12 13
30 | 3771 4786 4800 4814 4829 4843 4857 4871 4886 4%00) 1 3 4 6 7 9 10 11 13
3 Ag1a 4928 4942 4955 4968 4983 4997 5011 5024 5038 1 3 4 6 Fi g 30 11 =12
a3 | sos1 soes s079 sos2 5105 5119 5132 5145 s189 s2) 1 3 4 S J B o8 A 1R
a3 | sigs si98 s211 s224 s237 S50 sS263 5276 5289 s )1 3 4 5 O g 9 10 12
30 | 5315 538 sa0 5353 5366 5378 5391 5403 sa16 se8 )1 3 4 B B @ S9% 90/
35 | Sia1 5453 5465 5478 5490 5502 5514 5527 5539 sss1) 1 2 4 S O 7 8- 1083
% | 5563 5575 5587 5599 5611 5623 5635 5647 5658 5670 | 1 2 4 5 6 7 8, 1oL
a7 | ss2 sess s70s snm7 sre sm0 5752 5763 5775 S:86 | 1 2 33 Gend 0 8 80
as | s708 se0s 5821 se32 ss43 s8ss 5866 5877 5888 5899 | 1 2 3 5 6:7 . 2pe § sl
a9 | se11 5922 5933 s944 5955 5966 5977 5988 5999 6010} 1 2 3 4 Sonl [y 9 oD
% | c0z1 G031 ooaz 6053 6064 6075 6085 6036 6107 61171 2 3 4 ° & B 8 it
a1 | o122 6138 613 6160 6170 6180 6191 6200 6212 62211 2 3 4 5 6, Ll &.359
a2 | 6232 6243 6253 6263 6274 6284 €294 6304 6314 65| 1 2 3 4 m 8 9
a3 | 6335 6345 6355 6365 6375 6385 6395 6405 3 @@ 8 9
aa | 6435 6444 6454 6464 6474 j’\qa-\ @?ﬁﬁ\ﬂ(@ il e 878
45 | 6532 6542 6551 6561 6571 '\é@&p—;y (G'qgﬁ ﬂisﬁ \Geo0\ \esb[Jf 2 3 4 5 6 7 8 9
46 | 6628 6637 o2 61211 2 3 4 5 6 7 1 8
47 | 721 6730 6 767 e i e 6008 ks 2093 @ Soqub 0 s Foad
48 8 s Gas7 . GB65 (6875 -easa ema 1. 2 .3 4 4 5 & 7 o8
€946 955 o964 eom2 691 |1 2 3 4 4 5 6 7 8
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0 1 2 3

1 AR

3 4 WG
50 | & 7007 (’dgsrﬁn{\}ps's' A\ 350} Fos9 7067 | 1 2 3 3 4 5 5
51 | 7076 7084 708 N8 %E Nk s amlT 2 3 S
AR 0 a8 we mm|r 2z s il b
715 n T 700 a8 Wely 22 a4 5 6 6
3% 7364 W72 7380 7388 736 |1 2 2 3 4 5 § 6
DA Do Wb Jil0 Ty WGE 4 7461 A Mes dre PR 1 o2 o @
ST M o IR T T T O T T T
ST.f S8 USEE, Tk, 5B 7509 7SO a4 e 76 mm |1 oz 2 3 4. 5 5 &
SSol TN G SRS WS TeS M T T el e e
B L T e R O B Mo i M Rt s NG e R T N
DLT0 DO S N8 w6 mis ves v s mMs] 1 1oz s 6
il T B TR TR R R R e v s
S20] M Bl s w5 2 e o0 R 0 Tl t o4 2 03 3 & 5k
S9.| 7% (B0 W07 douk woal G0z SIS s we WS E 0205 34 s 5
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71 | 8513 8519 8525 8531 8537 8543 8549
72 | 8573 8579 8585 8591 8597 860 8609
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838 \'eab1— 8837 8842 8848 ses4  mase

8887 8893 8899 8904 8910 8015
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8998 9004 9009 9015 9020 9025

9053 9058 9063 9063 9074 9079
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