Linear Equatlons -
and Inequal liles’“ |
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Students’ Learm"v \f)utumes
At the end of t Vl{% q‘mﬂjth\e students will be able to:

» Solve hhedl equations and inequalities with rational coefficients and represent the solution set

on a real line.
Solve two lincar incqualitics with two unknowns simultancously.
Interpret and identify regions in plane bounded by two linear inequalities in two unknowns.

Vv V V

Find maximum and minimum values of a function using points in the feasible solution.

INTRODUCTION

Linear equations and inequalities are widely used in various fields to model and solve
real-world problems. They help in understanding relationships between variables and
making decisions. In this unit, our main goal will be to optimize (maxunum or

minimum) a quantity under consideration subject to cel‘tam eonst:,mnt ;‘es‘ulctlons
—\ = \\ | | ',"'(_-\, -.-'\ \__/
- \' R

5.1 Linear Equation - © - ‘ L N

\ SRV ER

An equation of the formfax H“@;_ T U whéﬁe ﬂ and ‘b
are constants, a # JQ\J “k\ is'a varlable is called a

Remember!

ax+b=0and a £ 0 is also
called the general form of
linear equam}d |\<1\cme vanable In linear equation, the | linear equation in one variable.

highest power of the variable is always 1.

5.1.1 Solving a Linear Equation in One Variable

Solving a linear equation in one variable means finding the value of the variable that
makes the equation true. To solve the equation, the goal is to isolate the variable on one
side of the equation and determine its value.

Steps to Solve a Linear Equation in One Variable

Simplify Both Sides (if necessary)
e Combine like terms on each side of the equatmn f;_.?_ (@ (—)V \’\\

o Simplify expressions, mcluchﬂg l;hqtgl\l‘ﬁm{g\‘ a@:ﬁ \m\]npllcatlon over
parentheses. o~ /’?H ( -

Isolate the Variable Ter‘n\\\ \“A\ NS
. Mo&mﬂd}ét‘lﬂ\e Containing the variable to one side of the equation and all
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}@\%Sy adding or

constant terms numbers to the other 51de

(Fa() ¢
subtracting terms from both- 1dé§@§‘?§m E@] C) )

Solve for the Variable Q\’\ o \
e Once the var t ated solve for the variable by dividing or
mu{t\}P[@\M sides of the equation by the co-efficient of the variable.

I

Check Your Solution
« Substitute the solution into the original equation to ensure that solution is
correct.

Example 1: Solve the following equations and represent their solutions on real line:

i) 3x-5=7 (ii) T

Solution (i) 3x-5=17

3x-5+5=7+5
3x=12 A linear equation in one
3_x - E B A~ .Wl@hﬁ'@l\[}'\me solution.
i 3 i C ll. \\ | -\/‘\"\‘. r"'. \'\‘ r \——/ =
\ \._‘ 8 ‘.ﬁ \\ I|' |

Check: Substitute x = m‘; \the. i‘i‘ginzﬂ equation
WA =5 =7

So, x =4 is a solution because it makes the original equation true.
Representation of the solution on a number line:

v

- 1
~ T

: : ; : - ; ; & ;
-4 -3 2 -1 0 I 2 3 4 5

Fig. 5.1

x—2 x—4

—_—— 2
3 2

2(x—2)-5(x—4) We check the solution after solving lmear

= =2 equation to ensure the ac:{ra?xoféeﬁ
2x—4-5x+20 W/\ \‘J o

=2 _|\/70) \
o of gﬂ \\\S\rgg\)@X

=3x+16 \\
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I

3T;l6x10 2x10 Kﬂ({}§“§§:ﬁidj £

—3x+1
\ﬁf&hﬁﬁﬂé O'M
W

—-3x=4
4
o
3

; 4. € & ;
Check: Substitute x =— 3 into the original equation

4 4

—2p g
§ .3
5 2
—4-6 —4-1
= S 3 -9

oM

5 2

f?’\
L o0, 3\’\{@/\
15 Qd\})éb
o

=5
:> —2+8=2
3
= é:2
3
=3 Z=2

4. : . :
5o, w= =g is the solution of given equation.

Representation of the solution on a number line:

i 2\ @@
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5.2 Linear Inequalities \\” Q@Kw
Inequalities are expressed by the foll, yg\

> (greater than), < (less%ﬁ § ﬂg\:ﬁﬁ

For examg{e& \l\\f\\i\] |

(1) ax <b (i) axt+b2c (i) axt+by>c (vV)ax+by<c
are inequalities. Inequalities (1) and (i1) are in one variable while inequalities (i11) and

han or equal to), < (less than or equal to)

(iv) are in two variables. The following operations will not affect the order (or sense)
of inequality while changing it to simpler equivalent form:

(1) Adding or subtracting a constant to each Do you know?

side of 1t. The order (or sense) of an inequality
is changed by multiplying or
dividing each side by a negative
positive constant. constant.

11) Multiplying or dividing each side by a

Example 2: Find solution of ix 1< 0 and also represent it on a real lme.

o T “\\‘ \\ \x
Solution: \ \ _A/,_\B N |I|' r'b} \¢ :\t\:j Sl
2 5 \ Faa ,r/_‘\ /r \ \_\ \
23180 0 VI
3 Y')'\"'\\\ \ {\-,\ \ j\\_ i\'\g\ b
2 /A1 UB Y
= RJNEE )
WS

It means that all real numbers less than

| W

are in the solution of (i)

Thus, the interval (—oo, %) or —0 < x < % is the solution of the given inequality which

is shown in figure 5.3

@
| | | | 1T\ rﬂ\’“ﬂ\\”(l gf:ol 5
54 - —Q_Q(}f "*\u\\P\f\Qbﬂ 45
\“i&k

We concll{q]e\fﬁg l% f.lfon ofan mequahty consists of all solutions of the inequality.
- 85 ==

N A




Mathematics - 9 @8 Unit — 5: Linear Equations and Inequalities

Following are the inequalities and their solutions on a real line:

Inequality soludon Reprpsentaspfilreat ine
-~ Q ,jﬁ \\\T‘ :1\1\ \‘\ \\l\.\ Iul ke l ~ _l o—)l :
x > 1 (];\:-,. ) (?}-_\ \%}:X}$"-\ ‘:E '\\‘\‘_ _:':: \_.) I = I I I ] }
’\\\Tﬂ‘\ QLD NI 2 = B 1 2
%I \ U < o
\' = 1 — 1 € ] ] | | ] >
x<1\4 \_J\ {oc )or —wm< x< | | I | |
—2 -1 0 1 2
—>
x>l [1,0) or 1< x <o < : | { } | 5
—2 -1 0 |
x<l1 (—90,1] or —oo< x <1 < | | I { { 5
B R | B

5.2.1 Solution of a Linear Inequality in Two Variables
Generally, a linear inequality in two variables x and y can be one of the following
forms:

ax+by<c; ax+by>c; ax+by<c 1C ax+i:yz¢ '

'd ) —
.' (CAL

Where a, b, ¢ are constants and a, b are. :1901’ both zexa L)
We know that the graph of Hnear q}ra?l:ion of the form ax + by = c is a line which

divides the plam‘a mt;:g m}o dlsjomt wglons as stated below:
(1) The set of ordered pairs (x. y) such that ax + by < ¢
(i1)  The set of ordered pairs (x. y) such that ax + by > ¢

The regions (1) and (i) arc called half planes and the linc ax + by = ¢ 1s called the
boundary of each half plane.

Note that a vertical line divides the plane into left and right half planes whilc a
non-vertical line divides the plane into upper and lower half planes.
A solution of a linear inequality in x and y is an ordered pair of numbers which satisfies the
incquality.
For example, the ordered pair (1, 1) is a solution of the inequality x % t@g@ +2(1)=3=6
which is true. Y V‘m = a
There are infinitely many_ cegdere;LbQH Al ttia;\ ga _1513% the inequality x + 2y < 6, so its

'\\‘ "\

graph will be a half plane \\ \\ § \‘ VU

Notc that the \lqpﬁ&[\i:qumlon ax + by = c 1s called "associated or corresponding
equation” of each of the above-mentioned inequalities.
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Procedure for Graphing a linear Inequality in two Variables
TN ) \\ f\ \\\\.

(1) The corresponding equation of the mequa]lty
, :
is first graphed by using, 'dash (es ?{X“ﬁhl éﬂ/tés{\poinl is a point selected to
inequality mvolvqﬁvhﬁ/aymbbf anda | determine which side of the
solid line is dr ayvp \tf&\}‘uéau‘a ty Jmoh cs bol'-m_dafy !iﬂef represents l_the
solution region for an inequality.
the S\W‘H’{%‘ Usually, we take origin (0,0) as a

() A te\ﬁt point (not on the graph of the | testpomt. ‘
corresponding equation) is chosen which | ° T ihe equabiny halds eyl

i ; _ . the test point, the region
deterﬂ'HHCS on Wthh Slde Of the boundary llne containing this point is part of

the half plane line. the solution.
_ _ o If the inequality is false, the
Example 3: Solve the inequality x + 2y <6. opposite  region is  the
solution region.

Solution: The associated equation of the inequality
x+2y<6 (1)
s  xt2p=6 (ii)
The line (ii) intersects the x-axis and y-axis at
(6, 0) and (0, 3) respectively. As no point of the
line (ii) is a solution x of the inequality (i), 50, the _ 2%
\ \,\\ \ |

graph of the line (ii) is shown by uslngdashéqx.

\“\L_

We take O (0, 0) as a test'pmtquec§use\\1i\1s not
on the line (ii). \]—l .\ \ \\_ \BiS i

Substltutmg\x J#YU = 0 in the expression x + 2y
gives 0—2(0)=0<6. So, the point (0, 0) satisfies
the inequality (1). Any other point below the line
(ii) satisfies the inequality (i), that is all points in
the half plane containing the point (0,0) satisfy

the inequality (i).

Fig. 5.4 (a) Y’

Thus, the graph of the solution set of inequality
(1) 1s a region on lies the origin-side of the line
(i), that is, the region below the line (ii). A
portion of the open half plane below the line (i1)
is shown as shaded region in figure 5. 4(a)

Note: 0\ =
\?/ /& WH/ Y' Fig. 5.4 (b)

All points above the &%@s Ul\‘

inequality x + 2y > le)\ \L) \\

A portion of\\ﬂh{j ﬁf)en Lalf plane above the line (i1) is shown by shading in figure 5.4(b).
4 87 A
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Note: 1. The graph of the inequality x +2y <6 .. (]V)
The open half-plane below the lme\ D ifilui \thﬁ\ \\
graph of the line (ii) 1sf:ljid\ \ \ ‘ﬂgﬁ m atity
(iv). A portion of t “inequaht) (iv) is

showii bywaﬂjw }’g 54 (c)

Note: 2 All points on the line (i1) and above the line
(11) satisfy the inequality x + 2y > 6 .... (v). This
means that the solution set of the inequality (v)
consists of all points above the line (ii) and all points  Fig. 5.4 (c)
on the lines (i1). The graph of the inequality (v) 1s

partially shown as shaded region in fig. 5.4 (d).

Note: 3 The graphs of x + 2y <6 and x + 2y > 6 are
closed half planes.

Example 4: Solve the following linear inequalities

in xy-plane: o A "‘.\"““x 1S
T — A
~ T\ " J e ot
( 1) 2 X > — 3F :5,_1\‘\.‘ '\III -,;:—J( \ (\\\L‘\\I '.;\ \\ \ A
\ \ \ \ e
. & \ AN A ALY \
T
(11) QF[\\JJI IS

Y' Fig. 5.4 (d)
is con31dered as 2x+0 y=-3 and its solution set

consists of all point (x, y)

such thatx, y € Rand x> —%

The corresponding equation of the given inequality

1s2x=-3 el 1) T

which is a vertical line (parallel to the y-axis) and its P

graph is drawn in figure 5.5(a).

Thus, the graph of 2x = — 3 consists of boundary line

and the open half-plane to the right of t lm’a N \
B AT

(11) The associated %quat 100~ Rfdzis \(i{éq\a 3. ‘;(a)

y<2is y=2 i\\\‘i\‘\ 11)

-wwwo -
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45700
‘! f\ y\\ i\

which is a horizontal line (parallel to the x-axis) and
its graph is shown in figure 5.5 (b). Here the s(?lutm? (\}\

set of the inequality y =, 2 is theﬂ;{pgn @\p @‘ \

I =2
below the boundary lm 3 \Tii § graph of < = >
€S
y<2 consists [(&1{}?\ 1i|ndai=y ine and the closed half X’ 01 X
plane bel(}\?u\i 1

5.2.2 Solution of Two Linear

Inequalities in Two Variables

The graph of a system of linear inequalities consists of the set of all ordered pairs (x, y)
in the xy-plane which simultaneously satisfies all the inequalities in the system. To find
the graph of such a system, we draw the graph of each inequality in the system on the

Fig. 55 () Y

4

same coordinate axes and then take intersection of all the graphs. The common region
so obtained is called the solution region for the system of inequalities.

Example 5: Find the solution region by drawing the graph of the system of inequalities
x—2y<6 A0
<\ 1 ’/ﬁ h \ AR R
2x + A 2 N/ (@lo
~ . : cw \"\\ \‘.\ \ . I| N
Solution: x -2y <6 ...(1)\.\ ,,._.,; YR\A\RLS
J.f | '.‘_) -

2x+ y= 2 ’i;)_,l\ﬂ‘l'\ v ({1\9' 'i\‘\\\\ \_.\\:_/w
The assomatcd eﬁu@f\l@n of\(j\ 3

—\ l—\ ...(1ii)
For x-mtercept, put y =0 in (ii1), we get
x-2(0)=6

x-0=6
= x = 6, so the point is (6, 0)
For y-intercept, put x = 0 in (ii1), we get Fig. 5.6 (a) 1Y

0-2y=6
=% —2y=6
= y= 8 =_3 g0 the point is (0,—3)

The graph of the line x — 2y = 6 1s drawn by joining the p01nL(6 (Q} @ —-3). The
point (0, 0) satisfies the inequality x — 2y < ﬁ’liuem{u i (D(/pw us, the graph
ofx — 2y < 6 isthe upper halffﬁlgi? cixu iqg\jili: of the line x —2y = 6. The
closed half-planc is pariﬁ) oﬁm by diﬁg in figure 5.6 (a).

— NN 89 -
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The associated equatlon of (11) 1s
2x+y=2 a(Iv) O ﬁ\:\ ZK\

(‘\ \ \\__j\k;\j
For x- mtercept P ,\Jy ‘— ‘L Mz)\ we get

=5 Zx =2

= x =1, so the point is (1, 0)

For y-intercept, put x =0 in (iv), we get
200)+y =2

= y =2, so the point is (0, 2)

We draw the graph of the line 2x +y =2
joining the points (1, 0) and (0, 2). The
point (0, 0) does not satisfy the inequality
2x +y>2becausc 2(0)+0=0 # 2. Thus,
the graph of the inequality 2x +y = 2 is
the closed half-plane not on the origin-
side of the line 2x + y = 2 and partla@\ (
shown by shading in ﬁg‘u é\ {h)\ V. Q

The solution 1egrqq\d)f ihﬁ Wen system
of mequ&‘lllit\iéé\% the intersection of the
graphs indicated in figures 5.6 (a) and

Fig. 5.6 (¢)

5.6 (b) is shown as shaded region in
figure 5.6 (¢).

{(EXERCISE 5.1))
1. Solve and represent the solution on a real line.
@)  12x+30=-6 (i) Z+6=-12 (iii) g_-’%:é
3 2x—1 3x 5 10
r 2=T7 2x+4)+ 12; g e — e o
(iv) 2x+4)+12x  (v) g & 6& \(\l W\ﬁg 5
2. Solve each inequality and represent ﬂefsogﬂ \I&F{%\ﬁ/ Ig‘a?rﬂme
P
(1) X 6<—§\\r‘;\/ (\}J\\\) &X—qﬁ x (i) 3+2x=3

MWWy 75,3 21 g leloll

|
i* 90 N
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3 Shade the solution region for the following linear 1nequa11tles 1n,xy=plane
(i) 2x+ y<6 (11) 3x+7y> 21 }\ rts”x,
(iv) 5x—4y<20 {F )2 \\\ ,(w 3y-4<0
4. Indicate the soluti o(ﬁ m incar mequahtles by shading:
(i) 2»: 3y<\@\\ \\S(l x+y>5 (i) 3%+ 7y=21
ﬁ el < ] x— p=2
(1\&]\(&; 3y<12 (V) 3x+7y=21 (vi) S5x+7y<35
‘ y<4 x—2y<2
Xt —5

5.3 Feasible Solution

While tackling a certain problem from everyday life each linear inequality concerning
the problem is named as problem constraint. The system of linear inequalities
involved in the problem concerned is called problem constraints. The variables used
in the system of linear inequalities relating to the problems of everyday life are non-
negative and are called non-negative constraints. These non-negative constraints play
an important role for taking decision. So, these variables arc called decision variables.
A region which is restricted to the first quadrant is referred to-as a fga@ifﬂﬁ ‘region for
the set of given constraints. Each pomt of \the fqas;bl\e\'rﬁgm\t;k fs called a feasible
solution of the system of linear méq\lalftlefs {o\f f()r sth\e s\emf a given constraints).

—HT\ = ‘\_1-

fﬂ\

Example 6: Shade thef Fﬁ{aglb\lé taglmr and ﬁnd the corner points for the following
system of i 1 Mf}esjml gﬁbject to the following constraints).

y53
x+2y<6, x20, y=>0

Solution: The associated equations for the
inequalities

—y<3... (1) and x+2y<6... (i)
arex—y=3...(1) and x+2y=6...(2)

As the point (3, 0) and (0,—3) are on
the line (1), so the graph of x —y =3

is drawn by joining the points (3 \ \S\X
and (0,-3) by solid line.{" \V \S v\\ H/ il

4 J 91 <=
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Similarly, line (2) is graphed by j Jommgm Y \
the points (6, 0) and (0 \Kg J\X\\‘Sﬁ S
Forx=0andy = Ow[zg {S\) -
0-0= %N&%{Q(O) 0<6

So, both the closed half-planes are on

the origin sides of the lines (1) and (2).
The intersection of these closed half-
planes is partially displayed as shaded
region in fig. 5.7(a).

The graph of y > 0, will be the closed
upper half plane. The intersection of
graph shown in figure 5.7(a) and closed
upper half plane is partially displayed
as shaded region in figure 5.7 (b).

The graph of x > 0 will be closed ‘nght~ 2/ Q \ \\\

half plane. The mterseéﬁo/l} ﬁthe»g\r@ph, =

‘.\\‘u

shown in fig, §| ﬁ{i «ﬁlosed right
hatf plaipohphed in fig. 5.7 (¢).

Finally, the graph of the given system

of linear inequalities is displayed in
figure 5.7 (d) which is the feasible
region for the given system of linear
inequalities. The points (0, 0), (3, 0),
(4, 1) and (0, 3) are corner points of the
feasible region.

A point of a solution region where two of
its boundary lines intersect, is called a
corner point or vertex of the soluti #Q_\
region, AL YiAR

\\ € 18 \\
m—, UNATE
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5.3.2 Maximum an Mll}lggﬁlﬁﬁ{/aﬁ[)le a Function in the Feasible

Solution *\\ ( \\\J -
A functlon w mlzed or minimized is called an objective function.
Note th hj\?be\r
bOlUIlOI] Wthh maximizes or minimizes the objective function is called the optimal
solution.
Procedure for determining optimal solution

n\ﬁmtely many feasible solutions in the feasible region. The feasible

(1) Graph the solution set of linear inequality constraints to determine feasible
region.

(1) Find the corner points of the feasible region.
(i)  Evaluate the objective function at each corner point to find the optimal solution.

Example 7: Find the maximum and minimum
values of the function defined as:

fxy)=2x+3y
subject to the constraints;
- \’""\ Yoo \N
—_ < () \ L | \ | \
y - 2 (\J "“. /'(\':Z“' r’/-'_‘ \-\'\ \ ‘l\ \ IL‘\ ll'a \'—
X -+ v S 4 = fﬂ'u --.._v;/-_\-"\\ll I\,"ll .f."'r \'-, '-II\L\ \3 "..5- i)
- '.‘_)\ -.‘| \_“?lf,-\ "-".I ‘ll\. '\‘\_‘\“..._—_'I, o
X Z 09 y 2 0 \ \' Il\ \II\ ll'\‘l.l\ \\L-j‘\"‘l =
oo WAL
Solution: Imj-ﬁq'{a{ pg 2\‘ T
Wy <4 (i)

The associated equation of (1) is

x—y=2
x-intercept and y-intercept of x — y = 2 are
(2, 0) and (0, =2) respectively. The graph of
the line x — y = 2 is drawn by joining the
points (2, 0) and (0, —2). The point (0,0)
satisfies the inequality x — y < 2 because
0—-0=0<2.Thus, the graph of x—y <2 is
the upper half-plane including the graph of

the line x — y = 2. The closed half-plane 1
partially shown by shading in figur‘e 5%{7{51)/5’\&\ }
o

The associated equano@b%1 @,\{r W}-B‘ S

ﬁl‘

N
m— S 03 -
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x-intercept and y-intercept of x + y = 4 are (4 0) and»(\qﬂ‘ﬂ% l@/@éb of the line

X + y =4 is drawn by joining the poinfs (Arb)\’hd:l\ )\Thf\fﬁomt (0, 0) satisfies the
inequality x +y <4, Thc@fd ‘P‘f( 11111}7 shown by shading in figure 5.8 (b).

N

\ Ty

AN I\\J\UR\ R

Y 0 Y Y 0 y=0 x
Fig. 5.8 (c) HV Fig.5.8(d) 3V’

The graph of x >0 and y > 0 is shown by shading
in figures 5.8 (c¢) and 5.8 (d) respectively.
The feasible region of the given system of

inequalities is the intersection of the gfaphs “:\ [(2)0
indicated in figures 5.8 (;1) 5 8 (b) ,{5?8 (CJ ahd \RLE I
5.8 (d) and is shown asqhe‘tled mgmn_A‘BCﬁ 71 i
figure 5.8 (¢). . |\‘j\” S\
Corner poﬂﬁﬁ \df the feasible region are (0, 0),
(2, 0), (3, 1) and (0, 4). Now, we find values of
f(x. y)=2x+3y at the corner points.
f(0,0)=2(0)+3(0)=0
£(2,00=2(2)+3(0)=4
I 0 L= 203+ 3 (=3
f(0,4)=2(0)+34)=12
Thus, the minimum value of fis 0 at the corner point (0, 0) and maximum value of /is
12 at corner point (0,4).

§( EXERCISE5.2 ) RN
1. Maximize f(x, y) = 2x + 5y; subg:ct to the ¢ ﬁ)l?{ﬁ\tf\’a}ﬁys( =
Iy—xs8 \a\}x yf 3 x>0, y>0
2. Maximize f (x, V(Q J"%ﬁ\m ttrfﬁe constramts
(] g@ﬂc& \» Sx+4y<20 ; x20;y20
— 04 -—
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1.

it

.

Iv.

vi.

Vil.

Maximize z = 2x + 3y; subject %the‘ém@@w

2%+ y_él \ \—\@ x>0 y>0
Mm]mlz&—jﬁx\'&bj to the constraints:
\|\ Q@K : T+by=36 ; x20; y=0
Maximize the function defined as; 7 (x, y) = 2x + 3y subject to the constraints:
2x+y <8 2 x+2y<14 x=>20; y=0

Find minimum and maximum values of z = 3x + y; subject to the constraints:
35y =15 xt6y>9 x20; y=0

@(REVIEW EXERCISE 5 )P

Four options are given against each statement. Encircle the correct one.

In the following, linear equation is:

(@ 5x>7 b)) 4x-2<1
(c) 2x+1=1 (d) 4—1\—|—/3 \,,6%\\
Solution of 5x — 10 = 10 is: X A~ , \ ﬂ\a";\&; ‘
\ \ \ \
w s wwu\ A)Y:
o\ v \>\s\i . @) -4
lf 7x + {1 g\lﬁ‘ﬂ \g& jmes‘n‘x belon gs to the interval
|
N[\ (b) [2:0)
© (=0.2) (d) (o0, 2]
A vertical line divides the plane into
(a) left half plane (b) right half plane
(c) full plane (d) two half planes
The linear equation formed out of the linear inequality is called
(a) linear equation (b) associated equation
(¢) quadratic equal (d) none of these
3x+4<0is:
(a) equation (b) inequality

(¢) not inequality (d) 7@n¢\ty60 ({\S\X

Corner point is also Ld"Bd \l (
(a) cod 3 Ni% 1
(c) :::Lolrje @\\ﬁ/\ 7\.\( (d) ::;zi

w 95 .



