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Algebraic manipulation refers to manipulation of algebraic
expressions, often into a simpler form or form which is more easily
handled and dealt with. It is one of the most basic, necessary . ane
important skills in a problem solving of algebraic expression. *
In this unit, we will discuss HCF and LCM of the algebraic efpressid
by factorization and division method and their applicationgn,datly li

Highest Common Factor (HCF) / Greatesi Common
Division and Least Common Multiple (LCM)
Vv

(LCM) of Algebraic expression by Factorigali
(a) Highest Common Factor (HC
For finding the HCF of the

expression, first we find the
Ke"the product of their common
factors is known as HCF by

0and x*+12x +35
(i 1)%, ¥’-1 and x*+4x +3
Solution (i): torize the given expression x’+x - 20 and x*+12x+ 35
factors are as under:
xP+x - 20 = x*+5x-4x-20
= x(x+ 5)-4(x+ 5)

\ =(x+5) (x- 4)
% and  x*+12x +35 = x*+7x+5x + 35
= x(x+ 7) +5(x+7)
= (x+5) (x+7)

Common factor in both the expression is (x+ 5)
HCF=x+5
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Solution (ii): We factorize the given expression (x + 1)2, 2*~1 and x*+4x +3
The factors are as under:
(c+1) = (x+ 1) +1)

-1 =(x+1) (x-1)
and 22+ 4x+3="+3x +x +3 O
= x(x+ 3) +1(x+ 3) Qs

= (2 +3) e+ 1)
Common factor in all the three expression is (x+ 1) Q
HCF=x+1.

Find the H.C.F of the following expressio actorization
method.

a3-p3 ab-po
Solution : O

a3-b3= (a-b)(a2+ab+b?)
as-bb= (a2 - (b2)3
(a2 - b?){(a2)2 +a2b2 +(b2)2

(a-b)(a+ b){(@2)+ - )
= (a—b)(m)t(a&: ?)
= (2 - b)(a + b)(a%+ b2 2gb) (a2 + b2+ ab)
HCF = (a - b)(a -1

(b)  Least Common Mulspld (LCM) by Factorization method
Least commofi multiple (LCM) of two or more polynomials is the
expression of least degree which is divisible by the given polynomials.
To find LCM by Factorization we use the following formula:

Common factors X non common factors

the LCM of x’-8 and x*+x-6
ow find the factors of ¥’~8 and x*+x-6
-8 =(x)*-(2)’=(x-2) (*+2x+4)
and X’ +x-6=x2+3x-2x-6= x(x+3) = 2(x+3)
= (x+3) (x-2)

Common factor = (x-2)

Non common factors = (x +3)(x*+2x+4)

LCM= Common factors X non common factors

LCM=(x-2) (X+2x+4)(x+3)=('-8) (x+3)
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] Find the L.C.M of x*-1, ¥’-2x*+x
Solution:  Now find the factors of -1 and x’-2x*+x

-1 =(x)’~(1)=(x-1) (P +x+1)

and -2 x=x(x’-2x+1) =x(x-1)’

2 LCM= Common factors X non common factors
LCM=x(x-1)*(x*+x+1).

5.1.2 Know the Relationship between HCF and LCM E
The relation between HCF and LCM of two - x) and
q(x) is expressed as under
HCF x LCM = p(x) * q(x
1| Find the HCF and LCM of the p
below, and verify the relation o
plx) = = 1~ 51+ 6 andq(x) = =4-9
Solution:  First factorize the polyn

factors,

We have, @
=2’ 5x + «

=32~ Sx%,g

- x(% 3)

mials p(x) andq(x) given

p(x) and g(x) into irreducible

= (&-3)(x

and =x"- 9= (x-3) (x+3)
, H.CF = (x-3)
d LCM = (x-2)(x - 3)(x +3) = (x-2)("-9)
w, find the product of p( ) andgq(x).
x) Xq (x)= (x2-5x+6) x (x -9) 2 h)
\ LCM‘KHCF =(x-2)(x-3)(x+3) x(x-3)
% = S (-5t x (-9) ... (ii)
From results (i) and (ii), we have

LCM x HCF = p(x) % q(x), Hence, verified.
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14 Find the LCM of the following polynomials by using the
formula.

p(x)= x*+14x+48 and q(x)= x°+8x+12.
Solution: ~ Now first we have to find the HCF of the p(x) and q(x

p(x)= ¥’ +14x+48

= X +8x+6x +48 :
= x(x+8)+6(x+8)
= (x+6) (x+8) ?\
and q(x)= % +8x+12 O
= X’+6x+2x +12
= x(x+6)+2(x+6)
= (x+2) (x+6)
so, HCFofp(x)and q(x)is (x +6).
. LCM= P (x)x q(x) O

HCF
M= (x* +14x +48)x

(

LC

= LCM:(x+ 6)(x )(x+6)

so, |LCM i(;\%{ ) (x +8).
X
Ny
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5.1.3 Use division method to determine highest common factor and least
common multiple o
To find the HCF of two or more algebraic expressions by division
method, the following examples will help us to understand the method.

2] Find the HCF by division method of the following polyno
20 + 70" +dx~4and 2+ 9¢" + 11x + 2.
Solution: ~ Now, by actual division, we have,

1 ?.
2x3+7x2+4x—4) 22 +9x% +11x +2 O

20 +7x%+ 4x 4

2x*+ 7x+6
A 2+ Tx+ @

X

242 +7x+6) 2% 4+ 742 + 4x —
2% +7x? i:
We take common factor -2 from — omit it.
4x+0
Q/t 3 +6
« —-3x+6

0 0
@ed HCFisx +2.
“ind the HCF by division method of the following polynomials:

4+ 2541, x> -1 and x*+ 4x+ 3.
First we find the HCF of any two expression then its HCF with
third

% Now, by actual division, we have,

1

x2+2x+1jx2+4x+3

¥ 4+2x+1

2x+2
We take common factor +2 from 2x+2 and omit it.
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x+1

x+1) ¥ +2r+1

—x*+ x+0
x+1
—xt1

00
~The HCF of x* +2x+1and x 3 4x+3isx+1 2
Now we find HCF of x+1and x> -1

O

Now we will find LC
To find the LC or more algebraic expressions

(Polynomials) bygdivision method, the following formula is used
f &

LCM= Produ 0 polynox.rﬁals
o polynomials

pleM® Find t x’-6x"+11x-6 and x’-4x+3.

Solution:  x*-6x+11%:6 and x*-4x+3

Now, find HCF by actual division,

1
2‘—4Jc+3) =6+ 11x—6

: -t 4x +3
\ —6t <15 -9

~6x7+15x-9 =-3(2x*-5x+3), we omit -3,
Now multiply -4x+3 by 2

x+5
2x* —5x+3) 2x° —8x+6

-2x*+3x 5x?
5% —11x+6
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Multiplying by 2, i.e., 10x*-22x+12,
5
2x% —5x+ 3) 10x> - 22x +12

-10x> 25x+15 '
dx-3
3x—3=3(x— l)orrlthandthenag IV‘.OH

¥— li 2x —53:+3

—x

—3x+)l
HCF =

M r»'(x) q(x)

—6x* +11x 6) —4x+3)

ivide ¥ -6x’+11x-6 by x—l, we have,

x2-5x+6
x—l) x*—6x>+11x-6
S R

Q —5x* +11x

—5x? +5x
\ 6t—6
% —6xt6
0 0

LCM =(x"-4x+3)(x’-5x+6).
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5.1.4 Solve real life problems related to HCF and LCM

1§ Rida has two pieces of cloth one piece is 45 inches wide and
other piece is 90 inches wide. She wants to cut both the strips of equal width.
How wide should she cut the strips?

Solution:  This problem can be solved using HCF because she is cuttj
dividing the cloth for widest possible strips.

So,

HCF of 45 and 90 ?\
45=53x3x5 O
90=2x3%x3x5

HCF = Product of common factors @

HCF=8%3%5 %
HCF = 45 @h

So,  Rida should cut each piece t es wide.

| If] Sarfraz exercise every
and Imran both exercised today.
again?

Solution:  This problem can be solved using least common multiple
because we are trying tofind out the time they will exercise, time that it will

occurs out the same
LCM

d Imran every 4 days. Sarfraz
many days they exercise together

is

duct of common factors x Product of non common factors
x 2% 2

=8
,  They will exercise together again in 8 days.
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L Exercise 5.1

1. Find the HCF of the following expressions by factorization method:
(i) 72364}{522 and 12{)x3y628 (i) 181'354t5, 120/**fand 2107 ¢F F

(i) x*-3x-18and x’ +5x+6  (iv) 4x’-9 and 2x*-5x+3
(v) (24" - 8b), (4a”+4ab-24b%) and (2a°-12ab+16D")
(vi)  x*+x%+x+1and x*+3x+3x+1 ?’

2 Find the HCF of the following expressions by divisi thod:
(i)  x+3x+2and 3x*-3x-6
()  2x°+15x°+31x+12 and 3°+23x%+50x
(i)  4x°-2x*-100x- 50 and x*+10x’- 16%°2250x- 225
(iv)  x*+xy-212 x*+3y+22 and x 3%’
. 3 Find the LCM of the following e
() 27a'b°c’and 8lab’”® )

iv) X*+11x+28 and x*+x-12

(i)  21x’-14x and 3x2,ﬂ4€I
(v)  6x2+11x+3, 2x2—§—1 d 3x2-11x-4

4, Find the LCM I@ on method:
() ¥*-25¢% 100%fd x*-x-20

(i)  3x’+14x +'8 and 6x°+x-2

(iii) 2-2yz and y?-22-x?-2xz

(i +0x2-84x and 4x4-24x3+32x2

F of the x’~11x+24 and x’~6x+6 is (x-3). Find the LCM.

CF and LCM of two expressions are (x+3) and (x3+7x2+7x—15), if

\ ne expression is x*+8x+15. Find the second expression.
. The HCF and LCM of two polynomial of the second degree are 3x-2
and 3x3+7x?-4 respectively. Find the product of two polynomial.

8. Verify the relationship between HCF and LCM.
Le.(HCFXLCM = p(x) g(x)) for the polynomialp(x)=x*—-8x—20and
g(x)=x*-15x+50
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A carpenter got given some free wooden planks. Some are 12cm long
and some are 18cm. He wants to cut them so that he has equal size
planks to make using them easier. What size planks should he cut them
into to avoid wasting any wood?

10.  Train A and train B stops at Hyderabad as 10:30am. Train A stops e@

12 minutes and train B stops every 14 minutes. when do they I:Q.

together?

Basic operations on Algebraic Fractions ?‘
If p(x) and q(x) are algebraic expressions and q(x) # @% is called
X

an Algebraic Fraction.
Simplest form of algebraic fraction is a fraction in which there is no
common factor except 1 in numerato@ nominator. In algebraic

fraction fundamental operations (+,—, e carried out in the same

way as in common fractions.
In the following examples we sh

factor and least common

ain the use of highest common
) reduce fractional expressions in

simplest form involving fundamental operations.

5.2.1 Use highest ¢ ok factor and least common multiple to
reduce expressions involving addition,
subtraction, multiplication and division.

x*-x-6 4
% -5x-3 4x*-1

% Lo a0 -3xed6, 1
~5%x-3 4x*—1 2 -6x+x-3 (2x-1)(2x+])

_ x(x-3)+2(x-3) N 1
2x(x-3)+1(x-3) (2x-1)(2x+1)
g LSl ) + I where, x # 3

(x=3)(2x+1) (2x-1)(2x+1)




UNIT-5
ALGEBRAIC MANIPULATION

- (x+2) i 1
(2x+1)  (2x-D(2x+1)

o (x+2)(2%-1)+1

(2x-1)(2x+1)

27 —x+4x—2+1 _2x° +3x-1 ’
2x—1)(2x+1) 427 -1 Q~
T 2 x—4
I Simplify: o~ ?\

2 x—4

Solution: i
x+2 2x°+x—6
. x—4
x+2  2x% +4x-
2 =

x+2 2
2
X+ (2x-3)

ég— (x—4)
\ (x 22)(2x—3)
1dx—-6-x+4

Q}(Hz)(zx-s)
& - 3x-2
2% +x—6
%pmy. ab*+2a  b*—6b+9
\/

ab—6+2b-3a BP+2b
ab? +2a xb2—6b+9
ab—6+2b-3a b +2b
% ab* +2a xb2—6b+9= a(b® +2) xbz—Bb—3b+9
ab-6+2b-3a b +2b  b(a+2)-3(a+2)  b(b*+2)
_ a bb=3)-3(b-3)
(a+2)(b-3) b




T (a+2)(b-3) b

T (a+2)(b-3) b Q
_a(b-3) provided p + g
" b(a+2) e

UNIT-5
ALGEBRAIC MANIPULATION

o (b33

o (0=3)b-3)

2Ap+ q) ?\
" 3(r+s O

2 .2
12y Simplify: 213 g
r’+2rs+s°
2 .2
Solution: Simplification 2P 1
r’+2rs+s

_(p+a)p-q) . 2(p+

2(P+q) @

3(r+ s)s

\_ . :‘S“ > \-1'.;_:__‘:;—_‘_.:-.
_;&L" e n@'

provided p + g+ 0
andr+s#0
Simplify the follo @
0 & R R -
x 1o%r] x(2x+1)  3x(x+1)
2_
1 4x° -1 (iv) P2 3
1 ©2-2x-3 t+l x+2 x+3
4x+3 N X —4x=21 x+9
(vi) — -
\ T x"—6x-7 x+l1
1 1 3
(vu) x+1 x+2| Ix+3 ] (vm)(xz—E‘)l(x”) x—2
(1x) -
x* +8x+15 47412 xt4u-12
X +7x+12 x*+x-2 \ x*-2x-8
() 2{ — *2 3 24"
x —16 x“+4x+4 ) 2x+8x" +4
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1 Find square root of an algebraic expression by Factorization
and Division
We shall discuss two methods, in order to find the square roots ¢

algebraic expressions.
(a) By factorization (b) By division Q.
(a) Square Root by Factorization method.
amplelij] Find square root of the expression 49@ +81y2 by

o factorization method.
Solution: “:lt9x2+126xy+8’1y2 @

(7x)+ 2 (7%)(9y) + ()%,
(7x+ 9y)’, O

4917 +126xy +81y>

Therefore:

J(7x+9y)? =7x + 9y 2

(b)  Square Root by Divisi

Find square r expressmn 4x* +120°- 1927 42x + 49 by
d1v1510n
ted below,

Solution:  Metho
2% +3x-7

4x +12x°- 192°- 42x + 49
+4x!
04 + 3x 12x°- 19x°- 42x+49
+3x +12x+ 92°
\-\: 4x2+6x— 08+ 42 +49
% 28x” 42x +49
4x2+6x 14 0 0 0

Therefore:  vdx* +12x° —19x* — 42x+49 = 2% + 3x-7.
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51 For what value of a the 36x*+ 36x°+ 57x*+ 24x + a will be the
perfect square?

Solution:

What should be ad
perfect square?

By division m

5 &%

Solution: By division method, we have,
6x” + 3x+4
6x° 36x"+ 36x°+ 57x’+ 24x +a O
+6x° +36x* Q‘
1247 + 3x 36 +575%-24 x+ 1 ?‘
+3x +36x°+ 9x° O
12x*+6x+4 48x*+24x +a @
+4 +48x%+ 24x +16
122 +6x+8 ﬂ%
Given expression will be a perfe i
a-16=0 =>a=16,
Therefore, a =16, will make the given ion a perfect square.

+4x3+10x%+5, so that it may be a

e have,
¥+ 2+ 3
4 4+ 106345

ix4

x
E+3x

45+ 0%+0 x+ 5
+4°+ 44°

6x°+ 0x +5
+6x°+ 0x + 9

Ozf+4x+3
N 3

2% +4x+6
(his, the perfect square
expression.

-12x- 4 or —(12x+ 4)
will be obtained by adding 12x+4 to the given



UNIT-5
ALGEBRAIC MANIPULATION

Find the square root of the following algebraic expressions b
factorization method.

(i) 36:-60xy+ 25y (i) 92> +xi2+ 6

B T B | oA
(i) ax'y* -2 XY (iv) 36(3 ~2x)—40(3- v

z 4

(v) (x2 " i)-e_t(x g l) ¥ (vi) (@-4x+]) 7 81)

x’ X

(vii) (¥*-2x+1)(x*~6x+9) (viii) (xz@xzﬂxﬂﬂ) (P +51+6)

2 Find the square root of the fo o@algebraic expressions by
division method.

(i) 2+ 20+ 3%+ 2x + 1 X'+ 40x° + 2607+ 8x+1
2 2
(iif) 4x*+8x+202%+ 162+ oy iy D 1
y o x oy

+ 2 :
(v) -2143 -3+® (vi) X+ %+ 9z+szy+ 2yz+6xz
1

(vid) (x* £ — ) Bx" ——)+12 (Viﬁ)xﬁ+iﬁ—4(x3+i3)+6,x#0
X X X

be added to 4x*+ 4x’+ 17x’+ 8x + 9 to make it perfect

3. Wha
4, ‘a ould be subtracted from9x°~12x"+ 4x*-18x’~12x*+ 18 to make it

a perfect square?

% or what value of ‘n’,9x'+ 12x°+ 34x*+ mx + 25 will be the perfect
square?

6. For what value of ¢’ and ‘q’, the expression x*+ 8x°+ 30x* + px + g will

be the perfect square?
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True and false questions
Read the following sentences carefully and encircle ‘T’ in case of
and ‘F’ in case of false statement. 6

(i) HCFofiy-4andy-2isy-2.

(i) HCFofa’~landa’~lisa+1.

(iii) LCMofx*+1and x +1isx’+1. ?"
(iv) LCMof x*-y*and - Pis x* + 1/,

(v) HCFofa*+4a+3anda®+5a+6isa+3. T/F

A Fill in the blanks.
(i)  There are methods to to find the HCF of
polynomials.

ii) LCM x HCF of two polynomial( ' '

(

(i) HCF of y*- 5y and y + 6an
(iv) LCM of y2+3y+2 and
(

v) HCF ofy'z——an 4 —

3. Tick () the correct +
(i)  HCF of f@ - dxy +HyP st
(a) 4 (b)  X*+2xy +1
(€ X+ (d)  (x-2y)
(i) ‘%wf (2y+32)° and (2y+3z)’ is:
2y+3z (b)  (y+3z)

Q) (2y+32)? (d)  (y+3z°
\ i) HCF of x* -y’and x*+xy+1/ is:

—

@ xty (b)  Frxy

(@  xy (d) (-’
(iv) LCMof (x-y)* and(x -y)’is:

@  (x-y) ()  (x-y)

© (x-y' (d) j

2 = it
S '§ !2 - @
R s —
1 = =
L 3
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y

1
Simplified fi f is:
(v) implified form o x+y+x2—y215
y+1 X
b
(a) 2y (b) R
y iy
d
© oo @ ah
(vi)  Simplified form of 25ny s - le_ " is: O?~
Sx
@ 25x% — =
=5x
© x4y
3.3, 3.3
(wiiy T4V
a-(x+y)
(@)  ax‘+ay’ (b)  x+y
(© a(’-xy () a(lrxy +17)
(it a b )
a-b a+¥ )
2 2 —b?
@) AT ®)

HCF . PxQ
\é A e ® Her
P Q
% ©  Hcr @ He

(x) LCM of ¥*-x+1 and x° +1 is:
(a) x+1 (b) x* - x+1 (c) ¥+1 (d) X*+x +1
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% There are two methods to be used to find the HCF and LC@

algebraic expression

(i) Factorization method (ii) Division method Q~

& LCM x HCF of two polynomials = product of polynomials

#  With help of LCM and HCF, addition, multiplicatio
division of algebraic expression can be found.

#  There are two methods to be used to find the s%oo of algebraic

expression
(i) Square root by Factorization method %

(ii) Square root Division method




