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UNIT

PERCENTAGE, RATIO AND
PROPORTION

Percentage

Ratio
Proportion

Compound Proportion
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After completion of this unit, the students will be able to:

» Know percentage as a fraction with denominator of 100.

» Convert:
« A percentage to a fraction by expressing it as a fraction with denominator 100.
« A fraction to a percentage by multiplying it with 100%. ]
« A percentage to a decimal and vice versa,

» Solve real life problems involving percentage.

» Know:
« A ratio as a relation, which one quanuty bears to another quantity of the same kind with rega.rd to their m:gmtudcs.

« That, of the two quantitics forming a ratio, the first one is called antecedent and the second one consequent,

« That a ratio has no units.
« The importance of the order in which the ratio is expressed.

» Find the ratio when a number is increased (decreased) to become another number s :
(e.g., in what ratio must 40 be decreased to become 247) - .

» Solve real life problems involving ratios.

» Know that an equality of two ratios [E - f_] constitutes a proportion, that is, a:b::c:d,
b d
where a,d are known as extremes and b,c are called the means.
» Find proportion (direct and inverse). . =
» Solve real life problems involving direct and inverse proportion. '
» Know the concept of compound proportion. )
» Solve real life problems involving compound proportion.
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1.1 PERCENTAGE

The word “percent” is a short form of the Latin word “percentum”.

Percent means out of hundred or per hundred The symbol for
- percentage is“%"™

I.l.l Percentage as a Fraction with b_enomineter 100

4Q% means 40 out of 100,i.e __f_O_

60"/ means 60 out of 1 00 ie 1?0

85% mean 85 out of 100,i.e %

L I.2 Conversion ofa Percentege to a Fraction by Expressing
ll asa chﬂon with Denominelor 100

We can write the percentage asa frectlon with denominator 100asin .
the fellewlng ‘examples: ’

LS
c

53 _' 30%meam300u10f100 i.e. 30% = 29

55/5mms55wtaf100 ie 55% = 15;0
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 Convert a Fraction fo Percentage by Multiplying it with 100% -
: : }5

To oonvert a fraction to a percentage by multiplying it with 100%,
let us consider the followmg examples :

EXAMPLE ik L 200 I
Express the following fmcﬂons as a percentage )

(9'_2—0 - (@) 5 _ (iii) 3'(“’)3

SOLUTION:
oL -é—xzoo% o
. 20 20 ' 20

= 7)(5%. e r;yp;.,n
=35% '“”"_’ _
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; "-u_'l"ercélliﬂga to a Decimal and Decimal to a Perceniage

£ 8 "To oonverta pereentage toadecimal, we look atthe followlng examples.

_ EXAMPLE-1_ N
v*IExpmss () 54% (i) 161 % (i) _27%% as decimals.

' “ SOLUTION: (i) 54% = =

b

—

=]

S
1

s @il IR
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| o G e i '
Marks percentage in Urdu = Exzoo - l
' o
- =80% _ | ‘ &
_ - Marks percentage in Pakistan Studies = %x 100 | 1
<= 24x4. serivhl
= 0a0an N \ o S
| So, Aslam performed best in Pakistan Studies. e
‘ EXAMPLE-3 f
i Express (i) 0.7 (i) 0.13 (i) 1.26 as percentage. & >
| e
| ~ SOWTION: () 0.7 =07x100% R

i
=L 100%
10

= 7x10%
=70%
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Convert a Percentage to a Decimal and Decimal to a Percentage

Toconverta percéntége to adecimal, we look at the following examples.
- EXAMPLE-1
- Express (i) 54% = (ii) 16 % % (i) 27 %% as decimals.

SOWTION: () 54% =~
100

= (.54

16.5

Gl = A2
p o= = s
165

~ 7000
0165

S22 Rt
3x100 .
_ 273
00 e
_ 2,
1000

= 0.273

(i) 27%% =

71% of the Earth’s surface is water.
Write the percentage of land. l

EXAMPLE-Z
Aslam scored 35 marks out of 50 in Engl.fsh 60 out of 75 in Urdu
and 72 out of 75 in Pakistan Studies. In which subject did he
perform best?

Sﬂlﬂm: Marks percentage in Engksh = 3_—5x 100

= 35x2
= 70%
: 'Not for Sale-PESRI




Marks percentage in Urdu = g—gx'IOO ok
: = 20x4 ) 1
& =80% {
3 - |

- Marks percentage in Pakistan Studies = % x100

L= 24x4 atsupe
. =96% SPIKE) b
So, Aslam performed best in Pakistan Studies. C

EXAMPLE-3 . i A AT
Express () 0.7 (i) 0.13 (i) 126as percentage.

SOLUTION: (i) 0.7 =0.7x100%

S n L R RN L DI SRR L

= —x100% Ut ' L 30
T -

‘ 5 i : ?_70-'-9’;-"‘. sl 8 TW o

@) 013 = 0.13x100%
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[ XERCISE 1.1

1. Express the following percentages as fractions in their lowest form.
@) 95% () 65% (i) 75% (v)25% (v)56% (Vi) 48%

' ~ 3 1
(Vi) 8% (viii) 33-;—% (ix) 37%% (x) 87%% (xi) 5%% (xii) 425%

2. Express the following fractions as percentages, giving your answer
correct to / decimal place, where necessary.

a3 eer g MB35 31 w2l
(l)_z (i) 5 (11i) 25 .(W) 20 v) 25 (vi) 20
San23 28 e 18 7 ) 2 )
(vii) 0 (viii) }- (ix) e (x) 7 (xi) 7 (xii) 2

3. Express the following percentages as decimals, giving your answer
" correct to 3 places of decimal.

) 47% () 58% (i) 92% (V) 8% (V) 12% (vi)120%
. (vii) 180% (viii)145% (ix) 5%% (x) 5%% (xi) 48%% (xii) 53%%
4 Express the following decimals as percentages.
@05 @09 (125 ()I39 172 (i) 0.22
(Vi) 2.64 (viii) 3.41 (ix) 0.845 (x)1.78 (xi)1.58 (xii) 0.065

5. Complete the following table.

Fraction Percentage | Dletimul
; 5l 75% ‘ 0.75
: % 0.80
40%
0.62
44% .
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1.1.3 Real Life Problems Involving Percentage
Consider the following examples from real life involving percentage.

EXAMPLE-1

If there are 800 cars in a car parking and 80% of them are -
Pakistan made, find the number of Pakistani cars.

SOLUTION: Total number of cars in a car parking = 800

80% = ﬁ()_
100
. ; 80
Number of Pakistani cars = W x 800
= 640

EXAMPLE-2 -,
- If i;- of the students in a school have been away for a holiday.
How many in every hundred have been on holiday?

SOLUTION: ; = %x-w()% = 4x20% = 80%

¥ of the students have been away means 80 in
every hundred have been on holiday.

 EXAMPLE-3
If 56% of the houses of a colony have a car, what percentage of

houses do not have cars ?

SOLUTION: -
* Number of houses have a car = 56 %

Houses do not have a car = (100 - 56) %
: = 44% \
Thus 44 % houses do not have a car. .
Ifweamglvenonepementageoufoftwo mcandedueameoﬂnrli 5

T e
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_E XERCISE — 1.2

1. f45% of the studentsin a school are glrls What is the percentage of
the boys?

2. 1f 82% of the houses have a television, what is the percentage of the
houses which do not have?

3. Ahockey team won 62% of their matches and 26 % of them were
ended in a draw. What is the percentage of the matches they lost?

4. Anaeroplane carries 400 passengers, 52% of the passengers were

- Pakistani, 17% were Chinese, 12% were from Iran and the rest were
British.

(1) How many people of each nationality were on the plane ?
(1) Whatis the percentage of the British ?

5. Amna scored 46 out of 50in a Maths test, 64 out of 75 in a Chemistry

testand 72 outof 80ina Physncs test. In which subject did
she perform best ?

6. Atable costs a carpenter Rs. 720 to make. He sells it for Rs. 920. .
What is the percentage of profit he earned?

1. If84 /6 of a book consists of 420 pages Find total number of pages
in the book.

8. Out of histotal income Hamza spends 20 % on house rentand 70 %
of the rest on household expenditure. If he saves Rs. 1800, what is his
total income ?

9. Raheel’sincomeis 25 % more than th'at of Rauf. What percent is Rauf’s
~ income less than Raheel’s ?

‘Not for Sale-PESRP
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1.2 RATIO

In our previous classes we have learnt about ratios and solved
problems involving ratios. Let us recall that here.

In our daily life we are always in need of comparing values or
magnitude of objects. For example if there are 6 eggs in one basket
and 24 eggs in other basket. The comparison of number of eggs in
both the baskets, leads to the concept of ratio.

So ratio is a comparison of like quantities measured in like units. The
symbol for ratio is <2’ '

1.2.1(i) Ratio as a Relation

Here are six balls.

00 0e®

There are 2 white balls out of 6 ball‘s.

The fraction of the balls that are white is § = ? :

There are 2 white balls and 4 biack balls. The ratio of whlte balls to
black baIIs is 2 :4.

We simplify ratlos like fractions i.e., 2::4 = 1:2.
The ratio  : 2 tells us that there is one red ball to every 2 blue balls.
The ratio compares the number of red balls with the number of blue

balls.

If a and b represent two quantities, where b is not zero, rat:o of atob
is written as a:b or in terms of fraction 3

If one quantity has the magnitude 2 and the other has the magnitude
3, then the ratio of the two quantities is 2 to 3, written'as 2 : 3, or _5

Not for Sale-PESRP
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If the two quantities in comparison 'are_not in the same units, then to
find their ratio, we convert them first in the same units, e.g.
if the lengths of the two scales are 50cm and 3m then the ratio is:

50:300 (in centimeters)
=10 &

} (100cm = Im)

~ Aratio a:b is said to be in'its simplest form when a and b are integers
wlth no common factor (other than 1).

E){AMPLE -1
Simplify the rau‘_o 8:12 in the simplest.form.

SOLUTION: §:12 - -‘3-543

EXAMPLE-2

Srmplrfy the ratio 24: 12 in-the srmp!est fon'n
sowmoN: 24:12 = 2%.12
: 12212
= 25

| I 2.1 (Ii) Alnecedent and Consequent

Inaratioa: b, ‘a’is called the antecedent and ‘b’is called the consequent,
. eg. |n ratio 2:5, antecedentis 2 and consequent IS 5:

1.2.1. (III) Ratio has no Units

Let us consider a jug and a glass with 1500m! and 200m! juice.
- Comparison of the volumes of the juice in two ob]ects

. Volume of the juice in the glass _ 200m 5
| - Volume of the juice in the jug ~ ~ 1500mi = 73

or 2:15

‘Mot for Sale-PESRP




PERCENTAGE, RATIO AND PROPORTION 13 : UNIT-1

ot for Sale-PESRP . |

We can compare these quantities because the ‘numerator and
denominator, are in the same units, therefore, ratio 2:15 has no units.

1.2.1.(iv) The Order of a Ratio

If the magnitudes of the two quantities are denoted by ‘a’ and s
then ratio from‘a’to b’ is a:b.
We cannot write this ratio as b:a, because, a:b # b:a since 2 ¢‘é.

a

Therefore, in a ratio the order of quantities must be maintained;
e.g.2:5and 5: 2 are differentratios because 2:5%5:2 or 2 9.
: 55 X

1.2.2 Ratio when a Number is Increased or Decreased .

If the number of Mathematics books in a school library are increased
from 75 to 95, then the ratio of the previous number of books to the
present number of books is = 75 : 95

=ul5::19 :
i.e. the number of books increased in the ratio of /5 : 19.

EXAMPLE-1

A student spends Rs.70 everyday, but on Sunday, he spends Rs.20 .
only. Find the ratio of number of rupees spent on Sunday to
everyday. i ' ol 20
SOLUTION: . The ratio of number of rupees spent on Sunday
comparing to the other daysis = 20:70

e = PR/
EXAMPLE-2 : :
Increase 40 books in the ratio 5 : 4. What would be the number
of increased books ? ; '
SOLUTION:  Number of books =40 . ° ;
_ Given ratio is =S = >
Number of books increased = 40 x%
= 10x5
: = 50 i
The number of books increasedis 50. -~
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EXAMPLE-3

In what ratio 60 m*> be decreased to24 m>

SOLUTION: Required ratio = new magnitude : old magnitude

=24 :60
_ A
60

2

b)

5

I. Find the ratio of first quan

(i) Rs.24 , Rs.6
(iii) 20cm , 80cm
“(v) 1500 km. , 1200 km

2. Express each of the following ratios in its simplest form.

@

VR XY
| w

et td
(t;v)m.

15
i) — : 2
& 75

__EXERCISE - 1.3

a4 3 5 .7
wd. 3 | a8
_(l)5 4 (1")6'10
261 g
—_- = — : 20
(.1’)3 = (W)m
10 a8 Y]
vl — ; — J 1 e
e - ST

tity to the second in its lowest form.
(i) 20kg, 5kg |
(iv) 5m , 5m
(vi) Rs.150 , Rs.275

ol
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3. Inacity /126 medical students traveled by:

Riks_hnw Taxi Bus - Car
14 9 75 28

Find ratio of the students who used.
(i) Rikshaw to taxi

(ii) Taxito bus

(iii) Taxito car.

4. Inaschool library, there are 75 books on Mathematics, /15 on English,
85 on Chemistry'and 60 on Physics. Find ratio of the following:

(i) Mathematics books to English books.
(ii)) English books to Chemistry books.

(iii) English books to Physics books.

(iv) Physics books to Chemistry books

(v) Physics books to Mathematics books.
(vi) Chemistry books to Mathematics books.

1.2.3 Real Life Problems Involving Rutid

Some of the problems relating to our daily life are given in the following:

EXAMPLE-1 3
There are 1029 students in a school, 504 out of them are girls,
what is the ratio of boys to the number of girls?

SOLUTION: Total number of students = 1029
Numbe}' of gﬂs = 504 |
Number of boys = 1029-504
o
Redufre'd ratio' = PR & 504

”Iﬂw
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EXAMPLE-2
A rectangle has length of 6cm and width of 4cm.
. A second rectangle has a length of 9cm and a width of 2cm.

Find the ratios of: (i) their lengths - (ii) their widths
(iii). their perimeters (iv)their areas
SOLUTION: Given length of the first rectangle = 6cm
Width of the first rectangle - = 4cm
. Area of the first rectang!e = 6x4

= 24cm’
Penmeter of the first rectang!e = Ix(6+4)

= 20cm
Length of the second rectangle = 9cm
Width of the second rectangle = 2cm
~ Area of the second rectangle = 9x2
= 18cm’

- Perimeter of the second rectangle = 2x(9+2)

= 22cm -

(i) Ratio of length of the first rectangle to the length of
the second =6 :9 -

=2:3

L)

LeY

(u) Ratio of width of the first rectangle to the width of
' tho second =4 : 2

=) 0
(iii) Ratio of panmeter of the first ractangle to the '
-second is 2 20 : 22
e
_ (,y) Ratio of area of the first mqtang!e to the
wnd IS .= 24 18 .
= .,.3. Sl

o T T
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EXAMPLE-3

A couple has 6 grandsons and 4 granddaughters.
Find the ratios of:

(i) the number of grandsons to that of granddaughters.
(ii) the number of granddaughters to that of grandsons.

SOLUTION:
Number of grandsons =6
Number of granddaughters = 4
grandsons : granddaughters = 6:4
= 3:2
4:6
233

granddaughters : grandsons

EXAMPLE-4

Find the ratio of: ;

(i) 8 rupees each to 72 rupees per dozen.
(ii) 36 rupees per dozen to 6 rupees each.

SOLUTION: (i) 72 rupees per dozen means

7. 6 rupees each.
12
Therefore, ratio of 8 rupees each to 72 rupees per dozen
is same as the ratio of 8 rupees to 6 rupees, i.e.
ST Ol =N4 T
Required ratio is: 4 : 3

(ii) 36 rupees per dozen means

40 Bmpeeseach ! o PR

Therefore, ratio of 36 rupees per dozen to 6 rupees each :
is same as the ratio of 3 rupees‘to 6 rupees, i.e.
3:6=1:2 | ¢
Required ratio is: 1 : 2 - T Rl l

Net for Salo-PESRP I
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EXAMPLE-5
Ifa:b=2:3 find the ratio of 6a : 5b.
SOLUTION: Given a : b= 2 : 3 then
6a:5b=6%x2:5%3
=020,

Thus 6a : 5b 4 5

i

EXERCISE —1.4

1. Find the ratio of 6 rupees each to 72 rupees per dozen.
2. Findthe ratio of Rs. 160 per meter to Rs. 150 per meter.
| 3. Findthe ratio of Rs. 72 for 24'to rupees 4 each.

4. Asquare ‘A’ hasside 2cm and asquare ‘B’ has side 6cm.
Find the ratio of:

(' ) The length of the side of the square 4 to the length of the side
of the square B.

(ii) The perimeter of the square 4 to the perimeter of the square B.
- (iii) Thearea of the square ‘4’to the area of the square ‘B".

5. ---lf?'*'"i.i’-_-4b'«:-= 2:3, findtheratio 6a : 25

a month, while his father’s
d the ratio of his father’s:
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9. Asquare 4 hasside 6cm and square B has side 8cm.
Find the ratio of: -

(i) The length of the side of a square 4 to the length of the side of
the square B.
(ii) The area of square 4 to the area of square B.

10. A family has 12 pets of which 6 are cats, 2 are dogs and the rest
are birds. Find the ratio of the number of:
(i) Dbirdsto dogs
(ii) birdsto pets

1.3 PROPORTION

The equality of two ratios is known as proportion. The symbol for

L ¥ n u_”

proportionis “::" or “=".

1.3.1 Extremes and Means

If a: b =c:d, then the proportion is a : b :: c : d. We read it as ratio a
is to b is as ratio c is to d.

a,b,c and d are called the terms of the proportion.

The first and fourth terms, i.e “a” and “d” are called the extremes, while
the second and third terms “b” and “c” are called the means of the

proportion.

The product of means is equal to the product of extremes, i.e.

trea;er
a: U d T
e o el
ad =_bc : -

 Wot for Sale-PESRP
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i -
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=

~ SOLUTION:

i TV

EXAMPLE
Find the unknown term in the proportion x : 3 :: 60 : 15

L5

b .ﬁt'tzfe'vix_'i

Product of extremes = ad =xx15

15x
- Product of means = cb=3x60

= 180
Product of extremes = Product of means

. Therefore, 15x=180

180
T

x =12
Thus the unknown term is 12
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1.3.3 Real Life Problems

| EXAMPLE-1 pra-

| The price of 20 pens is Rs.2000. What will be the price of

' 40 such pens ? o
SOLUTION: Let “x” be the price of 40 pens, Then AUTING

Pens Price

l 20 2000 l |
40 X

L
| Therefore 20 : 40 :: 2000 : x or 20 : 40 = 2000 : x . L
; . 20 _ 2000

0 x
1 _ 2000
2 x | |
x x 1 =2 x 2000 | g 7. SO
| x = 4000 | ED
Thus price of 40 pens will be Rs.4000.

EXAMPLE-2
The price of 80 shirts. is Rs. 22000 ‘What would be the pnce ef
30 such shirts ?

SOLUTION: Let x be the mqu:red price, then _
0 2 5 boGU, Aol 8 mﬂ'
Shirts _ ~ Price » n

lao 22000 l o
o 2nozveg 530 L W avel Sva mu o fEd
uﬂ.n a8l alel ‘;Thﬂmfalﬂ‘ww% 7
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EXAMPLE-3
In a school hostel of 300 students, a food stock for 30 days was
present. Later on 50 students left the hostel. For how many
days the same food will be sufficient for the remaining students?
SOLUTION:
Total number of students in the hostel = 300
Number of students left the hostel = 50
Remaining students = 300 — 50

= 250
Let x be the required number of days. As the number of students

decrease the number of days will increase in the proportion.
Students Days

300 ' 30
250 X ‘[

Therefore, 300 : 250 :: x: 30

0035 %,
_ 250 30
(b b RS 250 x x = 300 x 30
R TR 1 250
balis » .x.=_376 ;
.~ Thus the stock of food shall last for 36 days.
' LN

.
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i Persons Days .7
6 12 e
8 ors 1K
6-: '8 xitiI2 ,
O e
Somw12
8 =12x6 :
x = %2 =>x=9
| i
| Thus the number of days required is 9. A
EXAMPLE-5 s | ot i
1 An army formation of 900 men has a food stock for 30 days. & 35wl
Later on 150 army men leave the formation. For how many j
1 days the same food will be sufficient for remaining army men ? o
SOLUTION: Total men = 900 et S et oF
Men left = 150 R £50 2

Remaining men = 750

Let x be the required number of days. T
. 1.5 AL . F '--.3".-.{\ v a3

Men Days :?T'

000, i Es0 éf
v F305s e e | T R
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- 1.4 COMPOUND PROPORTION

The relationship between two or more proportions is known as
compound proportion. For details we see the following examples.
EXAMPLE-1 -

- A shopkeeper plans to produce 200 articles with the help of
5 persons working 8 hours daily. How many articles can be
made by 8 persons if they work 6 hours daily?

* SOLUTION: Let x be the required number of articles, we have.

Persons  Working hours Articles
R X %9 8 200

s Working hours daily  Articles

SRR T8 200
S - ¥ 6 P
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_' EXAMPLE-2 : R

i Rs. 4000 are sufficient for a family of 4 members for 40 days.

For how many days Rs.15,000 will be sufficient for a famfly { -

| of 5 members? L1

‘ SOLUTION: Let x be the required number of days. Placing the

i given quantities in table, we have hIERA

' R ’

| Rupees Members Days ' ‘

4000 gt e 40 4. o] ]

; 15,000 5 , % flliw

- Since the number of days is required. So we 6ompare- the last

’ column of above table with the first two columns as follows.

; ""_ 'b" ‘.‘".' '?. '.-'i_'.-'.'- g B'M "1"“3?3‘!“7!“ X i b "'"- I--'E"-‘.i-'l SRS " \ Ar a ‘ :
Ifrupeasfncraase, £ e e e A o o .
manthenumber of day.gfnomasas .(“ ““ i : 3

}

' Rupees  Members  Days ¥f|ﬁ§:M‘$._.. 1
4000 4 T40 'fwm A¥
1,-5000 _ 5 ]
] R i1y 1% S .,,,_.-;.?1-,._3} maxh*
Using arrow signs, we ‘hav%‘af s "OYW lﬂ_

betid 0% E5 2Rete0d i:.;oti & ni
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EXERCISE 15

1-  Find the value of x in the proportion 20: 50:: 8 : x ?

2- The price of 15 suits is Rs.6750. How many such suits can be
purchased by an amount of Rs.4050?

3- A motorcycle covers 90km in 2 liters of petrol. In how many liters
of petrol will it cover 225km?

& A certain journey by train takes 5 hours at the speed of 45 km/h. What
will be the speed of the train to complete the same journey in 3 hours?

5- Sixmen can paint a house in four days. How long it would take to
paint the house if three men are employed?

6- Amanager plansto produce 100 bicycles with the help of 25 persons

working 4 hours daily. How many bicycles can be made by 40 persons
ifthey work 3 hours daily?

1- Afactory makes 560fansin 7 days with the help of 20 machines. How
many fans can bemadein /2 days with the help of /8 machines?

A factory rnakes 600 soaps in 9 days with the help of 20 machines.

How many soaps can be made in /2 days with the help of /8
machines?

9- If the stay of 12 men for 28 days in a hotel costs Rs.6720. Find the
cost for the stay of 8 men for 14 days in the hotel.

10- If the stay of 14 men for 8 days in a hotel costs Rs. 22,400. Find
the cost for the stay of 7 men for /3 days.

11- 14 cows consume 63kg of hay in 18 days. How many cows will eat
770 kg of hay in 28 days at same rate?

12- Juice manufacturer produces 3000 bottles in a day employing 15
workers working 8 hours. Find the number of bottles manufactured
when he employs I8workersworking 6 hours.
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Review Exercise-1

1= Encircle the correct answer.

(i) 20 % of 600 is:
(8 12 () 120 (¢ 20 (d 200

(ii) Fraction form of 70 % is:

7 10
7 b)) — ok
C) (b) - (c) - (@ 7

7 . .
(iii) %ln terms of percentage is:

(8) 35% (b) 35 (€ 20 @ 20%

(iv) é in terms of percentage is:

(8 3% b) 1% € 33% (@ 33-%

W |~

(v) 0.13 as percentage is:

@ I3 (b) 30 0 13% @ 10%

(vi)In a ratio a : b, “a” is called:

(a) extreme (b) antecedent

(c) mean (d) consequent

. (vii)ln aratio a : b, “b” is called:
(a) extreme (b) antecedent

(c) mean ~ (d) consequent

(viii)in @ proportion a : b :: ¢ : d, a and d are called:
() antecedents (d) consequents

el i

¥ . 8 ’
= . :

i

[

.




g i =
| '5} i (x)In a proportiona : b :: ¢ : d, b and c are called: 1
7R % (@ means (b) extremes =
il ‘ i (c) consequents (d) antecedents
|E8 2y
iy ]
2 i J (x) Lowest form of 75 : 95 is:
(& 15:17 ) 15:19
= (¢  19:15 @ 17:15
1 J : +
; 2- Fill in the blanks.
| @ 30%0f 15001
e (ii)_ Fraction form of 15 % is
i
:f 3
4 @u) In terms of percentage is
& | Wt
i ﬁ f’ 3 ""'.'
E 0 etk -,"
3 () t_erms of percentage is
i i _.am

e T

'
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4-

6-

7-

A railway train carries 800 passengers, 55% passengers are men,
15% are children. What is the percentage of women?

Azeem spends 25% of his income on house rent, 60% of the
remaining on household expenditures. If he saves Rs.2100, what is
his total income?

In a school there are 220 student chairs, 110 student tables, 50
staff chairs and 30 staff tables. Find the ratio of the following.

(i) Students chairs to students tables.
(ii) Students chairs to staff chairs.
(ili) Students tables to staff tables.

Two angles in a triangle are 48° and 60°. Find the ratio of the third -
angle to the sum of the first two angles.

8 persons can do a job in 24 days, if 4 more persons joined them,
how much time they will take to complete the same job?

The stay of /8 students for 36 days in a hostel costs Rs.58320.
Find the cost for the stay of 9 students for 12 days.

e

w1 riznoiisie adil,




e ~ Quantity causes a proportional increase in the

30
SUMMARY
4+  Percentage means out of hundred.
+  Acomparison between the two like quantities is called a

ratio.

In aratio a:b, “a” is called the antecedent.
In a ratio a:b, “b” is called the consequent.

The equality of two ratios is calléd proportion.

If aﬁb:_:c:d, then “a” and “4” the first and fourth terms are

called extremes and “3” and “c” the 2nd and 34 terms are
called means :

+ 'f_‘. ‘The relation between two ratios in which an increase in one

other quantity
| orde crease in one quantity causes a decrease in the other
. quanti __.1s-‘qgl__l§qulire_c't proportion.

==

i be_twe.en two ratios in which increase in one
' rti

sap tional decrease in the other quantity
edinverse proportion,




UNIT

ZAKAT, USHR AND INHERITANCE

» Zakat
P Ushr
P Inheritance

After completion of this unit, the students will be able to:

» Know ‘Nisab’, both in ‘tola’ and gram, on which ‘Zakat’ is due.

» Know the rate of Zakat.
» Calculate amount of Zakat in respect of assets owned by a person.

» Know the rate of ‘Ushr’ levied on land-owner/land-holder in respect of produce of the land.
» Calculate amount of Ushr in respect of produce of land.

» Solve real life problems involving Zakat and Ushr.

» Know the ratio of shares among legal inheritors of a property.

» Calculate amount of share of each legal inheritor of a property.

»
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UNIT - 2 32 ZAKAT, USHR AND INHERITANCE

2.1 ZAKAT

- Zakatis one of the five basic pillars of Islam. Zakat is a “trans/ repayment”
which Sahib-e-Nisab Muslims pay at given rate by themselves or through
the Islamic state to the poors and the needy in or after the month of Rajab.

2.1.1 Nisab

A Muslim who owns and keeps in his / her possession at least 7.5 tola
(86.1562 gm) gold or 52.5 tola (603gm) silver or cash money to the
equivalent value for one year is considered as Sahib-e-Nisab Muslim. He
is required to pay Zakat at the prescribed rates given in Quran and Hadith.

i ' : Zakatis paid from two types of wealth i.e exposed and unexposed wealth.

Exposed wealth includes agricultural goods, camels, sheep, goats,
: minerals; business inventories etc, whereas unexposed wealth includes
gold sﬂver cash money, liquid assets etc.

l 2 Ruleoflnkui

Zakat is paid fj'orn the exposed or unexposed wealth by a Sahib-e-Nisab
Muslim The.irateof Zakatis 2.5% or % of the total value of the goods or

er-eapital'-goods like machmery equipment, raw material, factory
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Amount of Zaket = RsZis oniooon I ETIRSIN
1000 st 4
= Rs.25%500 g
; 1 = Rs}zsoo i LIHIATE . =T
EXAMPLE-2 i . 07 lpneg el

Calculate the amount of Zakat on an amount of Rs.3,00,000, gold of
weight 40 grams and silver of weight 500 grams, where as the rate
ofgold is Rs.3500 per gram and the rate of sllverisRs 400pergram

SOLUTION: Cash amount = Rs. 3, 00,_ 000 L( _)_2 Wi
Weight of gold = 40 grams
Rate of gold pergram = Rs. 3500
Amount of 40 grams of gold .

Rs.3500%40 ey
= Rs.1,40,000......()
Weight of silver = 500 grams i

Rate of silver per gram = Rs. 400

Amount of 500 grams of silver = Rs.400x500

| From (i), (ii) and (ii)
‘ Total amodnt on

! i L}
= L '
=__ o=
! E. [
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Ushr is paid at the rate of 10 % from the agncultural products of the land
- which is irrigated by natural resources. However the rate of Ushris 5%on
the agriculture products of the land which is irrigated by artn" C|al sources,
that is canals, tube-wells etc.

\® -

3
'5‘*** A E)(AMPLE 1

@i-h oy
p lf the wheat crop.is produoed 40000kg by natural resources, calculate

ﬂze _aiﬁount of Ushr, ifthe price of wheat is Rs.950 per 40kg.

L g SOWHON: - Weight of wheat = 40,000kg.
it Price of 40 kg wheat = Rs.950
L BUHRALES P e .
£ i Price of 1 kg wheat = Rs. 50
Faiet. 40
PO, el - s 950
. Pr of 40,0001(3 wheat = Rs.40000x ﬁ

= Rs.1000x950
3 T = Rs.9,50,000
R.s' £x9 50,000
100
= Rs.95,000

narice mpofwefghtBOOOkgpmduced
!fce iSRs.2000.
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2.3 INHERITANCE

When a person dies, then the assets left by that person are called
inheritance, and itis distributed among his / herlegal heirs. The principles
of distribution of inheritance are given very clearly in Islam.

The following amounts are paid before distributing inheritance among
heirs.

1- Pa'yment of funeral expenses.
2- Payment of his / her debts.
3- Execution of his / her will.

2.3.1 Ratio of Shares Among Legal Inheritors of a Property

Firstly we determine which of the relatives of the deceased are entitled to
inherit and secondly to determine the share of each heir. '

In Islam there are total of twelve relations who inherit as legal heirs.
We discuss ten of these in the foI_Iowing.

1- In case the husband dies, the share of the wife (widow) i is one

quarterLJIn the absence of a child or agnatlc grandchild

2- Oneeighth [é) in the presence of a child or agnatic grandehild. | :

3- Two or more wives share equally in this' prescnibed 'sh‘a"re. |

4- A son inherits a share equivalent to that of two daughters,
i.e a brother inherits twice as much as a sister.

5- A grand son inherits twice as ‘much as grand daughter :
and so on.

;'Ag,i.aticlsfrommﬂate' which rneéns. related on the father's side or through:
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6- lf the daughters are two or more than two, then for them
two third of the inheritance.

; 7- If there is -onIy a single daughter or agnatic grand daughter
her share is a fixed orie half.

8- Twoormore daughters will totally exclude any grand daughter.

9- If there is one daughter and agnatic grand daughter, the
daughter inherits one half(i) share and the agnatic

grand daughters inherit the remalnlng one smth( ) ythen
malung a total two third. - 6 s

10-The husband inherits one half of the inheritance in case the wife dies.

akfsifiesis D 5

Dlstnbutmn of remaining inheritance amongst the

ol helrs according to Sharia is one of the four duties

I
r -to.-.b.e. performed when a Muslim dies. !

‘w.

e DhEn A

SR 130

it ol g



ZAKAT, USHR AND INHERITANCE ‘ 37 | UH" 2

I

Rs. 24.00.000 - 3.00.000
i : -Rs.21,00,000

Ratio of son’s share to the daughter = 2: 1

Sum of the ratios = 2+ 1

' Remaining amount

=3
Therefore daughter’s share = Rs.ZI.O0,0bOx%'
: = Rs. 7,00,000
~ Son's share = 2x7,00,000
= 'Rs\'14.00.000 " 'S SN -, |
; - !
EXAMPLE-2 ' - r .
A person left a property amounting Rs.-30,00.000. Calculate the ; e
amount of his wife, if he had not any child. | B

SOLUTION: ~ Amount of property = Rs. 30.00,000°
Wife's share

1l

30,00, 000-><-;- T,

{4.
; -
. P
F

Il

Rs. 7.50,000

EXAMPLE-3




ZAKAY, USHR AND INHERITANCE

. EXAMPLE-4

Rs. 48,00,000. -
SOLUTION:  Amount of wealth left =

-

If a deceased person left a widow, a son and two daughters,
calculate the share of each, if the wealth left by him amounts to

Rs. 48,00,000

Widow's share = 48, O0,000xé
; ' = Rs. 6,00,000 |
| Remaining amount = 48;00,000 - 6,00,000
AP, () “= Rs. 42,00,000
R“&ﬂa*‘ofson and daughters share = 2:1:1
TR - Sumoftheratios = 2+1+1
_ lu &R S ATy ‘ = 4
IRESERRST Te HRBOET & fie -
R e ey Son's share = =x42,00,000
_ Pty - 4
‘= Rs.2x10,50,000
0 = Rs 21,00,000
each daughter = -Exz;z,oo,ooo :
' = Rs. 10,50,000

sh of amount
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6- Calculate Ushr on a wheat crop amounting to Rs. 3,50,000 produced
by artificial resources.

7- Work out the share of each, if the inherited property amounting to
Rs. 7,50,000is left by a deceased, who also left awidow, twoson’s and
one daughter.

8- An amount of Rs. 4,00,000 left as an inheritance is to be distributed
among awidow and four daughters. Work out the share of each.

9- If a deceased left a property of worth Rs. 15,00,000, workout the
property, if he left behind a widow

10- The inherited property amounting to Rs. 20,00,000 is left by
adeceased. He left behind a widow and two son’s. Workout the share
ofeach.

11- Asghar left a property of worth Rs. 4,80,000. He left behind a widow,
three sons and four daughters. Calculate the share of each one.

12- Najeeb left a wealth amounting to Rs. 4,00,000. He left behind
a widow, while they did not have any child. Find the share of Najeeb’s
widow.

_Review Exercise-2

1= Encircle the correct answer.

(i) Zakat is deducted at a rate of:
(@ 25% B 35% (c) 45% @ 55%

(i) On a crop produced on natural resources, Ushris deducted
at a rate of: :

@ 25% 0 5% © 10%

Not for Sale-PESRP



b 10% ) 25% @ 25%
[ gr #-..
(‘fi)~Zakat on an amount of Rs.100,000 is:
(a) 2500 (b)) 25000 () 2000 (d) 15000

(v)Us'hr on a wheat crop produced on natural resources
amounting Rs.1,50,000 is:

i @ :‘sffﬁ"}(m by Sum (@ 15000 - (d) 20000
_‘are of a widow in inherited property is:

o

(d)

ro |~

@ 1
8

_ ghters or one agnatic
oAb (5872, o ol

MUBHU 21 Hd)is _I_




41

2- Fill in the blanks.

(i) Zakat is deducted at a rate of

(i) On a crop produced on natural resources Ushr is deducted
at a rate of

(ii) On a crop produced on artificial resources Ushr is deducted
at a rate of

(iv) Zakat on an amount of Rs.2,00,000 is

(v) Ushr at a rate of /0 % on amount of Rs./.00.000 is

(vi) In an inherited property the share of a widow is

(vii) In an inherited property the share of a widow in case
of no child is

(viii) If there only a single daughter then her share in inherited
property is

(ix) The share of son and daughter in an inherited property is in
the ratio

(x) If there are two or more than two daughters then the|r share in
an inherited property is

3. Calculate Zakat on gold amounting Rs.15,00,000.

4- Calculate Ushr on a rice crop amounting Rs.4,90,000 produced by
artificial resources. _

5- A deceased left a property of worth Rs.45, 00 000 . If he Ieft behmd
a widow and two sons, work out the share of each.

6- Akram left a property of worth Rs.48,00,000. He left behind a e
window, three sonsand fourdaughters. Calculatetheshareofeach ger, ANp

Not for Sale-PESRP



A " SUMMARY

| %akat is one of the five basic plllars of Islam. Zakat is a “trans/
“_ré'payment' whlch Sabhlb-e-Nisab Muslims pay at given rate

‘wealth includes agriculture goods, camels, sheep,
mine rals business inventories etc

g‘cultureproducts
sources and 5 % by




UNIT

BUSINESS MATHEMATICS

» Profit and Loss
P Discount
» Business Partnership

After completion of this unit, the students will be able to:

» Know the:
« Cost price (CP) as the price, an article is purchased for.
« Selling price (SP) as the price, an article is sold for.

» Identify the following relations regarding profit (when SP>CP):

» Profit=SP—- CP, « SP = Profit + CP, « CP = S5P— Profit,
Profit i CP x Profit% 100 + Profit % 100 x SP
« Profit%= x100, o Profit=————, o SP=CPx| — .|, o« CPz—m—o—,
CP 100 100 100 + Profit %
» Identify the following relations regarding loss (when SP<CP): ; :
« Loss=CP-SP, « SP=CP - Loss, « CP=Loss +SP,’
Loss CP x Loss % 100 — Loss %5 100 x SP
s Loss%= x100, = eiLoss=—————, = el SE=CE X | e R R e
CP : 100 o 100 100 — Loss %

» Solve real life problems involving profit and loss. :
» Recognize marked price (MP) or list price of an article.

» Identify the following relations regarding discount:
¢ Discount=MP-SP, " « SP=MP— Discount,

Discount 100'— Discount %6 i 100x SP :
« Discount %= — x 100, o SP2MPx| ———— [} + MP=——, | :
© MP 100 b 100 ~ Discount%




]- - a4 BUSINESS MATHEMATICS
e

| 3.1 PROFITAND LOSS.

i Traders purchase and sell goods and services. The traders may earn
g - profit or incur losses. We use arithmetic to calculate cost of goods
purchased and profit or loss incurred by traders.

In order to calculate costs, profit and loss, in our daily life, we use

arithmetics. This is being done by purchasing some articles from
different shops every day.

3.1.1 Cost Price and Selling Price

The price at which a particular item is purchased by shopkeepers is
called the cost price. It is denoted by AGPY: :

i, The price at which an article is sold out to the customer by the
} - shopkeeper is called the selling price. Selling price is denoted by “SP”.

3.1.2 Profit

If the selling price of an article is greater than its cost price, then the
profitis earned. Profit is denoted by “P”. The following mathematical

relations exist between profit, selling price, cost price and profit
percentage. ; '

Profit = Selling Price — Cost Price
P=SP-CP
SP=P+CP
Profit% = 2100 = profirie CEXBrofit%
A P 100
| | w. % Here SP= Profit + CP :
— TS ey b ; ' g o
= f M CPxPomt%
f e T :
S SP = cpx(____.___P"’ﬁ‘%”OU)
' : | 100 '
' : D 100
Waradis ICP = SPxi|——f
R [IQQ-meﬁ:.%]_

o=

Wot for Saie-PESRP
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BUSINESS MATHEMATICS | 45 UNIT-3

1

sl

{f

EXAMPLE =1
A bicycle was purchased for Rs.3450 and sold for Rs. 3850

Find the profit percentage.
SOLUTION:

CP of thebicycle = Rs.3450 | =

SP of the bicycle = Rs. 3850 | e
Therefore, Proﬁt =iSP=CP AL ‘< St
= Rs.3850~Rs.3450 -

= Rs.400 - (s

P‘.»-oﬁr%=(___’°’°ﬂ"‘mo)% BRRY
A : :

3 (400):100)%
3450 ) -

= 11.59% ~ 1156%

EXAMPLE-2 ' mma Vs
A trader earns a profit of 20 % by selling a chau;sfof__ 5.2700.
Find the cost price of the chair.
SOLUTION:  Let the cost price of the chair be Rs.100.
Then profit = Rs.20 (i.e. 20%)
Hence SP=CP+ P
Therefore SP = 100 + 20 =




'sﬂi_. u

8 (w100, ) o
100+ Profit%

B __m,.[_-’.‘LJxmo

100+ 20
L 1002700

120

BUSINESS MATHEMATICS

have the follov'iﬁna Tbﬂnu'lg'tq find cost price




BUSINESS MATHEMATICS ‘ ) UNIT-3 Tr%
= T
EXAMPLE-4 e QB .f?

If the selling price of 10 articles is equa! to the cost pncer of 11 _ -
articles. Find the profit percentage. : GARAGR o
SOLUTION: Let the cost price of each article be Rel. IR T

~ Then cost price of 10 articles = Rs.10 LE

Then cost price of 11 articles = Rs.11 e ”;

SP of 10 articles = CP of 11 articles -

Therefore, selling price of 10 articles = Rs.11 e

Profit = SP—CP | %

Therefore, _ Proﬁt' = Rs.(11-10) = Re.l : :

Profit
t x 100 | %
o= [ cP ) S

} s
Profit% = | —x100 |% |
e 2 [-’OX : J s ‘ wr-.mxaz- ,.q

. LA 0o, AeE e *“'m uﬁ;.:b)r.ﬂﬁ'
ExAMPLE 5 . TN A A 'y | } c‘;‘ .:f‘;'t‘“\ ’i:yh _I TG )

By selling 100 oranges, a vendor gains the sellmg m‘i .,
20 oranges. Find the profit percentage.

SOLUTION: Let the cost price of each orange be Re,;
Now SP of 100 oranges = C!Pof] 0 orar




B

e

9

Enine )

BUSINESS MATHEMATICS

s. 650 at a profit of 30%.

% and the cost price is CP.
P = 100% SP
100+ profit %

~_ 100x650
100+30

~_ 65000

——

130

1 shopkeeper sells a room heater for
ost price. Find his profit percentage.




BUSINESS MATHEMATICS 49

Therefore, - CP = Rs.1800, SP = Rs.2100
Profit = Rs.(2100-1800) = Rs.300

Praﬁt%=(-}:-x100)% gl |
\CP i i
i ) . ; : UL G :
pmﬁ,%.-.[”" xm)% A

. 1800 : 3 ". 3t

_ = 16.66%
-Thus, Profit% = 16.67 %
EXAMPLE-8

A shopkeeper bought 100 hockey balls for Rs 40 e:
20 of them at a proﬁt of 5%. At what pmﬂt pe cer



, desired SP of 80balls = Rs.(4800—840)
: '_'.i: N CLEEREY RN : R.93960
CPof 80 balls = Rs.(40x80)

e Ll = Rs.3200
' requxred gainon 80 balls Rs.(3960 - 3200)
A | S R76D

5 _' fes. Profit 760
Required % x100 |% =
(Reagigediprofi) = [ P ] [3200

~_(760),
-

()

23.75%

x 1 00]/

W e e

1 1T

TR 110

P et e S —————— Tt 101 | B0l B




EXAMPLE-1 ) e
Daniyal buys 6 sweets at a rupee and sells them, 8 sweets :

for a rupee. Find his loss percentage.
.SOLUTION: L.C.M of 6 and 8 is 24.

Let us suppose that Daniyél buys 24 sweegs

CP of 24 sweets = Rs{ éx?.df) = Rs.4

SP of 24 sweets = R.s.[ éx?f!) = Rs.3

Loss = CP-SP ‘ g e -
=Rs.(4-3) =Re.l : '
. N -3 (MRS S
Thus, Loss %6 = ——x 100 i EYOKY & oo =
ey e ecR
v = -I-xIOO =25 %N IS BTl | o ‘ ‘ aT
el TR - e

EXAMPLE-2 -
A shopkeeper sold two radios at Rs. 1020 each On one he £ AL
gains 20% and on another he loses 20%. '_' o e
How much does he gain or lose in the whole ransaction?,.
SOLUTION:  In case of first radio: LT

SP = Rs.1020, Praf t = 20% '

Thamfom, CP = R"‘ lij:."”""'..'



= Rs. 2125

: _'al' sale pnce of both the radios = Rs. (1020x2)

B = R 2040
e transction = Rs.(2125 - 2040)
= = Rs.85

Thus, La.s_'s.% = [285

X 100) %
125

A S
Loss % = 4%

Proﬁt %+1 00)

i;
1
!
!
!
i
i
!
3
i
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EXAMPLE-4 A
A boy bought a book for Rs. 575 and sold it for Rs. 320. What 4
was his loss percentage? :
SOLUTION:  CP of the book = Rs.575
SP of the book = Rs.320 HOITUGS
Loss = CP-SP i
= Rs.(575-320)
= Rs. 255
Loss percentage = ( Ioss. x1 00) % -
( cost price -
‘= [ﬁ x1 00]
375
{
=|—=x100 -
[115 ] 3
= 51 . ao] 6 = 4434%

3.14 Reul Life Prohlems

In our daily Ilfe when we go to the market to purchase different sort of
items like books, cloth, grocery, ready-made garments, electronics etc
we experience about CP, SP, Profit and Loss. M
SR Vnilltm Y g
Let us consider the following examples for thls purpose. "
£33 -'-' - "'\‘ ﬁ‘ﬂﬁﬁ‘ -?3’8‘% I
EXAMPLE-1 : : v
he sell it to get a proﬁt of 15%? o ey
SOLUTION: Let the cost pdoa is Rs 100 :




| KET T P L BUSINESS MATHEMATICS

g a shirt for Rs. 960, the shopkeeper lost 20%.
hat’-.'p'nt:e should he sell to get 35% profit?
Let CP=Rs. 100
Loss = - Rs. 20

SP = Rs.(100 - 20)

= Rs.80
Bl when, RssothenCP= 00

e L
s - A
S

TN T B s e s B VP30t Vi Vg A 1 it Sty

Again let

Profit 35%

'. ,."; .': If.'::f.'f . _,i:_—cl-"‘?_}) = lf?‘y 2. .’r?

whon P — Pe 1900
when,CP = Rs.1200
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E XERCISE 3.1

2-

3-

5.

7-

(v) SP=Rs. 100, Profit = ’;h -

Find the SP, when

(1) CP=Rs. 950, Profit=10% (ii)) CP=Rs. 1540, Loss = 5%

(iii) CP = Rs. 9600, Profit= 10 % (iv) CP=Rs. 126000, Loss = 5%
(v) CP=Rs. 480, Profit=3%  (vi) CP=Rs. 760,Loss =4%

Haris purchased a car for Rs.248000 and spent Rs. 12000 on its
denting and painting. He sold that at a profit of 5 %. What did the
customer-pay to Haris?” '

Find the CP, when

(i) SP=Rs. 672, Profit=5% (i) SP=Rs. 851 Loss=8%

(iii) SP = Rs. 1755, Profit=]2—=%  (iv}) SP=Rs. 2640 Loss =12 %

A shop-keeper gains a profit of 7% by selling a dinner set for
Rs.3852. If he sells it for Rs.4050, find his profit percentage.

The selling price of /2 articles is equal to the cost price of 15
articles. Find profit percentage.

Find the cost price, if a fan is sold for Rs.1470, to get. a profit 1 th
of its cost price. 6

A man sold an almirah at a profit of 7_;.%, had he sold it for
Rs.209, he would have lost 2%, For how much the man purchased it?
Three chairs. are purchased at Rs.450 each. One of these is sold at a

loss of 10 %. At what price should the other two be sold soasto
gain 20 / on the whole transaction? -




! —Marlaed Price — Sale Price.
=MP - SP

sisn . dh
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3.2.3 Real Life Problems . | NiAXD -
EXAMPLE-1 Qs sEaaek

The marked price of a toy is Rs.750 and 2% d:scount is oﬂ’arad on
cash payment. What cash payment one should pay for thgﬁtfqg_b

SOLUTION:
Marked price of the toy = Rs.750, D:scount rate = 2%

Discount = (Discount % x MP)= Rs.(mxm)'

= Rs1S
SP MP - D:scount .
SP = Rs.(750-15) = Rs.735
Thus Rs. 735 should be paid to purchase the toy. indhol

o

EXAMPLE-2
An article is sold for Rs.1000 after allowing a disoount&oﬂ%%*aﬁ&i

~.the marked price. Find its marked price. a0 :m: worle i

s D), W
SOLUTION:  Let the marked price be Rs.100 mom,ﬂ, mw#

Discount allowec( on It 79/ of Rs 100




'CP be Rs.100
MP Rs. (100 + 20)

-RSIZO

S D) - 10
0'/- Rs.120 = —
. of ]mxIZO

Discount = Rs.12
‘SP = Rs.(120-12)
= Rs.108

BUSINESS MATHEMATICS

':uage .- (S'P (‘ P)% = (mf‘s' 100)%,
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EXAMPLE-5 -
During January sales, a departmental store oﬁers a disoount
of 10% on marked prices. What is the purchase price of a M X g
dinner set with marked price as Rs. 84502 0 :
SOLUTION: Discount of 10% on a MP of Rs. 8450
= MPx10% BLA -
_ s450x 0. - > oo iRk T
100 wesontroonty Loy sl
= Rs.845 4 0o e o W
Purchase hPrfce = Marked Price — Discount --_I_;:lf
= Rs.(8450-845) ;
i O L
= Rs.7605 Rbaeivlo. 1
- _ Y 1 baiE uﬁ'r' " ;
EXAMPLE-6 \niinasjen mw

A bicycle dealer offers a discount of i 0"«” and still makes ami i e

profit of 26%. What is the actual cost of a bicycle, ¥ m};;’;’ fr d.fq
7]

marked price as Rs. 840 ? Bt A tﬁm# ﬁ

SOLUTION:  MP = Rs. 840 .
Discount = 10% pr= Rs,
SP = Rs.(840—-84) = .

v & M s
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EXERCISE - 3.2

i v

E : i,

frl

t l3:-

T

& 5

& ;
4

1- Fin'dtheselllng price, when,

'What percentage dlSCOUﬂt is betng allowed?

: Them arked price of a book is Rs.480. The shopkeeper offers a

(i) MP=Rs. 728, Discount=6%
(i) MP=Rs. 2760, Discount=35 %
(i) MP = Rs. 395.75, Discount =8 %

Find the marked price when,
(1) SP=Rs.515.20, Discount =8 %
(ii) SP=Rs.858, Discount=12 %
(iii) SP=Rs. 2400, D;:scoan'r'= 4%

The marked pnce of a ceiling fan is Rs.720. It is sold for Rs. 684

The marhed price of washmg machlne is Rs.3640. During sale season
it is sold for.Rs 3367. Find the discount percentage

o7
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3.3.1 BUSINESS PARTNERSHIP

An association of two or more persons to carl& on a busi_hé;srfor the
purpose of making profit is called partnership. Partnership can be
classified in two types, Simple Partnership and Compound Partnership.

When capital of partners is invested for the same length of time, the
partnership is called simple. In such cases, profit or loss is distributed in
proportion to the amount of capital invested by each partner.

When the capital of partners whether equal or unequal are invested for
different lengths of time, the partnership is called compound. In such
cases, profit or loss is distributed in accordence with the products of the
capital and the periods of their investments.

-3 3.2 Profit among the Partners

In the following examples we show, how the prof t among the partners is
distributed. _

EXAMPLE-1
Aslam, Anwar and Akram earned a profit of Rs.2,50,000 from a

business. If their investments in the business are of ratio 4:7:14
respectively. Find the profit of each.

SOLUTION: Given ratios = 4:7:14
Sum of the ratios = 4+7+14
= 2h)
Profit earned = Rs. 2,50,000

Profit earned by Aslam = % x 2,50,000 = Rs. 40,000
Profit eamed by Anwar = 375 x2,50,000= Rs.70, 000

Profit earned by Akram = -;—;x 2,50,000=Rs. 1,40,000

EXAMPLE-2
The shares of three partners in a business are in the ratio 2:3:5.
If they suffered a loss of Rs. 10, 00,000 in the business, what was the
share of each individual in the loss incurred? : :

SOLUTION: - Given ratios = 2:3:5
Sum of the ratios = 2+3j|-_5
=10
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}—ExI0,00,tJOO:Rs. 200,000

 Lossof the second or .Exwooooo Rs. 300,000

-f._!.-} 2E A : t
3 = K & v 1 :

st botioss 1 share holt .—--I%:x-.l._0.00.000=Rs.500,000

Ok -”_'-‘.""‘.“ L L A0
Sum of ratios =




BUSINESS MATHEMATICS =k 63 UNIT-3

3rd share = Rs.3720x£-
: 31
= Rs.120x6
= Rs.720 . 1R .
Check: Rs.1800 + Rs.1200 + Rs.720 = Rs.3720

EXAMPLE-4

Jamila and Alia enter into partnership and their shares are in
the ratio of 1 1 . After 4 months, Jam:la w:thdmws half of her

53 .
capital and after 8 months more, a profit of Rs 500 is divided. o .

What .is Jamila’s share of profit?

SOLUTION:  Ratidof Profii e 51 R ; i

2.3 00, 3§

They must put their capital in the same ratio. If Jamila puts _'"”,
Rs.300, then Alia puts Rs.200. After 4 months Jamila withdraws ~ *
half of her capital. AT

After & months profit earned = Rs.500

Jamila's investment for 4 months =300x4

- =Rs.200

- Jamila's mvestment for the next 8 months - ;x(300)x8




= —
1 s
St e EXAMPLE-5

Umer and Ali purchased a plot with an investment of
Rs. 3,00,000 and Rs.5,00,000 respectively. On selling the plot they
got a profit of Rs. 2,20,000. Find the share of each in profit.

Umer Ali
: invested . invested
SOLUTION: , 3,00,000 : 5,00,000-
Boexy;
Ratio of profit - 3.5
- Sum of the ratios = 3+5 = §
Total profit = Rs. 2,20,000
- Umer's sharg in profit = 2'2(;000 x3
= 27500x 3
= Rs. 82,500
- Ali's share in profit = 2’2(;000 X
= 27500x 5
= Rs. 1,37,500

i:xsmsz _33

" 1- Distribute Rs. 200,000 as a profit in a bUSIness regarding three

persons, if their shares are in the ratio 3:2:5.

2- !f Ali, Daniyal and Abdullah earned 15 % profit agaunst an
investment of Rs. 750,000. Find the profit of each if their shares
are in the ratio 2:3;5 .

;‘ "

=7 | 3- Distribute Rs. 720 as proﬁt amongst three people, so that thelr
=5 I sharesareintherat(njdl.‘i 3
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4- Three persons invested an amount of Rs. 3,000,000 in a business

with shares ratio 2:3:7. They earned a profit of Rs. 600,000.
If they are interested to wind up their business, what amount

every share holder would get?

5- Three members of a firm distribute the profit Rs. 67,200 among
themselvesinthe ratio 2:3:7. Whatis the biggest share of the profit?

6- A sum of money is divided among three persons, 4,8 and C in the
ratio 10:7:5 respectively. If “B” gets Rs. 14 more than “C”. How
much will “4” get and what is the total sum of money?

Review Exercise-3

1- Encircle the correct answet.
i. Profit is earned when:

(a SP=CP () SP<CP (¢ SP>CP (d) none of these
ii. Loss is there when:

(a SP=CP (b) SP<CP (c) SP=MP (@ SP>CP
iti. Profit % = ? where SP > CP

B w2200

CP
0, 100x SP
© CP x profit % (d) -
100 100+ profit %
ivv. SP=7 \r"vherib'f'> CP o mo*-"mﬁ’%)xcp
_ (@) Profir— C 100
; CP xloss %
l (c) CP-— Loss (d) T
v CP=? | b
iGOxSIf’ Z (b) loss—SP e
!00+p:'vﬂl : v 10 discountc 1005 SN ST =
(¢) MP + discount A (@ — R a7 A woiDl &
—_—

_lot for Sale-PESHP
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Fill in the blanks.

The price a‘t' which a particular item is purchased is called
The price at which an article is sold out is called
When SP > CP, CP=SP -7

When SP. < CP. Loss % =

100x SP
?

MP =

A shoi;keeper gains a profit of 8% by selling a washing machine for
Rs.12000.|fhesellsitfor Rs. 10,500, find hisloss percentage.

Ifthere is a 70% discount on marked price of a television and still

makes a profit of 5%. If it is sold in marked price, what is profit
percentage?

Distribute Rs.33,000as a profitinabusiness regardmg three persons,

*iftheirsharesareintheratio 3-5-3.

Three members of a firm distribute the profit amounting
Rs.1,44,000 among themselves in the 3:4:5.

. () Whatiis the biggest share of the profit?
(i) What is the smallest share of the profit?

s P } A7 sum

The price at which a particular item is purchased is called cost
price. It is denoted by “CP”.

The price at which an article is sold out is called the sale price-
 Itis denoted by “SP" : f

~ If the selling price of an amcle is greater than its cost price,
- thenthec pﬁargn these twos the profi eamed itis denoted
: o 2

n _a[;icle is less than its cost price, then
two is the loss, Itis denoted by “L”.

—
I___-
|—
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Commercial Banking
Exchange of Currencies
Profit / Markup

Insurance
Leasing / Financing

vVvVvVveVew

After completion of this unit, the students will be able to:

» Know commercial bank deposit and types of a bank account (PLS saving bank account,
current deposit account, PLS term deposit account and foreign currency aooount.)

» Describe negotiable instruments like cheque, demand draft and pay order..

» Explain on-line banking, transactions thmugh ATM (Auto Teller Machme), deblt ea.rd | gt .
and credit card (Visa and Master).

» Convert the value of a given amount of the currency of one country in terms of another currency.

S S

» Calculate: %
S o The profit/markup, Eal . a-d‘“:ln% mi‘U)
i « The principal amount, z B WA

« The profit/markup rate,

b GO 5’1 "‘tﬂ«}'rﬂhu a
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« The period. 53 Wmfm s
Ofr x .*-.‘U f' o
E » Solve problems related to commercial banhngaﬂdm"“al ssumg,h o St tu* 1gm§l{:9 :
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» Define insurance in its s:mpleterms o bond & dosean T Sulnddee d PG‘

» Know life insurance and vehicle insurance. 3 j
» Solve simple real life problems regarding purchase of llfo_and I

» Know ‘
-megfﬁnauclngofmotorvducle; . DL |
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4.1 COMMERCIAL BANKING

A banking business which is related to the accepting of deposits,
advancing loans and undertakes other services for its clients is called
commercial banking. Bank collects the idle savings of people and firmsiin
the form of deposits in different accounts.

4.1.1 Bank Deposit and Types of Accounts

There are three major types of accounts which can be maintained with
banks to keep the deposit or surplus funds. These are explained below:

1- Current Account: Very popular accounts with high
degree of liquidity. :

- 2- Saving Account: An important source of funds for the
banks.

3- Fixed Account: An attractive source of fund for long term
lending and investment purposes.

Current Account

A Current Account or demand deposit is running account which
continuously remains in operation due to its liquidity. It is used by a
customer to transfer and withdraw funds on demand without prior notice

to the bank. The bank is bound to honour the cheques subject to
availability of sufficient funds,

In Pakistan, the current account can be opened with a minimum amount
ranging from Rs. 1.000 to 10,000 with or without minimum balance
maintenance requirements as specified by the bank. Since the funds
placed in this account are for very short period, so interest o1 profit is not
paid by bank onthis account.

Saving Account

Safymg_-_account.j as t_,tie;_l_r_l?me suggests, is meant to encourage thrift and
M omote saving among the persons of small means. The bank pays
AR ﬁgmmal:intﬂreisthjaftmaﬂmn;thehaﬁmimpnmjx,palance-

Not for Sale-PESRP
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The depositors are normally allowed to withdraw a limited amount of
money without any prior notice but for withdrawal of large amount from
such an account, a prior notice of 7 to /5 days in writing is required to be
served to the bank. In order to mobilize savings and accommodate the
clients, the bank normally waives off the notice period.

In view of the withdrawal frequency, bank keeps a minimum amount in
reserve to meet the customer's demand and the remaining funds of
saving accounts can safely be invested by the bank in any profit oriented
venture/ schemes in the form of loans and advances.

PLS Saving Account

In Pakistan, the profit and loss sharing (PLS) saving account was
introduced in January, 71982. PLS Saving account can be opened with
small amount (normally notless than Rs. 700). Acredit balance of Rs. 100 is
eligible for sharing profit and loss of the bank. Withdrawal of small amount
from PLS account is allowed but for the whole amount a prior notice is
required, if so desired by the bank. The profit earned & loss sustained on
PLS saving account will be credited/debited as determined by the bank
on the basis of its net working result at the end of each half year/full year,
depending upon the mode of payment of profit.

Fixed / Time Deposit Account

Fixed or time deposit account, as the name implies, are deposits kept with
a bank in an account for a certain period of time ranging from 3 months to
5 years. Time deposit is kept in the bank by the customers to earn profit.
On maturity of the time deposit, the bank pays the principal amount along
with profit of the stipulated period to the holders. This deposit is not
payable on demand like the current deposits but can only be withdrawn
by the depositors on expiry of the specific period for which the funds have
been fixed. The rate of profit on fixed deposit is comparatively higher than
Saving Deposit. The longer the duration of deposit, the higher is the rate
of profitand vice versa.

The bank on receipt of funds for time deposit issues a receipt or a
specially printed form as an evidence to the deposit ho!gier. Normally such
deposit holder is not issued cheque book for funds withdrawal. 3‘-,\!,’50'!‘ the
expiry of the fixed period, the depositor presents the receipt duly
discharged and gets the amount in cash or gets the same transferred to
his account. If the' depositor needs funds before its maturity date, the
- bank usually-obiiges the customer with or without making partial amount’
cf payable profit proportionately. : _ R
" Not for Sale-PESRP N
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The depositor may also avail financing facility on nominal markup rate,
normally / to 2% over the deposit rate, from the bank against the security
oftime deposit. In case of demand deposits, the bank has to keep higher

reserve ratio to meet the depositor’s liabilities. But for the time deposit the
reserveratio is quite small.

Foreign Currency Accounts

A foreign currency account is the account maintained with the bank in
foreign currency, like Dollars, Pounds, Euro etc. These accounts are
maintained, operated in line with the instructions of State Bank of
Pakistan. All the banks or authorized dealers may without prior approval
ofithe State Bank of Pakistan, open foreign currency account of Pakistani
national residents in or outside Pakistan, including those having a dual
nationality. All foreign nationals, firms and companies established /
incorporated and functioning in Pakistan including those having foreign
- share holding can open foreign currency accounts. However, airlines and

shipping companies operating in or through Pakistan cannot open foreign
.currency account.

Foreign currency accounts can be operated in Current, Saving, Fixed
accounts. Rate of profit in a foreign currency account is very nominal as
compared to local currency accounts. Foreign currency accounts can be
operated by remittances received from abroad and travelers cheques
issued outside Pakistan. Accounts can be maintained and payment can
be made in any currency of choice of the account holder. Credit card

facility can be obtained by the account holders up to the extent that they
can utilize their balance in or out side Pakistan.

The bank can mark lien on the foreign currency accounts in respect of
banking facilities like credit card, bank guarantees and loan/credit etc.
availed by the account holders in and outside Pakistan. Foreign currency
accounts are exemptedfrom zakat and taxes.

4.1.2 Negoﬁ_ﬁ_blo Instruments

" The word “negotiable’ means transfer for consideration, whereas the
word ‘instrument” means written’ documents creating right. So
negotiable instruments means documents in writing which create a right

I 3 DS in faypurofsome person and which is freely transferable by delivery or

‘andorsement.

f Fey) iV

A Tala e A ks X

{ 5.c -
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A negotiable instruments means a promissory note, a bill of exchange
or cheque payable either to the order or bearer of the instrument.

Bill of Exchange

A Bill of Exchange is an instrument in writing containing an unconditional
order, signed by the maker, directing a certain person to pay a certain
amount only to or to the order of, a certain person or to the bearer of the
instrument. '

Parties of Bill of Exchange

Drawer: the person who draws the bill.
Drawee: the person in whose favour the bill is drawn.
Payee: the person to whom the payment is made.

Cheque

A bill of exchange drawn on a specified banker and not expressed to
be payable, otherwise then on demand.

Parties of Bill of Cheque Drawer,
Drawee &
Payee
Pay Order

Pay order is like a cheque, issued by bank on the request of its customer
or in payment of its own expenses or dues, drawn on itself, to pay a
specified sum of money to the order of specified person. Pay order;. are
usually issued by the banks on receipt of full amounts involved, which
means that it would not be returned unpaid due to lack of funds. It is also
called banker's cheque or cashier'scheque. -

Bank Draft

An order. to pay money, drawn by one branch of a bank upon.another
branch of the same bank for an amount of money'payable to or order of
payee or on demand: Thebank draft has animportant advantage over a
‘cheque as it would not be dishonored forlack of funds since it is funded
“instrument. The draft normally drawn from the branches: located out of

city. The bank charges nominal fee for preparation ofibank draft where as

pay orders are issued without any charges by most ofthe banks:i»

Mot for Sale-PESRP.
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4.1.3 Online Banking

Electronic based banking service provided by devices such as AT V=
(Automated Teller Machine), POSs (Point of Sale), Automate==
Clearinghouse, Network, Internet or Wire. In other words, online bankin

is a system for transmitting and executing instructions for bankin
transactions in real time through electronic telecommunications an
computerized links between bank and customer via telephone line =
satellites or automated teller machines.

Under online banking system, the customer maintains account with an=
specific bank and can transfer and withdraw the amount from any branct™
of the same bank. If the customer has been issued a debit or credit card

only then the customer can withdraw or transfer the funds through ATN®
linked with M.Net or One Link banks. Under online banking systen=
instructions from the sender to remitting bank and from the remitting banie
to the paying bank, are transmitted through electronic means Of

communications, funds received and payment takes place in real time
instantly.

Debit Card / ATM Card

A debit card enables the holder to have his purchases directly chargec
from funds in his account at a deposit taking bank. ATM card is paymen
card issued to a person for activating automated teller machine-compute!
based terminal which allows consumers to transfer and withdraw funds.
The account holder is also allotted a pin code to execute the transaction.
Now debit cards and ATM cards have almost the same features.

Credit Card (Visa and Master Card)

A card indicating that.the holder has been granted a line of credit. |
enables the holder to make purchases and / or withdraw cash up to
prearranged ceiling. The credit granted can be settled in full by the end a
a specified period or can be settled in parts, with the balance taken a:

- extended credit. Interest is charged on the amount of any.extended cred
_and the holder is sometimes charged an annual fee. Visa card is issyed t:
~ gvery client where as Master card, which has normally attractive cred

lines is issued to valued clients having highly net worth. Visa and Maste

~ are two different companies through which the bank arranges th,

igsuance of the credit cards.

= R U 4T
i

% Net for Sa
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ATM (Automated Teller Machine)

ATM is a machine installed by the bank to dispense cash to its account
holders. It is a computerized machine linked with database of the bank
enabling the customer to draw down cash round the clock through
magnetically encoded bank's ATM card by using specific PIN code
allotted by the bank to the customer. The ATM may be used by the
customer for withdrawal, transfer of funds, balance inquiry and mini
statement of account. ATM may be operated either on line with real time
access to an authorized data base or off line.

Moreover, other multiple banking services are also being provided by the
latest ATM machines having diversified functions.

4.2 EXCHANGE OF CURRENCIES

The word foreign exchange is related to the exchange method through
which payment in connection with international trades are made. It covers
the method by which the currency of a country is exchanged for that of
another.

Different countries use different forms of currency and their units of
money are called by various names. The United Kingdom uses tiie
Sterling Pound, the United State of America uses the American Dollar,
Thailand uses the Baht, Malaysia uses the Ringgit, Indonesia uses the
Rupiah, the Philippine uses the Peso and Singapore uses the Singapore
Dollar. We can buy or sell foreign currencies at any bank or through a
money changer.

Every day, major banks display the exchange rate' of thé various
currencies. These rates fluctuate every day and are determined by the

supply and demand of various currencies. M0G0

RS0 BUN0 B O0HENEM
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Table below shows the exchange rate of the various currencies displayed
Pt byaprivatebank ~ =
v ."".U'-'}ﬂ T T 5] ' } . Bu ln
; . |, cumency | Selling TT&OD |Buying TT Clean T,ghoﬂues
R e f?l& DOLLAR 84.100 83.800 83.5796
2 [ rouwn 129.7968 - 129.4542 129.1092
0 eanADUNDOLLAR | 83.9412 83.7246 83.5781
™ itk ‘T"vsmmmm_ - 77.7588 77.5820 77.4379
YEN 0.895236 0.893009 0.891447 |
‘ DANISH KRONE 15.1066 15.0598 - 15.0334
. . ) a{b Y(.] l\\nua\ 7 vt o : g .
| R SAUDIRIVAL . 22.4000 22,3449 22.3058
!5. !
. | swiss Frank 78.3363 78.1133 77.9766
i DIRHAM 22.8702 | 22.8145 22.7746
el HKD 10.8193 - 10.7934 10.7745
AL figuof Wmﬂxx 614529 . |. . 612484 61.1412
0 SWEDISHKRONE | JL7391° |1 116948 11.6743
Wil s [ 2606 | 2597 2.5931
._Eﬂﬁé" 112.4088 112.0993 111.8057
0898 6148 2 HRRIAS
M'Q@gygfp_ihq§ urmn Cy. ofone oountrym
ail
H o &l

a y ._'J |21y
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(ii) Rate of UK Pounds (buying) = Rs.129.4542
- Amount of 50 Pounds = Rs.50x129.4542
= Rs.6,472.71

Rate of US dollar (selling) = Rs.84.100

Therefore, dollars to get in exchange of 50 pounds = Uss %4726

" 84.100
= USS$ 76.9644

(iii) Raté of US$ (buying) = Rs.83.800
Therefore 250 US$ = Rs.250x83.800 = Rs.20,950
Rate of pound (selling) = Rs.129.7968

Therefore, pounds to be obtained for 250 dollars = 2209905 :
o : i | 29 6
= 161.406 pounds
(iv)  Rate of Saudi R:yal Rs.22.3449 - i
| Amount in Pk rupees = 5,000x22.3449
Rate of pound (sellmg) = Rs.129.7968 o e i 4
= R.L, 11,7245+

CEXAMPLE=21 o i¢7 3 DETUE Wafle st (Rsuiish 1D ommis s

srrrrada (L nane 31 sm- .
A Pakistani emplo yee in SaudiArab:a earns 3200

- spends 2500 Riyals a month. Determine: - .

(). His monthly savinginrupeesif1 ﬁjga '

() He remits his sawng to Pakistan fte
" rate changes to I Riyal = Rs.22.

ey ’savmg due o»'changb
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Increasing in saving due to change in rate
Saving for a year = 700x12 = 8400 Riyal
Saving per year at previous rate
8400%22.400

Rs. 1,88, 1 60

Sawng per year in rupees with increase in rate

Il

= 8400x22.6203 = 1,90,010
1,90,011-1,88,160
Rs. 1850

increase in saving

1

2
3.

L1

E XERCISE - 4.1

Convert 250 US Dollar into Sterling Pound.

Convert 5000 Riyals into Pak rupees.

Animporterimportsa carfrom Japan for 5000 yen. Delivery wasto be
made afterthree months. At the time of contract / yen=Rs 0.895236.

Atthetime of delivery I yen=Rs 0.892236. Payment was made at the
time of contract. Determine the profitor loss of the importer.

A customer wants to convert 150 American dollers into rupees. He

__goes; toan authorised dealer. He offers him conversion at the rate of

I dollar=Rs. 84.100. ffitis converted with a money changer, the rate

is I dollers = Rs.83.4495, determine the amount into rupees if it is
convertedwith; .

(i) Authorised dealer

(i) MoneyChanger

(iii) Theloss dueto conversion withthe money changer.

Rate of tea in Paklstan IS RSZ 1 per pQUnd Find the rate per
Kilogram. |

(i) 1pound=0:4536 kilogram =

(ii) Whatwill be thgmte inSaudlArabia if Sauleayal =Rs.22. 400

T S D e

e
SR
JL—
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6- An exporter of carpets exports to England Carpets amounting to
40000 Sterling Pound. The spot buying rate exchange at that time
was Rs.129.4542 to 1 Sterling. He receives the amount at the time
whenrateis Rs.129.0599 to I Sterling. Howmuch he looses?

7- A Pakistani living in Saudi Arabia earns 4370 Riyals a month. His
monthly expenses comes to 3450 Riyals. He remits his saving
monthly to Pakistan. How much he saved in a year if rate of exchange
is Rs.22.400 = I Saudi Riyal. After a year Rate of exchanges is
Rs.22.3004. Determine the loss due to monthly remitance.

8- Rizwan purchases a carin Saudi Arabia for /5000 Riyals. Delivery was
to be made after three months and payment s also to be made at the

time of delivery.
At the time of contract, the rate was I Riyal = Rs.22.400, while at the

time of delivery the rate was I Riyal = Rs5.22.0827. Determine the
profitorlossinrupees duetochangeintherate.

9- A friend of Ali living in Saudi Arabia remits Ali 450 Riyals. The bank

offers two conversions rate.
T.T. BuylngRs 22, 3449 I Rival

Whichone ofthe rate wull be profltable andalso calculate the amount

inrupees.

=
.
e
]
P
i),
-
-
. —
3 T T
-
; I
-




LIRS

FIRAIYRIALS MAINEMALIN

4.3 PROFIT/MARKUP

With the advent of Islamic Banking in Pakistan, the word “interest” has

been replaced with the word “Profit or Markup” under Profit and Loss
sharing and Islamic Modes of Financing.

When we deposit surplus funds into a bank, we receive some return for
allowing the bank to use our money. This return which is given by the bank

: tousinexchange of using our funds is called profit on deposit. Th= profit

so paid is cost or expense for the bank but itis income for the depasitor or
accountholder.

. Similarly, when we borrow. funds from the bank, we have to pay a some

extraamount for using the borrowed money. The extra amount which we
pay to bank for using the borrowed money is called markup. This is
income forthe bank but expenses for the borrower or client.

. The profit on deposit and markup on loan is calculated as a percentage
. Which is called the rate. The sum which is deposited/invested or

borrowed is called principal. Profit or markup is usually calculated at a

~ fixed yearly rate called rate per annum. Sometimes interest rate is

calculated on half yearly or quarterly, monthly or even on daily basis. The

. amount of profit or markup depends on the length of time the money
- deposited or borrowed. If profit or markup is calculated on the original

principal, itis called simple profit or markup. When the profit or markup
iS added to the principal, the sum is called the amount. If the profit or
markup is calculated on this amount for the next year, the profit/markup
will be called compound, which means profiton profit along with principal

. amount.

The major terminology r'nay be defined as under;

1- The amunﬂcapﬁal borrowed orlentis called principal.
2- The percentage of profitcharged is called rate.

3- The period of the loan or depositis called the time or
period.

4 Whentheprofitis added fothe principal, the sumis called

~
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4.3.1 Calculation of Profit

Profitis the amount which is paid by the bank on the deposits maintained
by the clients with the bank. The deposit rate depends upon the period of
the deposit. The mode of payment of profit may be monthly, quarterly, half
yearly and yearly. The rate or percentage of the principal amount for a
period of time usually one year. The rate of profit are declared by the
bank on six month basis or on annual basis. Under conventional banking,
interest rate on deposit is on predetermined basis. In Islamic banking,
there is no concept of pre-determined profit rate, instead the depositor
share in the profit and loss of the bank. The profit on deposit is cost of the
bank and is treated as expenses of the bank.

Following formula may be used to calculate profit on deposit or sum
invested in any bank, financial institutions or National Saving Centers.

Principal xTimex Rate
100

Profit (Simple) =

By the above formula, the Profit is calculated on annual basis. Profit on
daily, monthly, quarterly, half yearly basis may be determined by dividing
the relevant figure of period (days or months) as per requirements.
Moreover by re-arranging the above equation, we may determine any
missing componentiif remaining information are available. ol

Amount of Profitx100

Ratex Time
(In case profit, time and rate are given)

Principal =

Total Amount <100
100+ (Timex Rate)

(In case amount, time and rate are given)

Principal =

Amount of Profitx100

Ratg e Timex Principal .
1 \\U\ "
W AmountofProﬁtxlOO _

Tfme/Period

1'__’ .
qpp
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) The compound profit ( profit on profit) may be determined with the help of
i "followingfonnula ‘
Boredtin T 20 ' Rate Time
ik bahe Fmal Amount + Principal [1———-——] :
s R R AR 00
e ) B ¥ 0nn Compound Proﬂt = Final Amount — Principal
¥ i X éf‘tl ‘!L“ RETAL
E‘ ’| l‘, h 3 1 g aﬁ@j&m mvestR.s- 1000 in a saving account @ 10 % profit per year. How
EterE N ok am‘fmuchwou!dwahavemoneyear?
11 ‘-_" - % : : | h 10
‘ o mt,r,- _;fi*"!-‘“' o -‘P’Oﬁ‘ = RS.IOOOx]—OE—-R_,, 100
4 ' ‘4; ] .ml’.ég £mvE
el v 5\:." .'.

Tatal investment = Rs 1000 + Rs. 100 = R.s ]100

1 oy
. Thus Rs Hoo is aqual to the ongma! principal of Rs.1000 plus

L 10 % p.a. We may say that Rs.1100 is the future value of Rs. 1 000

sted ‘one year@ 10 /6 pmﬁt rate.
h({r: THLI ity v

2000in aﬁma! Bank of Pakistan (NBP) in his saving
@ 5 % p.a. What would be the amount of profit on
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EXAMPLE-3 &
Ifthe simple profit on Rs.640 for 12 years is Rs.384 find the rate ofproﬁt

SOLUTION:  Principal = Rs.640 RO 0R

Simple profit = Rs.384
Time = 12 years
_ Amount of Profitx 100
RECEEES Time x Principal
384 x 100
= — = 50
640x 12 & :
EXAMPLE-4 _:’

How much time a sum of Rs.9400 will take to become Rs.10 951,.__ 4
if the same is invested @ 3 i 9% p.a. )

N uj_-.f_]

SOLUTION: Principal = Rs.9400 : o e :
Amount . = Rs.10,951 iy S
Simple profit = Rs.10951 — Rs.9400 = Rs.1551. e

T AMANT Tl

= 3= 9’ = —/ [
fele s 3 samsh bR RO
Period / time - _ Amount of Proﬁt xﬂJQQm Mﬁm R
Rate xPrmc:p_aI S
1551x100x3 L
9400 x11

EXAMPLES5..; wot yoi 425 < nmatiis
Find the compound pmﬁt on\. Rs. 4
SOLUTION: Pnnc:pal




~ Principal = Rs.5000

.Time = _. 2% years

2 ]
I+—4-) 14_.L]
100 100

ﬂ 104 102 137904 _p. 5516.16

100 100 100 25

16,160~ Rs.5000 = Rs.516.16

Nodtis e inia2
o I.\JIA'.-\.' !I-)‘-'n‘
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Calculation of Markup

Income earned from charging markup upon funds advanced by a bank.
Under Islamic mode of financing, the interest earned by the bank is
named as markup. Markup rate is fixed by the bank keeping in view the
bench- marked rate issued by the State Bank of Pakistan on daily basis.
This bench marked rate is called KIBOR- Karachi Inter Bank Offer Rate,
issued by SBP for one month, 3 months , 6 months, 9 months and
12 months. Banks charge the markup rate by adding their cushion to the
KIBOR rate. This cushion is normally called the spread, which is
difference between deposit rate and lending rate. Markup is the main
source of income for the commercial bank. It may be earned, realized
from the clients and credited to the banks income account. In Islamic
banking, there is no pre- determined mark up rate and financing is done
on the basis of sale and buy back agreement for goods and bill under
which the sale price is determined by adding a markup on the purchase
price.

The markup on loan or borrowed money may be calculated with the help.
of following formulas.

Amount Borrowed x Rate
Markup per annum =

100
; Amount Borrowed x Rate

month =

Markup per T

Amount Borrowed x Ra.te :

d =

Markup per day 100365

EXAMPLE

A man borrows Rs.100,000 for 3 year at rate of 16 % p-a. What
is the markup he has to pay?

SOLUTION:  The principal amount = Rs.100,000

The markup of Rs.1 00,000 for 1year = II—(;J-x 100,000 *1

|  =Rs.16000
The markup of Rs.100,000 for 3 years = 3x16000 . .

.. Mot for Sale-PESRP
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T, —
SR

E XERCISE — 4.2

“1- Afinancialinstitution charges Rs. 55 simple profit on a sum of money

whichis borrowed for five months. Given that the rate of profitis /2%
perannum, findthe sum of money.

2- Mrs.Javed invests in Savings Scheme Rs.800 at 6% per annum and

Rs.1,200at 7% perannum.What s her total amount of profit on these
twoinvestments?

3- Howlong would Rs./250 have to be deposited at 6% per year simple
profittogain Rs. 750 simple profit?

4- AlilenttoAbid Rs.4,800 for 7 months. At the end of this period Abid
had to pay Ali profit of Rs.1/9. What was the rate of simple profit per

annum?

3- In a certain year, Javed puts Rs.600 in a private bank at the end of
March and Rs.400 in the same bank at the end of June. The bank
offers 3% per annum simple profit rate. Find the total amount Javed
receivesfromthe bankatthe end of Decemberin that year?

6- Atwhat annual rate of profit would a sum of Rs.680 will increase to

~ Rs.850in3yearsand 4months?

7- Copyand complete the following table with the hel pof formula given
inthis unit?

; Profit Simple
principal o Time profit Amount
(a) Rs. 12,000 8% 7 years
(b) Rs. 500 11% Rs. 220
(c) . 9% 4 years Rs. 108
(@ Rs. 3,000 10 years Rs. 1,200
(@) 2 years Rs. 360 Rs. 3,960
0 Rs: 1800 k| (el 18 years Rs. 189
2 years Rs. 5,040
i 5% o Rs, 90 Rs. 1,290

Not for Sale-PESRpP
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8- Abankincreased the rate of profit from 3.5% to 4% per annum. Find
how much more profit Saeed would receive if he deposited Rs.6400
inthe bank for 6 months at the new profit rate.

- 9- Mrs. Jamshed mvested Rs.4000 in XYZ Bank Limited which paid
simple profit at a rate 7—/: per annum to its investors. After 2 years,
the rate was increased to 8% per annum. Find the amount she had at
the end of 7years.

10- Mr.Dawood deposits a certain sum of money in ABC Limite%. If the
profit rate of the bank decreases from 3:’-% perannum to 3—2-% per
annum, Mr. Dawood'’s profit will decrease by Rs.50 in a year. Find the
sum of money he deposits. ,

11- Find the compound profit on.
(1) Rs.450 for 2 years at 10% per annum compounded yearly;

(ii) Rs.700 for 3 years at 11% per annum compounded yearly;
(iii)Rs.5000 for 2 years at 11 g-% per annum compounded yearly;
(iv) Rs.1200 for 3 years at 4% per annum compounded yearly;

(v) Rs.10000 for 3 years at 7—;% per annum compounded yearly;

12- Waseem invests Rs.5000 at 5:’.

annually. Find theamount atthe end of the thirdyear.

% per annum profit compounded

13- Javed invests Rs.800 atl2— /6per annum compound proﬁt
compounded half-yearly. What is the amount at the end of the first
year?

14- Mr.saleem invests Rs.9000 at 2% per annum ‘Cérﬁ’ﬁbund profit
compounded daily. Whatis hisamountatthe end ofthe third da}y o

X ‘33.

fpe M
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II ;I;d to .Comnierciul Banking and
chemes.

= Rs.174
= 4 years
= 5% PA

s ilosl 00 74" 100 _ ps 570

amount of Rs.6900 borrowed on 18th of May
f October of the same year at 3_;. percent p.a.
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EXAMPLE-3
What sum of money would produce Rs.630.50 in 3 years at 5%
compound profit. ,
SOLUTION: Suppose sum = Rs.100
Rate =5% ;
Time =3 years : ;
Final amount = 100 x( 1+i) 3
100 { il I oo
) i
— 100x 195,105 105 . 9261 |
100 100 100 80 :
9261 1261 ' :
fit =——-100=——
Compound profi 30 %0 _:
Given compound profit = 630.50=22%L , 7
2 V236 ‘?
If compound profit is Rs. %then principal = Rs. 100 L
If compound profit is Re.1then principal = 130:;30 T o |
- . 3 1 ..
If compound profit is Rs. 1261, 1 principal = }00x80x126] a -
2 r,1261¥2\-c - 2
-Rs.4000. S 4 il
. - § RN 'n_-,',-_-_‘.a;l L; r
EXAMPLE-4 . st o i S S =
What is the difference between s:mple and oompound profit: s I
on Rs.25000 for 4 years at 5% pa. L C T ' LS
= LEn Laboti 4 - B N . -
SOLUTION:  Principal = Rs.25000 i "::_:‘f.“m &
 Time =4 years T o
Rate = 5% :
25000x4x5
S;mp’e pmm i\‘f‘" % 1003&.‘1?

. Wik 5a HI: A'i".:'_‘
Fina’_l'-an_’ibunt = -2—5.0'
w1 o711 18 vesy-gana-ast-UiNkEeR
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E XERCISE 4.3

A man borrowed Rs.1460 from ABC Bank on the 3rd of March at
_1_2_{_12_ % annually. What should he pay on the Ist Of.JUI\/ to pay off
the debt. :

A shopkeeper borrowed Rs. 3540 from ABC Bank at 10% % and lent
the wholeamountat /1 -é— % onthe same day, what would be gained

fromthisafter3yearsand 4months.

XYZ Bank gained Rs.8034 on its loan at 6% compound markup in 2
years.Whatamountdiditlend?

Hﬁfj-- | # A Company borrowed Rs.6,600 from ABC Bank Ltd at 8% simple
i |  markupy perannum. How much did the coiapany owe to the bank at
the end of 11 months?

\J‘
\."
.?o...._:._ -u._._ — ?:-_:]

Y

'ksncharges 225,6 per month simple markup on personal

borrows Rs.6,400 for a period of 2 years / month, find the
uphe hasto paytoXYZ Bank.
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4.4 INSURANCE

4.4.1 Insurance

Insurance is important tool of risk management in the business
transactions or business dealing. Insurance is a contract between two
parties whereby a person or a party agrees to pay an amount in
monthly/quarterly or yearly installment, to a certain insurance company,
in order to cover / indemnify the risks associated with life, theft, damages
etc for which contract of insurance is made. Under this contract, the
insurance company has to pay back the agreed amount or the actual
amount of loss or damages etc. on sudden death, danger or mafturity.

The key terms used in insurance are:

(i)  An insurance company or an organization who
insures, provides insurance cover against various
risks and issues insurance policies is called:
insurer.

(ii) A person to whom an insurance policy is issued;
the beneficiary in a contract of insurance is called
insured orinsurant.

(ii) The contract which is executed between two
parties is called insurance policy.

(iv) The periodic installment to be pald by the insured
is called premium.

(v The time period agreed upon by both the parties
(insured and insurer) is called maturity.

(vi) The agreed amount to be paid back on maturity or
expiry of the agreed period, includes the actual
amount paidin |nsfal|ments plus profitis termed as

bonus.

4.4.2 Life Insurance and Vehicle Insurance
Ingeneral, there are two types ofinsurance:

1- Life Insurance. | |
,, 2- Vehicle and Property Insurance. S .,,__,,._,___3
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'pay back a sum equal to onglnal amount and the profit,

lled bonus. Otherwise itis paid on death or in case of accident

mes earlier. A person can also get an insurance policy

stold age any disability, the amount of which may range from 10%
50¢ '%f’th me of the insurer. Here is an example for calculating the
' / half yearly, quarterly or monthly premium for life
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e T

Quarterly premium = % x 19000

= Rs.27 x 190
= Rs.5130

)
Monthl jum = —— x 19000
onthly premium = 100 :

= Rs.9 x 190 A :

roms 1eioT <4 2N

=Rs.1710 ' o Lk

It is important to note that the amount of policy premium and the time of
maturity are fixed in accordance with the age of the insure'd as per rul'es'ﬁt 5 I

lower would be the maturity penod

EXAMPLE

years, rate of premium 3.5% fixed with policyfee

Sl > = { T e B ]
s '

SOLUTION: B L
Let the age of an insured at the ti
Policy amount ;

\ill W

Matuﬂtyﬁmei f



Policy fee @.25% = %:d 00,000

= 25%30.
= Rs.750

i 0.5
tract @ 0.5% = —x 3,00,000
tract @ % IOOX 0

= Rs.1500

Ist premtum + policy fee + family income contract

~ =Rs 10500 + Rs.750 + Rs.1500
70

'S'Tﬂi'f‘(‘? %.{ :

fJe.l'J"' _Jfr’a’JI//rc"(z”
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Family income bonus @0.75% = % % 3,00,000% 20

= Rs.600 x 75
= Rs.45,000 ... )

~ Total money he will get- = [i]+[ii] + [iii] + [iv] + [¥] .
= Rs.(3,00,000 + 3,37,500 + 90,000 + 96000 + 45,0000

- Premium paid = total amount paid x maturity time i
= Rs.12750 x 25 | s

the policy, his family gets the following due to famdy
income contract. e o G oalice

Policy amount = Rs. 3,00.000 A ‘Bl L
Banus@u/'; ﬂxsooooo - pay MY
004 S B S !t’ﬂ '
= a2x 390 v

Total sum = Rs.300, 000@& -@Qﬂ-i '

il A

In addmon t@ﬁthei ébwava" _

".




Vehicle Insurance

Sometimes the person or companies get insurance policies against their
vehicles or properties to cover the risk of theft, accidents, fire etc. The
amount of the insurance is the total price or the partial price of the object
and the premium in some percentage of the actual price of the object or
the total amount of the policy and it is decided accordingly as per rules of
the company at different rates for different time periods. The first premium
is usually the total amount of one year installments.

EXAMPLE-1

A person got an insurance policy for his car at the rate of 3.5%.

He paid an amount of Rs.14500 as the Ist premium of one year.

How much is the price of his car while he had paid Rs. 500 as

service charges?

SO!.UHOH. Let the total price of the car = Rs. x.

Total amount he paid = Rs. 14500
Amount paid as service charges = Rs. 500
Remaining amount of premium = Rs. 14500 — 500
' = Rs.14000
Now 3.5 % of x = Rs. 14000

3.5
—_—XX

100

Il

Rs.14000

14000x 100
3.5
_ 14000x100x 10
i 35
_ = 400 % 100 x 10
3 : : y : = 400 x 1000
‘ 20 ' = Rs. 4,00,000
Price of the car = Rs. 4,00,000
" In vehicle insurance the yearly premium reduces as
- the value of the assets:depreciates and is calculated
aacordmgdg the depmateﬂ price. -

ra_‘-_:-- = >

= Rs.

_cf'larbes are also included in the premium but we

seswumagl service charges etc.

o o

== ERRR

- MotforSale-PESRP

g

Exﬁﬂ 1 Sl ai e cS



FINANCIAL MATHEMATICS 95 UNIT -4

EXAMPLE-2

A person got an insurance policy for his car at the rate of 3.6%. He paid
an amount of Rs.12206 as the Ist premium of one year. How much is
the price of his car while he had paid Rs.20() as service charges?
SOLUTION: Let the total price of his car be x rupees. :

' Total amount paid = Rs.12206

Paid as service charges = Rs.200
Remaining amount of Premium = Rs.12206 — 200
= Rs.12006
Now 36 % of x = Rs.12006
f(;; = Rs.12006
= 12006 x 100
3.6
); RS.HO%XIOOXIO

Price of car=x = Rs.333,500
In vehicle or property insurance the yearly premium reduces as the
value of the assets depreciates and is calculated according to the

depreciated price. E Ly
In case of fire, loss etc. the reimbursement of the policy is made

according to the current value of the assets.

EXAMPLE-3 ‘
Find the total amount of insurance Arslan has to pay for his car for a
period of 5 years if the value of the car is Rs.8,50,000, rate of insurance
is 4.5%. The insurance is to be paid yearly and the last year's
insurance is 0% while the depreciation is @ 10% per year.
SOLUTION: Value of the car = Rs.850,000

Rate for insurance = 4.50%

Tenure = 3 years

Ist year's insurance Rs. ——x850 000 Rs 38250

_ _ 100°
4 " Depreciation = I—’O‘lxeso 000= Rs 85000

Depreciated price = Rs.850,000 ~ 85000 v
= Rs.765000 -.}r wokorty, i Lol

g ._‘"nna

""" Mot for Sale-PESAP

el
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z _ Uy 4.5
: 2nd year's insurance =  Rs. E—x 7,65,000
. U :
ey = Rs.34425
2 Depreciation = Rs. 107, 65, 000
100
: = Rs.76,500
§ Depreciated price = Rs.7,65,000 — 76,500
= Rs.6,88,500
. 3rd year's insurance = Rs. ;—;— x6,88,500
18 oAl
, , = Rs.30,982.50
LR D . Depreciation = Rs.~% 6,88,500
s = Rs.68,850
e Depmcwated price = Rs.6,88,500 - 68,850
aﬂ#aﬁmi . =Rs.6,19,650
ﬁ ﬁmﬁﬂ. 'l' 1o LA : . : ‘;
R 4th years msurance = Rs.—ixé,w.ﬁo
mm U A 100
| o . = Rs.27,884.25

b T AT
i".

Sth years msurance
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EXAMPLE-1

For an insured whose age is 30 years at his nearest birthday. The
rate for annual premium is 4.842% of the total amount of policy. The
rate for half yearly installments is 52% of the annual premium. The rate
for quarterly premium .is 27% of the annual premium. The rate for
monthly premium is 9% ofthe annual premium.

SOLUTION:
The total amount of poh'cy = Rs.100,000
Ist premium @ 4.842% = Rs % 100,000 = Rs.4842
Policy fee @ 0.25% . - %xzoo 000=Rs.250
Annual premium : = Rs.5,092

Some times the amount of polrcy fee is restricted, it may be at the most
Rs.200 which means that if 0.25% of the amount increases Rs.200, even
then only Rs.200 will be charged. Let us suppose that fee is restricted
to Rs.200 instead of Rs.250. :

So in above case Ist premmm may be 4842+ 200=5, 042

Half yearly premium - = Rs. %x 5,042=Rs.2,621.84

It

| Rs.2,622 -
Quarterly premium = R %x 5,042= Rs 136134
| = Rs.1,361
Monthly premium s 13 x5,042=Rs 453, 78
= Rsd54

Let us now consider the example showing the :mpodam.;e of life
insurance policies or otherwise when his policy matures he will get the:

following amount.
Pollcy amount = Rs.100,000 -
Bonus @ 42% for 25 years = Rs %xlﬂﬂ 000 25
= Rs.4,200% 25
= Rs.1,05, 000
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ol Rs.!—4x100 000x 20
100

= Rs.28,000

= re S 100.000% 20
100

= Rs.30,000

0.75
RS —— IOO 000x20
100

Rs.15,000
= Rs. (100000 + 105000 + 28000 + 30000 + 15000)
= Rs.278,000
= 4537x25
‘Rs:113425
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2nd premium = %xu,zs,ooo = [R5.50,605

Depreciation = %xu,zs,ooo = Rs.1,12,500

Depreciated price = Rs.11,25,000-Rs.L12500
; = Rs.10,12,500 -

3rd premium = ;—('}%x.zo, 12,500 = [Rs.45562.50]

Depreciation = -;b%x 10,12,500 = Rs.1,01,250

: S T
Depreciated price = Rs.10,12,500~Rs.1,01,250 ! e Ay

e Res 9250 e W
4th premium = £2:x9,11,250
et TiTo0

= Rs. 41,006.25
Sth premium = 0

- So total pfemium paid as insurance willbe - -
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E XERCISE — 4.4

1- |f the amount of premium is calculated as.
Yearly premium @ 4.5% of the policy income with policy fee
. @0.25% of the policy amount or at the most Rs.200.
~ Half yearly premium @ 52% of yearly premium.
Quarterly premium @ 27% of yearly premium.
Monthly premium @ 9% of yearly.premium.
Then complete the table below for calculation of the premiums.
Also find the total amount he pays to the company.

Amount of Yearly Half yearly | Quarterly Monthly
policy premium | premium | premium | premium
(i) 50,000

| @) 100,000
(iii) 150,000
| (%) 200,000

2- Calculate the amount to be received by the heirs of an insured if

he died 2 years after buying the policy while,
The amount of policy = Rs.50,000

= Premium is fixed @ 4.2% yearly
Policy fee @ 0.3%
Family income contract @ 0.6%
Maturity period = 22 years -
Bonus @ 4.5% and Rs.6000 yearly income is prom;sed by the
company.

3 M AhmedAliinsured his houseworthRs 75,00,000 @2/6for4 years

calculate the amount paid in 4 years, while the rate of depreciationis .

10°/yeariy S
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6-

I

Mr. Nadeem insured his shop @3% for 3 years, the depreciation rate
is 5% yearly. If he paid an amount of Rs.21000 as the Ist premium,
what is the worth of his shop. If he got a claim of Rs.200,000 aftertwo
years, how much benefitdid he get?

Mr. Adil bought a running business worth Rs./0,00,000 and got it
insured @2.5% as yearly premium for 4 years. After 3 years he got a
claim of Rs.500,000 for actual damages. How-much loss had he
recovered throughinsurance?

Mr. Javeed bought an insurance policy against his car worth

Rs.8,50,000, @ 4.25% for 3 years. What total amount will he pay as

premium, if he had not claimed and damages durlng the period?
Where depreciationrateis 10%.

Mr. Rehman bought a vehicle worth Rs.7,50,000. He got it insured
. @3.5% for 5 years. How much he paid in total for covering the risks, if

he had got a claim of damages worth Rs.100,000 during the period?

Where depreciationrateis 10%.

Ms. Maria bought an insurance policy @3.25% for her car for 3 years.
Her st premium is'Rs.26000. Tell the price of her car. Also calculate

‘the amount of her 2nd and 3rd premium.

Not for Sale-PESRP
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4.5 LEASING/FINANCING
4.5.1 Leasing/Financing

Lease is a contract whereby the owner of an asset, the lessor, gives the
hirer, the lessee, the right to use the asset for a specified period In
exchange of rental payment. The ownership of the leased asset during
the lease period remains with the lessor. Assets such as real estate,
machinery equipment or other fixed assets are leased out as per the

lease agreement. Hire purchase is also a similar mode of financing which
is widely used to financial fixed assets.

A leasing contract for machine and equipment or other fixed assets
usually has an element of financing, as the right to use the assets is

received by the lessee without paying the cost of the asset and thus
leasing arrangement is equivalent to source of finance.

The bank and the leasing companies provide assets to its customer
under lease agreement. Their profit is based on the difference between
the cost of funds they borrow or invest to acquire the assets and the
eaming in the shape of rental received from the lessee. The lessor gets
the tax benefit for depreciation as the ownership of assets remain with the
 leasing company and the lessee shows the rental payment as expenses

Jinthe i.ncome statement. Leasing provides an alternative to purchase an
asset in order to ac

_ quire its services without directly incurring any fixed
debtobligation. : £ o

There are two types of lease available to the business firms.
(i) Operational Lease

. Itis short-term lease which is cancelable at the option of the firm leasing
the asset. Such leases are commonly used for leasing such items as
computer hardware, vehicles and equipment etc.

(ii) Financial Lease

It is a long term lease which is non-cancelable contractual commitment
on the part of the lessee to make a series ¢f payment to the firm that
actually own the asset, the lessor, for use of the assets.

g | Not for Sale-PESRP
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4.5.1(i) Leasing/Financing of Motor Vehicle -

* Auto loan / car financing is a major form of consumer finance. By utilizing
the facility a customer.can purchase a car by complying with terms of car
financing by depositing payment with the bank. The bank covers the
shortfall in the finance for the customer against which the bank takes
monthly installment from the customer to compensate the bank for the
finance provided along with markup charges.

4.5.1 (ii) Down Payment

The customer is required to deposit the down payment with the bank
along with the application form. The down payment comprises of 15%
equity value of the car, the insurance costs, one month's installment and
the processmg fee.

4.5.1 (iii) Motor Vehicle Insurance

Motor vehicle which is financed by the bank is comprehensively insured
to cover risks associated with it so that the interest of the bank may be
safeguarded adequately. All the vehicles are insured from an approved
insurance agency/company of the bank. The bank arranges insurance
and the payment of premium which is recovered from the borrower.

45.] (iv) Processing Charges

Processmg fee/charges are the amount deducted by the bank to process
the request of the client for financing of vehicle. These charges are
normally mentioned in schedule of bank charges These charges may
differ from bank to bank. Normally processing fee for the request is
ranged from Rs. 3, GOOroRs 5,000. :

-~ 45.1(v) Repayment in Mdnlhly Installments

It is also called: amortization schedule It is a table which shows the
repaying or servicing of a loan/finance amount with periodlc payment of
principal and interestover the life of theloan.
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EXAMPLE-1

Ali leased a car of price Rs.4,50,000 from Leasing Company

with an equity depos;t Rs.100,000, interest rate 17% for a period of
‘2 years.

SOLUTION:
On deposit of Rs. 100,000 as an equity Ali can take the car but he is not
owner of the car but only the hirer. The ownership of the car will be

transferred to him after he has paid of the balance amount of

Rs. 350,000 plus the markup on Rs. 350, 000 in 2 year at 17 % p.a. by the
equal month!y installment.

Markup = 350,000x17 %2
100

= 3,50,000 + 1,19,000 = Rs. 4,69,000-
Each monthly instaliment = Rs, %8290

— Rs. 119,000
_ Total amount to be paid

=Rs.19,542

EXAMPLE-2

A truck is priced at Rs. '5,00, 000. It may be bought at 15 % of
down payment or equity. It has to be leased / hired on simple

markup of 18 % p.a. for a period of 2 years on. monthly installment.
Find the: (i) Monthly installment

(%) Initial price of truck -
(i) The % age of money saved if
the truck is purchased by paying Rs.5,00,000
SO!WOPi: Down payment = 5,00,000x 15

= ————— = Rs.75000
_ 100

J3,00,000 — 75,000 = Rs. 4,25,000

Markup on Rs.4,25,000 for 2 years = ﬂ%%ﬂzﬁ
Additional ainoqnt to be paid

in 24 installments = 4,25,000 + 1,53,000 = Rs. 5,78,000

The saving amount

x2 = Rs.1,53,000

- 5,78,000 _
= ————=R5.24,08
Monthly installment T 24,084 |
e ;5_' ) Tdtal--amounfj pa_id -—-Idow_n- payment + additional amount
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FINANCIAL MATHEMATICS 105 UNIT - 4

= Rs. 7,5000 + Rs. 5,78,000

= Rs.6,53,000
On financind, the additional amount to

be paid =" Rs. 6,53,000 — Rs.5,00,000

= Rs.1,53,000 ‘
Percentage of money that can be saved
on cash term = 1,393,900 x100 = 31%

: 5,00,000

4.5.2 Real Life Problems

EXAMPLE-1

On Ist January, 2001 a machinery is purchased by Ali on the hire purchase .
system. The payment to be made Rs. 4,000 down ( on the signing of
contract) and Rs. 4,000 annually for three years. The cash price of the
machinery is Rs. 14,900 and the rate of markup is 5%. Calculate the
amount of markup and principal to be paid. ]

SOLUTION: !
Dates Cash Price Installments
markup| principal
_ 14,900 Py DR
Less paid on 1-1-2001 4,000 - 4,000
(down payment) N = :
- 10,900
Less paid on 31-12-2001 3,45 545 | 3,455
7,445 ;
Less paid on 31-12-2002 3628 . | 372 | 3,628
Less paid on 31-12-2003 3817 | 183 | 3817
- 1,100 | 14,900 -

Ali will pay Rs.14900 + 1100 = 16000 in total.

Note: (1) The figures are approximated to the nearest rupee.

Notfor Sale-PESRP



-4 . 106 : FINANCIAL MATHEMATICS

lﬁ.“" {I

EXAMPLE-2

M/s Rehman & Co. Ltd, purchased wagons from M/s Haq Engineering.

. Company Ltd. on hire-purcahse system spread over a period of four
“years. Rs. 12,000 was payable on st January 2000 at the date of delivery
and the balance by yearly instalments of Rs.12,000 each on

- 31st December. Haq Engineering charged markup on the yearly balances

- at the rate of 5% p.a. The cash price of the wagons on delivery was
- - Rs. 54,600. Calculate the amount of markup and principal.

SOLUTION: s
Dates _Cash Price | Installments
markup| principal
54,600 e
Less paid on I-1-2000 12,000 12,000
' 42,600
Less paid on 31-12-2000 9.870 2,130 | 9,870
" Less paid on 31-12-2001 32730 . | 1,637 | 10,363
EXAMPLE-3

Ahmad purchased a truck on hire-purchase for Rs. 56,000. Payment to be *
made Rs. 15,000 down and 3 instalments of Rs. 15,000 each at the end of

each year. Rate of markup is charged at 5% per annum. Calculate the
amountquarkup and principal separately. '

_SOWHGH:
& period Cash Price Installments
incipal
87000 . [TarkupL princie
. Less ,_pqld on Ja{:._jst- 15,000 : 15,000
: ; 41,000
; 2L o 12,950 |
R - e e Nl
| Less paid on Dec.31 13,597 1,403 | 13,597 -
e ] 2] h B 1 R =t
: id on Dec.31 14453 | 547 | 14453
A e | 000 | 56000
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EXAMPLE-4

M/s Butt Publishing Co. purchased a printing machine on Ist January,
2000. The cash price of machine was Rs. 27,300. The transaction is on hire
_purchase basis. Rs.6,000 being paid on the singing of the contract and
thereafter Rs. 6,000 being paid annually for-four years. Markup was
charged at 5% p.a. Draw analytical - table showing installments
(principal + markup). Also determine total amount to be pa;d by. M/S Butt -
Publishing Co.

SOLUTION: The amount of principal and interest included in each
instalment is worked out as follows.

Dates Cash Price Installments:
27.300 ‘markup principal
Less paid on [-1-2000 6,000 6,000
21,300 '
Less paid on 31-12-2000 4935 | 1,065 | 4935
W 16365 |
Less paid on 31-12-2001 5,182 818 5,182
11,183 |
" Less paid on 31-12-2002 . 5,441 559 5,441
Less paid on 31-12-2003 | - 5742 | 258 | 5742
: i 2,700 | 27,300

Total amount to be paid = Rs. 2,700 + Rs. 27,300 = Rs. 30,000

Not for Sale-PESRP
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EXAMPLE-5

M.Jahanger Co. Ltd. agreed to purchase a machine on the hire- purchasé
system forRs. 4, 600. Rs. 600 was paid when the machine was acquired on

IstJanuary, 2001 and the balance was to be paid by annual instalments of
Rs. 800 plus markup at 5 percent.

SOLUTION:
Dates Cash Price Installments
; markup| principal
. 4,600
Less paid on 1-1-2001 600 600
4,000
Less paid on 31-12-2001 800 200 800
i - 3,200
] Less paid on 31-12-2002 800 160 800
| 2,400
Less paid on 31-12-2003 800 120 800
1,600 :
Less paid on 31-12-2004 800 80 800
Less paid on ‘31-12-2095 800 40 800
' 600 4,600

~ Note: in this case each instaiment is paid of Rs. 800 plus interest.
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1= Foreachofthefollowing.
(i) find the additional amount you have to pay by financing and

(ii) express the additional amount obtained in as a percentage of the
cash price:

. Financing Term

Cash (Rs.) | Down (Rs.) ‘_mg;’;:’?m | g;‘zf’;; n‘:{
@)| Rs. 360 Rs. 50 Rs. 40 10
(®)| Rs. 900 Rs. 150 Rs. 75 12
©)| Rs. 25000 | Rs.10000 | Rs. 500 | 36

2- Pervaiz buys a window air-conditioner at Rs.900. He'pays 20%
deposit and the outstanding balance plus markup in 48 months.
Markup onthe balance is charged at /0%. Find

(i) the cost of his monthly instalment;

(ii) the amount he saves by paying cash.

3- Oneachofthefollowing
(i) find the financial price of the goodsand

(ii) express the amount saved by paying cashasa percentage of the cash |

price . _ |
.| Number of Monthly
t :
Item Cash Rs.| Deposi PRt e
. |(@| Computer | Rs. 200| 10% 2 s Rs.9
()| Printer . | Rs. 450 | 15% 18 2 RS0 25
(c)| Scanner |Rs.1600| 25% 30 Rs. 52

Mot for Sals-PESRP
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4- Foreachofthefollowing, find
~ (i the monthly instalment and

(i) the difference in the hire purchase price and the cash price as a
percentage of the cash price:

Cash Rs. Hire-purchase terms
(@| Rs. 800 Rs.100 deposit; balance 8%; 1 year
®)| Rs 8000 | Rs.200 deposit; balance 10%; z% year
(c) Rs. 1200 i Rs.200 deposit; balance 15%; f-;{— year

5- The cash price of acomputer package deal was Rs.3200. Markup paid
@ 15% down payment and the outstanding balance plus markup
over24 months. Markup onthe balancewascharged at9.5%.

(i) Find the cost of the package deal if it is bought on hire-purchase.

(i) Find the difference between the hire-purchase price and the cash
prtce

(iii) Express the dsfference obtained in (ii) as a percentage of the cash
- price.
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Review Exercise — 4

1- Encircle the correct answer.

(i) An instrument for payment order issued by a bank on the
request of its customers is called:
(@) pay order (b) cheque _
(c) bank draft - (d)  bill of exchange

(a) insurer : (b) - insured

(c) drawer (d) lessee

(iii) The company undertaking the act of insurance is called: .
(@) insurer (b) insured

(c) insurance (d) insurance policy

(iv) The periodic instalment to be paid by the insured is called:
(a) bonus - (b) discount
(c) premium (d) mark up

(v) The return earned by the bank on loan is named. as:
(8 mark up - (b) premmm

(¢) bonus - (d _ profit

(vi) The amount which is pald by the bank on the deposuts'

is called:
(@) profit - (b) bonus

(c) premium : ()  markup

(vii) The percentage of profit/markup charged is called
(8} rate : : (b) time o
{c) interest (d) principal

(ii) The person or entity whose insurance is being done is called the:

 Not for Sale-PESRP
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(viii) A machine installed by the bank to dispense cash to customer
is called an:

(a) computer gy (b)

scanner
(€) ATM

(d card reader

(ix) A bill of exchange drawn on a specified banker and not expressed|

to be payable otherwise then on demand is cailed:
(a) cheque

(b): ~ pay order
(¢)  bill of exchange

(d) bank draft
2- Fill in the blanks.

() Abill of exchange drawn on a specified banker and not expressed|
to be payable otherwise then on demand is called a

(i) An instrument like a cheque, issued by bank on the request of its
' customers is called '

(i) A machine installed by the bank to dispense cash to customers
is called an___

(fv) Tha.amdunt which is paid by the bank on the deposits maintained
by the client with the bank is called

. (¥) The percentage of profit charged is called

(vi) The period of the loan or deposit is called the

(vii) The return earned by the bank on loan is named as

X (w;ij) The perlodic Installment to be paid by the insured is called

(ix) The company undertaking the act of insurance is called the

() The person or entity whose insurance s being done is called
the—

CTer—
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3- Raheel insured his house worth Rs.75,00,000 @ 2% for 5 years.
Calculate the amount paid in 5 years, while the rate of depreciationis
10% yearly. :

4- Naeem insured his factory @ 3% for 3 years. With depreciation rate
5% yearly. If first premium is Rs.21,000, find the worth of the factory,
if he got a claim of Rs.200,000 after two years. How much benefit did
he get? i

5- M/s Rahim printer purchases under hire-purchase system a machine
from Lahore company on Ist January 2000, paying cash Rs.10,000
and agreeing to pay three further instalments of Rs. 10,000 each on
31stDecember every year. The cash price of the machineis Rs. 37,230
and the Lahore company charges markup at 5% p.a. Draw table
showing annualinstallment (Principal + Markup).

Not for Sale-PESRP
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SUMMARY

A running account which continuously remains in operation

due toits liquidity is called current account.

-Saving account is'meant to encourage thrift and promote
saving among the persons of small means. The bank pays

nominal interest half yearly on the basis of monthly balance to
the depositors.

Profit and loss sharing (PLS) account is opened with small
-amount with profit earned or loss sustained at the end of each
halfyear/full year depending upon the mode of payment.

The deposits kept with the bank in an account for a certain

period of time ranging term 3 months to 5 years is called fixed/
time depositaccount. :

Account maintained with the bank in foreign currency like

, dollars, pounds and Euro efc. is called foreign currency

account.

Negotiable instrument means a promissory note, a bill

exchange or cheque payable whether to be ordered or bearer
ofthe instruments.

Insured is the person or entity whose insurance is being done
is called “the insured”. AN

The company undértaking the act of insurance is called the
insurer.

A person to whom an insurance policy issued, the beneficiary.

_inacontractissuance is called insured.

The contract which is executed between

, two parties is called
insurance policy. .

(]
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<4  The periodic installment to be paid by the insured is called
premium.

<4  Thetime-period agreed upon by both the parties (insured and
insurer) is called maturity.

<4  Theagreed amountto be paid back on maturity or expiry of the
agreed period, includes the actual amount paid in mstallments
with profitis termed as bonus.

4 Cheque is a bill of exchange drawn on a specific banker and
not expressed to be payable other wise on demand.

<4 Payorderis like a cheque issued by bank on the request of its
' customers.

<4  An order to pay money, drawn by one office of a bank upon
another office of the same bank for a sum of money payable to
order on demand is called bank draft.

4  Online banking is the system where as a direct connection is
made to centralized computer system for authorization or
validation of transaction. 3

4 AIM card is a payment card |ssued to a person for actlvatlng
automated teller machine computer based terminal whlch
allows consumers to make withdrawals.

4 A card indicating that the holder has been granted a line of
credit enabling the holder to make purchases and / or
withdraw cash is called credit card.

+ AM machine installed by the bank to dispense cash to
. customer '

I
i

*
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4+  Profitis the amount which is paid by the bank on the deposits
maintained by the client with the bank.

4+ t Thé'amouﬁtl'capital'bofrOWed'or lentis called principal.

+ . Thepercentage ofinterest chargedis called rate.

IS T

e
i
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g i & + The period or duration of the loan or deposit is called the time.

: i—_v?sf.._.;?;:.- BE2NGL it

L -+  When the profit/markup is added to'the principal, the sum is
Tall called the amount.

i | __I_.‘..;%i?lf.‘-i':‘:’-'_;-‘;?f‘ R ;

i The fetur_n earned by the bank is named as markup.

easing s a contract where by the owner of an asset, the
lessor, gives the hirer, the lessee, the right to use the asset for
- aspecific period in exchange of rental payment.

l:-l_.il:gd,to:idapqsit thé payment with the bank
cation formis called down payment.




UNIT

CONSUMER MATHEMATICS

» Taxes
» Utility Bills
D Personal Income

After completion of this unit, the students will be able to:

» Know the term tax (direct and indirect).

» Explain the following in simplest possible terms:
« Sales tax,
s Excise duty,
« Property tax,
« Income tax,
» Calculate the amount of
« Sales tax, levied on various commaodities,
« Excise duty, levied on different items,
« Property tax, imposed on property,
» Income tax, imposed on an individual with fixed income,
» Calculate amount of bill for:
o Electricity,
» Gas,
« Telephone.
» When previous and present meter readings are gwen
» Calculate personal income (weekly, monthly and annually) of
« A worker who is paid on daily basis. f
« A worker who is paid for overtime on hourly basis in addition to his daily wages.
« A salesman who is paid for overtime on hourly basis and commission on different sales in addition to his regulnr pay.
» Calculate gross income of a salaried person who is paid on the basis
of government pay scales or otherwise.
» Calculate net income taking into account assorted deduchons (income tax etc).
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5.1 TAXES

To finance public spending on Education,‘Health, National Defence

etc. Government imposes various taxes, which includes direct taxes
and indirect taxes on its residents.

5.1.1 Tax

Money fhat must be paid to the State, charged as a proportion of

income and profits or added to the cost of some goods and services is
called a tax.

Direct Tax

This is the tax which is charged on income, property and profits in
the form of income tax, property tax etc.

- Indirect Tax

Indirect tax includes duties, motor vehicle taxes, goods and
services taxes, general sales tax (GST) and value added taxes etc.

5.1.2 Key Terms
Sales Tax

- When we buy an article, we have to pay a certain amount of tax as the
value added tax in-addition to the price of an article. This tax is usually
given ata certain percentage ofthe selling price.

In Pakistan 16% Sales
rendered.

EXAMPLE-1

A sales tax of 16% is imposed on television.

If the marked price of the television is Rs. 18000. Calculate the
total amount one has to pay, if he wants to purchase it.

SOLUTION: Marked price of the television = Rs, 18000

tax is imposed on gdods bought and services

I
Sales tax payable = E;%xzaaoo = Rs.2880
" Thetotal amount one hasto pay = Rs. 18000+ Rs.2880 = Rs. 20880

Not for Sale-PESRP
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EXAMPLE-2
A computer price is Rs. 34,800 inclusive of 16% sales tax.
What is the original price of the computer ?
SOLUTION: Computer price including tax = Rs.34,800
Let the original price = Rs.100
Then the price of computer including sales tax @16% = Rs.116

Therefore, original price = @x.?ef, 800 = 3480000
116 116

= Rs.30,000

Excise Duty

It is the form of a tax which the buyer pays on a manufactured item at
the time of purchase.

For example while purchasing cars, Motor cycles, electronic appllances
cloth etc, one has to pay Excise duty along—wﬂh the selling prlce

EXAMPLE-1

A man wants to purchase a car of 1000 cc. He has to pay. 150 %
excise duty on price of the car. If price of the car is Rs. 5,00,000.
How much amount he has to pay to purchase the car ?

SOLUTION: Price of the car = Rs.5,00,000 , Exciseduty = 150%

Amount of excise duty on Rs,S,00, 000 = %x 5, 00 000

= 150x5000 = Rs.7,50,000
The man has to pay Rs. 7,50,000+ 5,00,000 = Rs. 12,50,000

EXAMPLE -2 =
The price of a television Is Rs. 14040 wh:ch includes 20%
excise duty. Find the amount of excise duty included in the: -
price.of the television. Also find the' pnce of the telews:on
- without duty. W 230

sownom Price of the telewson mcludmg E:Ec:se duty Rs 1404‘0 _
aFAstG § 1/‘;___

- Excisoduty. ;go% oo

| RO
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Suppose- the original price of television = Rs.100

Price of television including 20% Excise duty.= Rs.120
100

Original price of television — 14040 x =5

= 141')40:«:i
6

= Rs.2340x5 = Rs.11700

Property Tax

A property tax is charged on the owner of land, houses, flats or building<
atastandard rate of 16%, on the annual value of the property:

EXAMPLE

The annual income of a flat is Rs. 14,00,000. Find the tax payable
at a rate of 16%.

SOLUTION: Annual income of flat = 14,00,000
Rate of tax = 16%
Tax payable = 14,00,000x — I;O
= 14,000x16 -

= Rs.2,24,000
Thus tax payable is Rs. 2,24,000

Income Tax

Itis the tax charged on all incomes during the financial year from st July
to 30¢h of June. If the income return is filed on 307k June 2010. Then the
fiscal year considered is 2009-2010 and taxyear is 2009. Atthe end of eact
financial year one has to submit a return showing what was the earning
during the year. The government exempts certain amount not to charge
_taxonlt.'metaxlschargodondxoeedlng amount.

In order to work out the taxable income for salaried persons, all
: es are included In the basic pay.
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EXAMPLE-1 il
The annual income of a person including all allowances is

Rs. 3,60,000 and the exempted amount is Rs.1,80,000. Find the
" income tax payable by him at the rate of Rs.0.75%.

SOIUTIOH. Total annual income = Rs. 3.60.000
Exempted amount = Rs. 1,80,000 g
Taxable income = Rs.3,60,000- Rs. 1,80,000
= Rs.1,80,000

Taxrate=0.75 %
Thus tax payable = 1,80,000%0.75% ,
= 1i50i000% > Se o §
100 7. SR 7

75 : -

= 1,80,000x ———— s

. IOOXIOO ATl S i

= I18x75 2,5 Gl LA

=) R.5’1350 it =it Shped 5t .—-ﬂ

EXAMPLE-2

The total annual income of a person is Rs. 6,28,500 and the.
exempted amount is Rs. ,80,000. Calculate the ne t nca % X
payable at the rate of 3.50%. If the tax deducted Iat source is

Rs. 15,000. e ‘

SOLUTION:  Total annual income = Rs.6,2 00 o

B i, g 0w D Slinye
2 PUGRsE b 2
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~_EXERCISE — 5.1 _

1- The-‘p'rice of a bicycle is Rs. 3500. If 16% sales tax is charged, then
: calculate the amount of sales tax on 50 such bicycles.

e ———

]

2- If th?price of an air conditioneris Rs. 40,000, then work out the

amount of sales tax on it at the rate of 16%. Also calculate the
price of an air conditioner with sales tax.

T The price of two cars of 1300 cc and 1600 cc without excise duty
(L o
ALl are 6,00,000 and Rs. 8,00,000 respectively. If the excise duty on

these two are 200% and 250% respectively. Find the prices of the
- |  twocarsinclusive duties.

The annual price of a house and price of land is Rs. 15,00,000 and

Rs. 20,00,000 respectively. Find the property tax on each of these
two at the rate of / 6%.

5 Tﬁf‘-;o;al taxable income of two persons is Rs. 2,50,000 and

Rs. :3,'19 000 respe;l;_wely Work out the i income tax for each of

thern@ 4.5%.

6- The total taxable mcbme of a person is Rs. 4,30,000. If he is given

: Tebate Rs. 3000 on the tax chargeable, then work out the amount
- %%‘ﬁpﬁpay asan mcorne tax @4.5%.
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5.2 UTILITY BILLS

In this section we are to consider utility bills relating to electricity, gas
and telephone only.

Electricity Bill

Domestic electricity bills are calculated by charging every house a fixed
amount. This amount consists of vanation of rates in units consumed.
Rates of units are below:

First 100 units @Rs.2.65,
Second 200 units @Rs.3.64,
Next 700 units @Rs.6.15,
Remaining units @Rs.7.41.

The units consumed are recorded on a device called meter. The
difference between the readings at the beginning and end of a month
shows how much electricity has been used; Excise Duty, PTV Fee and
Income Tax are also charged in electricity bill every month.

EXAMPLE

Ahsan uses 1050 units of electricity in a month. How much does
electricity cost him for a month?

SOLUTION: ‘
Number of units consumed = 1050
Cost of 100 units @ Rs. 2.65 is: 100x2.65 = Rs 265

Cost of next 200 units @ Rs. 3.64 is: ~ 200%3. 64 = Rs.728 .
Cost of next 700 units @ Rs. 6.15 is: 700x6.15 = Rs.4305
Cost of remaining 50 units @ Rs. 7.41 is: 50x7.41 = Rs.370.50

Total cost of 1050 units is . Rs. 566850 .. ()

Excise duty @ 1.5% is : " Rs. 85.03  ...(i})
Electricity duty - _ Rs: 6252083 ... (iii) _

PTV fee : ~ Rs.25.00 ...(1v)

Income tax @ 1.6% Rs. 91.00 '..q.(v)

Total cost (from (i) ) f:é??;?; _

-~
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Tk st

Gus Bill

s
 which 00 cubic feet of gas.

,,,44’ o Gas slab rates for domestic purpose w.e.f 01-07-2009 are:

sl o lWhereas}Hm ==330MMBTU'

Many house hold use gas for cooking and heating. The amount of gas
used is measured by volume and recorded by a meter in units, each of

g - l'& 3‘1 -:'h‘e.

2| Rs Per MMBTI
010 0.50 80.65
over 0.50to 1 84.45
over | to 2 ! 153.73
c;;er 210 3 ; ‘ 325.48
= over.; 1!_'011_ fonllics 423.42
overdtos 550.44
“;;r;; ﬁbove 730.17
3 ki S
4 % SF _ _t_eri-rbadm'g--sho% 51&! 4.872 Hm’ gas was used
p Junng a month. Work out the payable amount inclusive

= Rs. 2201.76 .. .()

= Rs. 479.98....(ii)
“'?m 120.00....(iii)

]
-L:; v

0% a%qiﬂ"
%@ 7{ oy

- ,74@’*&; 448, 278

/ mm..m -
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Telephone Bills : _ EOPIORES PR 15

The cost of telephone call depends upon three fadom. £t

(i) The distance between the caller and the person being called.

(ii) The time of day and/or the day of the week on which the callis

being made.
(iii) The length of the call.

i

]

i

:

l

¢

- ] . i

These three methods are put together in various ways to give metered

units of time, each unit being charged at a fixed rate. ik <%

: . , {

!

The telephone bill of a consumer according to the new rules is
as under:

(i) Net PTCL dues: ' Rs. 1233
(included line rent, local call units charges, L

NWD call units charges, local mobile unit
charges, NWD mobile unit charges)

(i)) Net FED (Federal excise duy @21%):  Rs. gspotist 2l g

: . Fhipl ;rpirqgh; : et

(iii) Net W.H. Tax (withholding tax @ 4%): ¢ UeRsy 49 SRS E 'llu:* =y S
Total amount payable by due date:  Rs. 1540 “-_. :""" Tl
Surcharge: b I Rs. 80“’“ ’”ff R

Payable after due date: Rs. 1620;00 M =
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[ XERCISE — 5.2

(i) 4.285Hm® (iii) 2.796 Hm’
(v) 5.235 Hm’ (vi) 4.665 Hm’

(i) 210 units
() 290 units,
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3.3 PERSONAL INCOME

The income earned by an mdnndual while worklng on daily, weekly,
monthly or annually basis is called personal income of a person.

5.3.1 Personal Income of a Worker (Who is Paid on Daily Basis)

To find the personal income of a person working on daily ba5|s we see
the following examples. :

EXAMPLE-1

Calculate the gross daily wage for each of the following
factory workers, if the hourly rate of pay is Rs.50 and the
day is consisting of 8 hours.

Name |Number of hours worked|Pay at the rate of Rs.50 per. hours
1| Aslam 3 ' 3x50=Rs.150
2| Anwer 5) 5x50=Rs.250
3| Daniyal 8 . 8% 50 =Rs.400
4 (Abdullah 7 7x50=Rs.350
5| Al 4 4x50=Rs.200
6| Hamza 6 ' 6x50=Rs.300

Daily wages along with over time
EXAMPLE-2

Daniyal works five-day a week, Monday to Friday. He starts work
every-day at 8:00am and finishes at 4:00pm. He has one hour off

~ for lunch while he works 2 hours daily as overtime. If he is paid Rs.60
per hour as regular salary and Rs.80 per hour as over time, then how
many hours does he work in a month? Fmd his gross paypermonthas

well. i

SOLUTION:
Number of hours from 8:00am to 4:00pm = 8 hours.

As he has one hour off for a lunch,
therefore number of hours worked each day = 7.
Number of hours woked. in a week = 5x7
=35 hours

* Mot for Sale-PESRP




Number of hours works in a month=4x35
BN bl decan vurd = 140 hours
5 0. Sy Pay for a month=140x60
e ' = Rs. 8400

el ~ He works 2 hours daily as over time,
Bk %mber' of hours he works as

~ overtime in a week =2%x35
W, e, . =10 hours
- Number of hours he works as over time in a month
& i =4x10
b . . ; ; =40 hours
: - Over time payment for a month =40x 80
AR S = Rs. 3200
.~ Gross pay =Pay +Over Time payment
g : = Rs. 8400 + Rs. 3200
Gross pay = Rs.11600 '

the sale price of the articles he sells. If he
from 8am to 10pm and sells articles of
), Whgt-'is his daily gross income?

from 8am to 10pm = 14,
Salary per hour = Rs. 60
 Dalysalary is=Rs.14x60
i a.-t»a r~ z- = Rs. 840
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5.3.2 Gross Income of a Salaried Person

Gross income of a salaried person includes basic pay, house rent,
conveyance allowance, dearness allowance, medical allowance etc,

EXAMPLE

If the basic salary of a person is Rs.30,000 per month and he

is paid house rent at the rate of 15% of his basic salary and

10% as dearness allowance and Rs. 2000 as conveyance o g
allowance. Further he is paid Rs. 1000 as medical allowanoe, i el
then calculate his gross monthly income.

SOLUTION: Basic salary = Rs.30,000

House rent = 15 % of basic salary {00k x 30000

100
= Rs.4500 )
Dearness allowance = 10 % of basic salary = .@_ﬁm A
: SERNTEN 1,5'0 £ e ,;;:_,'-_,_g e
= ~*»"5"3‘L el o
3 J-,Rs'f‘qgo _' - - ?h-l- ds

Then monthly salary structure Iis': . |



"Rs'soo...._.-.;.ﬁv)
_-_.-3160 {.s'um of (l) (i), (iii), (iv)}

- Total deductlans



[

CONSUMER MATHEMATICS 131 UNIT -5

E XERCISE - 5.3

1- A lady worker works a six-day week. She starts work at 7.00 am and
finishes at 4pm. She has /5 minutes break in the morning and 45
minutes break in the afternoon. How long does she actually work ina
week and how much she is paid, if the rate of payment is Rs.40 per
hour?

2- Khalid works 6 day-week. Find his gross monthly wage, if his rate of
payis Rs. 200 per day.

3- Aslam getspaid Rs. 70 per hourfor his normal working 8 hours daily
(6day week). The rate of overtimeis 1.5 of Rs. 70 per hour. If he works

40hours as overtime, then work out his grossmonthly pay.

4- Calculate the gross monthly pay of a person, if his basic pay is
Rs. 18000, house rent allowances is Rs,3500, dearness allowances is .
Rs.3000, conveyance allowance is Rs/500 and medical allowance is
Rs.500.

5- If gross pay of a personis Rs.43,000, then calculate his net take home
salary, after deductions of Rs.400 as income tax, Rs.1200 as
benevolentfund, Rs./500asG.P.fund and Rs.400as groupinsurance.

6- Noman worksin afactory where the basic hourlyrateisRs.5tfora3s
hour week. An overtime is paid at:cime*a‘nd - a-half. How much will he
earninaweekwhen he worksfor:

(i) 38 hours (ii)48 hours (iii) 50 hours J
|

7-  Abdullah’s pay slip showed that he had worked 6 hours over timein -
addition to his basic 36 hoursinaweek. If his basic rate ofpay is Rs. 60
and over time is paid at time and a-half. Find his gross pay for the j
month. B G o et e B % %

-

| : *Time and-a-half stands for = 15hours o , -

s Notor Sale-PESRP
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Review Exercise — 5

1- Endule the correct answer.

(1) Money that must be paid to the state charged as proportion
of income and profit added to cost of some goods and services
is called a

(@ tax (b) excise duty (c) property tax (d) income tax
(it) The taxes which are charged on income, property and profits
in the from of income tax, property tax and profits etc is called

(a) tax (b) direct tax (c) . property tax (d) income tax

-

(iii) Taxes of the form of duties, motor vehicle taxes are called

(a) indirect tax (b) direct tax (¢) property tax (d) income tax

{iv) The tax in addition to the price of the article is called

(a) tax (b) sales tax (¢) income tax (d) excise duty
(v) The form of a tax which a buyer pays on a manufactured item

at the time of purchase is called

(a) exciseduty  _(b) tax (¢) income tax (d) . sales tax

(w) The tax charged on the owner of a Iand house flats or bunlding
* is called

(a) property tax (b) income tax (o) direct tax (d) indirect tax
(vii) The tax charged on all the taxable income is called

(@) sales tax (b) direct tax (¢) income tax (d) excise duty
2- Fill in the blanks.

(i) Money that must be paid to the state charged as a proportion
of income and profits added to the cost of some goods and
serwces is called a -

(ii) The taxes which are charged on income, property and profits
in ﬂ'le form of income tax, property tax and profit etc is
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(ii}) Taxes of the form duties, motor vehicle taxes, goods and services
are called

(iv) The tax in addition to the price of the article is called as

(v) The form of a-tax which a buyer pay on a manufactured item
at the time of purchase ‘is called

(vi) The tax charged on the owner of a land, house, flats or building
is called a

(vii) The tax charged on all taxable income is called

(viii) If the annual value of a flat is Rs. 6 00, 000 Then the tax payable
at a rate of /5% is

(ix) The value added tax at the rate of /0% at the marked price' of -
television of Rs. 12000 is

(x) The excise duty at rate of /50%, one has to pay against an
amount of Rs.3,00,000 is

3- The price of a tficycf_e is Rs.4000. If 16% sales tax is charged, then
calculate the amount of sales tax on: 30 such tricycles.

4- [fthe total income of a person is Rs. 7,00,000 with exempted amount
of Rs.1,50,000. Find the taxchargable @ 4.5%.

5- The gas meter shows that 5.670 Hm’ gas was used during a month
period. Workout the payable amountinclusive of GST @16%.

6- - The number of units consumed while using electricityare as under.
(i) 275units (ii) 200units (iii) 340units (iv) 285 units. '
Complete the electricity bills, including the items as well as shown i in
the solved example of electricity blll

7- The gross monthly pay of a person is Rs.75,000. If Rs. 1500, Rs.1200
and Rs.1800 are deducted as income tax, benevolent find and G.P
fund respectively, the" Calculate the net take home salary of the
person

. Not for Salo-PESAP




134

AL el

SUMMARY

Money that must be paid to the state, charged as a proportion

of income and prafits are added to the cost of some goods and
services is called tax.

Direct tax is charged on income, property and profits in the
from ofincome tax, property tax and profit tax etc.

Indirect taxes include duties, motor vehicle taxes, goods and
services taxes, (GST) general sale tax and value added taxes

etc. _

When we buy article we have to pay a certain amount of tax as
the value added tax in addition to the price of the article is
called sales tax. This tax usually given as a certain
percentage of the selling price. In Pakistan sales tax of /6% is
imposed on goods bought and services rendered.

Excise duty is the form of a tax which the buyer pay on a
manufactured item at the time of purchase.

A property tax is charged on the owner of land,-house, flats or
building at a standard rate of /6% on the annual value of the
property.

Income tax charged on all taxable incomes during the year
from Ist July to next 30th June.

Not for. Sale-PESRP
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UNIT

EXPONENTS AND LOGARITHMS

Radicals and Radicands
Laws of Exponents / Indices
Scientific Natation
Logarithm

Laws of Logarithm
Application of Logarithm

vVVvVvwveYw

After completion of this unit, the students will be able to:

» Explain the concept of radicals and radicands.

» Differentiate between radical form and exponential form of an expression.

» Transform an expression given in radical form to an exponential form and vice versa.

» Recall base, exponent and value.

» Apply the laws of exponents to simplify expressions with real exponents.

» Express a number in standard form of scientific notation and vice versa.

» Define loganthm of a number to the base a as the power to which @ must be raised to give
the number (a* = y&log, y=xa>0,y>0anda+1)

» Define a common logarithm, characteristic and mantissa of log of a number.
» Use tables to find the log of a number.

» Give concept of antilog and use tables to find the antilog of a number.

» Prove the following laws of logarithm.

« log, (mn) =log_m +log n.
s log, [’—:—) =log m—log_n,

. lngam —nlog m.

» Apply laws of loganthm to convert lengthy processes of mult:pl:cauon, division and
exponentiation into easier processes of addition and subtraction, etc.

é
!
:
:
!
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EXPONENTS AND LOGARITHMS

| 6.1.1 Radicals and Rudicunds.

Letus considera real number./5. We may write it as 52 Here 5 is positive

rational number, 2 is a positive integer and./5 is irrational, therefore /5 is
aradical (or surd) of order 2. Itis a quadratic surd as well.

Also consider a real number /4 we may write it as 4//3. Here 4is a

positive rational number, 3 is a positive integer and 3/4 is irrational,
~ therefore /4 is aradical (or surd) of order 3. Itis a cubical radical as well.

Therefore a radical (or surd) is an irrational number that contains an

irrational square root 24/3, 4+3J5, 10-46 . Q % are all radicals
(orsurds). ' ‘ A

Let a be a real number and n be a positive integer, then a number which

when raised to the power'.{ ,gives 47, is called the nth root of ¢,
writtenas 7/, . n

Thus/2 =212 33 = 23 {5 = 5! etc.

The symbol %/ is called the radical sign of index . In ¥a, a is called
redicand.

Ja is called a radical of order 2,

3fa -is called a radical of orier 3,

{a is cailed a radical of order 4 and

2z is called a A n ;i

(J;,' +b ) and (JE b ) are conjugate radicals (dr surds) of order 2 to
ead-.other The pro.du.cf ofthese two radicals is a rational number.

.
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6.1.2 Rudlcul Form and Exponential Form of an Expmsion

43 is the radical form of (2 )"*as the radical can be expressgd with
fractlonal exponents, therefore exponential form of J_ is (2’ )”301' 2

The radical form of  5(3)" _ o s, -

=]

=53

From the above examples, we see that the laws of exponents are <
therefore applicable to radicals also. Thus for any positive integer »’ and
‘apositive rational number ‘a’we have the following.

Radicalforn | . Exponential form

() (Yay=a.

' R A
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.-%iii"d ] _T RIS 5
@) @) ix@hy gy e

(i) x%’l +x%
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6.1.3 To Transform an Expression in Radical From fo an’ "“""}

Expression in Exponential Form and Vice Versa =~
Let us consider the following examples: ‘. = 1R | P J;._' Wi
EXAMPLE-1
: AT
Express in exponential form:

(i) {81a*

SOLUTION: (i) 48147

i) 275" (iii) -"‘ZJ"

—

7ind)

= 81a% )i
- 3'a® )/
Y/ E
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swer m rad:cal fomr

1l

L

; '(ff) a% xa¥ +alt (iii) (q%;b% VA =@/ )6
( ) J_3 <364

= (18 (69/"
‘=-(9x2)% x("Z‘)ﬁ
= 972x 22 % '2%

B -.=-I._9-% x2"

. v _9x'2l%

Ab, 14/3%/

Y ﬂ+8 9
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E XERCISE — 6.1 A

2-

4-

) {x*?
@iy

.(“v»_’-ﬁ +{32

I-  Determine the radicals and the radicands fromthe following. = = = =

@ 3 (i) 4+3Ja (i) 11
() 8-2J5 ©w B i
; S T

7 b,
Expres_s the following in exponential form:

O J@ o fF @ 'Td‘i—‘;'

Write in the radical form and evaluate the result.
) (2 ) (i) (64) " (iii) (31)/" y
weys et i) (1000)5/

Simplify and give answer in exponentlal form. .
®) Ja'® @ fa® i) 7’
- o) Y8
r’y

('V)

(x)

Simplify:
@) 3x7

'-(iv)-_@ﬂﬁ'

(viz) 125 x’ 5t (vn'i)...

(iv) (27)/ _
(v,m) (64)/ .

i S

W RIS
fﬂ»ﬁw)’iﬂ (o

-
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6.2 LAWS OF EXPONENTS/INDICES
'6.2.1 Base, Exponent and Value

Sometimes we experience a multiplication of the type:

3x3, 3x3x3, 3x3x3x%x3; 3Ix3x3x3x3

In simplified from we can write:

3x3 = 3?
3x3x3 =3°
3x3x3x3 = 3*

3x3x3x3x3 = 3’ andsoon.

For any real number ‘a’ and a positive integer ‘»’ we define:

a" =axaxaxa--xa (ntimes)

Here ‘a’is called the base and ‘»’is called the exponent or index.
By definition, we take a° = I, thus 2° = 1,3° = 1,(0.5)° = I and so on.

Note: “a"” is called as the n™ power of ‘¢’.

e.g Ix3I%3 = 3

Ix4x4x4x4 = 4
S IxTIx7x7 =77
8x8 = §°

.i
1

1

16.2.2"‘ Laws of Exponenls and their Applications
f' I.ﬂwolSumol owers

lfaeR, a#Oandm,neZ then
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EXAMPLE-1 ) ) Al s 2
Simplify: x* x x* xx° _ s
=w A T
SOLUTION: x* xx*xx® = x**4*6 =
5 b % ssaasialaiae
=X E. -
EXAMPLE-2 ' C S
Simph‘w: x3 xy4 xx4 xy.’l xx: xyj | 3 o ,'l_:
SOLUTION: x° x y* xx* xy’ xx* xy° =X xx!xx’xy’xyi=y’ - : i 3 |
=x34-4-1’-5 xy3+4+5
L2 xy” F

. - el 1
EXAMPLE-3 ==y

Simpﬁr‘y: x3 xy‘ xx"z xy‘? SIRE s =

SOLUTION: x*xy*xx?xy? =x’xx7’x 7! xyPiisb sW ?-_-,'__‘
e _:,=_ fj._g__*___'y_“‘_}____w‘ . . * __‘;‘.‘ o -

=xy2

2- Laws of Subtraction of Powers |
o RAXRED

lfaeRa#0andmne Z,then
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_axaxax--tom factors
a™ axaxax..tom factors

when neZandaeR,a#0.

Ly e -

o 2ewod Jo nothothul
e T T v - L - -

1
-
#e

eeidl 815 credT

{ ,,,._l.ma__

'5‘ =%

)
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g

EXAMPLE-1
3 6 1
X xx XX X
Simpli i
plify: () o
;SOlUﬂOH:
() ¥ xxjxxd x3+5+6
l ==
x xx? xx x“‘”‘
= xu
7
L TR
= x7
5 6 4+5+6
(m) P xx° % x 2 X
x’xx xx x5+6+8
_ x” >
X' .
15-19 2
=X =
= x"‘

_EXAMPLE-2

Simplify:~ @) x %"

4

o KX -




146

( “R{a'at*ﬂ and ne-Z, then:
. ) @b =a"b"

. TS S o [a) -2
|

oN: (i) (xy) = xy’

, 5 :
D&Y @ G [ﬂ . [ﬂ

4

e e
TE T s T
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[E XERCISE — 6.2
1- Write the base and exponent in the following. .
0 167 @) (i) (43 ;.
) (-2 ® 18 0) sxPxx?
. !
Simplify and express with positive indices : | ;
2- ’(ai’bj')d 3 :"t—fy3)—3 & i ‘ 4- (x‘y--_b)’x(x?’y?).'“ -
-1/4 : =2/3- 5 R AT
5. 16x? 6 27x° 7. |4 ": 2 ;‘.,
y? 8a~’ ) 4 ) |
= — o TP avte I @ ) @'p’
B Jabx3Vab? 9 7)) T e % S >
e G Co) g @) R :
4y a'v’
14- (2ab’ )’ (3abc? )2 +(ab) ¥ (bea)’ - _ 15- Fﬁ;‘—‘

16- 215095! 17- (2—3 a‘b)"!"x' 4 2p° it Ey dl D a*iikqm-ﬁ?'ﬁ _@E - ' ¥

273 x83

Evaluate
18- (37 )' +(9'x27")

-1 ) . : f dhe A
: = L1 4 7 eE i

22 g!12p213  g23p14.

uo @

»
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RO 25 0"
() Syl

Vi) 5x7% xx'?
he following.

e __:. ] ' |
@) Py
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6.3 SCIENTIFIC NOTATION

In some branches of science we use very large and very small numbers.

The speed of light is 786000 miles (or 299337.24 km) per second or
30,000,000,000 centimeters per second and the radius of a Hydrogen
atom, i.e 0.000000073 cm are the examples of very large and very small
numbers respectively. The wave length of an X-ray, is 0. 0000001
centimeter is also an example of a very small number.

An easy method is dewsed fo write these numbers is known as “scientific
notation”.

In this method a number ‘a’ can be written as the product of two numbers
in which the first number is in between 0 and /0 and the second numbens
the positive or negative exponentof 10i.e.

a=bxI0"
EXAMPLE-1 3
Wnte the following in scientific notat:on :
1
(i) 100 (ii) 1000 (iii) 10000 (v) 1000 ») 1 0 000
SOLUTION: (i) 100 = Ix10° QRPN (s d
(i) 1000 = 1x10° : 3
(iii) 10000 = Ix10% ks
(v L e e
1000 : sl
() Lo L

10000 xSt
EXAMPLE-2 N
Write the following in scientifi
(i) 90.85 (ii) 112.3 (1) 12.3
._SQI&ITOH:

(i) 90.85




= 1123x107

= 1.123x10* x 10
= L123x10°

= 1.123x10°

= 1235x 107
= 1.235x 10" x 1072

= 1.235x 10"
oo

s 2539
0% Bkt e
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In scientific notation a positive number is written as the product of two

numbers. In this, first number is obtained by placing declmal aﬂer the '

first digit of the given number. i ool *
;
;

Lt

For the second number to get the exponent of /0 we count the number

of digits which is between the actual decimal place and the new place.
If the decimal place is changed from the left side then the exponent of
10 is positive, while changing from the rlght side the axponent of 10 is

negative. ‘
EXAMPLE-1 ' |
i : . SRR :
Write 18.42x10™ in decimal form. NLY
SOLUTION:  18.42x 10™ IR
L1842 SRNEETRORY
100 2 . 3 _-____'_‘;;' =D l.a‘.'.

18420 3
ikt N u.’iﬂﬁlhﬂnm

1842 -
1000000

= 0.001842

11 93w bels 2SS ?;m_
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Mﬁl‘ BTB0 T ’-. SBIC Yl 2

Sl el St i 4, '2566324
- 0.00000075

ing in the decimal ionn-
7. 1.345x 10"

9 §.525%1077

O b, sl = et I:XERCISE 63

— LY

P80 daemonus art shis sipn oo mor i

»
- 3
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6.4 LOGARITHM . tingtd nemaed 68

Al-Khawarzmi contributed a lot towards Iogarlthm In 17th century John
Napier made further amendments in logarithm and prepared tables for it.
He fixed a base ‘e’ for these tables. The value of ‘e’is 2.7/83. John Napier
and Henry Briggs made a plan to prepare table having base 0. Later on,
Henry Briggs completed the task and prepared tables with base /0.

Jobst Burgi from Swltzerland in 1620 AD prepared a table for anti-
logarithm. These tables made the complicated problems easier regardlng
the counting of numbers.

6.4.1 Logarithm of a Number

Leta > 0 and a # 1,if y’is any positive number, then:

x=log, y, if andonlyif a*=y

) SNEE
or a'=y & log, y=x <o el {17 %Q*Td@

i - e L 3 S Sy - M TR '..'_'.ntf_'r K\LZU -
(For log, y,read "the logarithm of y to the base a".) e ‘ 3
EXAMPLE-1 (<€~ 5l Y 3
Convert the following into exponential form: ST/ ;; : j‘-_,_' g

. . 1 S it J'
(i) logs 25=2 (n) Iag_,__;=,__—L2_" ( i) Iag,QIOOO 3?:& @iy} 1

SOLUTION: Using the equatiqn‘.;lqg,y;x @ at=y,

l 1000
WO &l 1167 18 p(“f)n _uo gq 1‘1‘&‘5”%

EXAMPLE‘" S ESs My Cﬂ‘ﬁ:ﬁm
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6.4.2 Common Logarithm

The logarithm calculated to the base’ 10 are called common logarithms.
We denote log,,m by log m only.

Clearfy 10'=10<>1log 10=1 ; 10° =100 <> log 100 =2
10’ =1000 <> log 1000 =3. etc.

| 10_I=}£6=0.01<:>Iog(0.1)=~1,

107 =’—1—=0.1<$log(0.01)=—-2 andsoon.

100
EXAMPLE
Solve (i) log (x-2)=1I (i) log (x+3)=2
SOLUTION:

Using log,y=x < a* =y, we have

- @) log x-2)=1 = 10'=x-2 = x-2=10

=i |x=12]

(i) log (x+3)=2 = x+3=10" = x+3=100

= |x=97

-

Charadteristic and Mantissa of a Log of a Number

The logarithm of a number consists of two parts, the integral partis known
as the characteristicand the decimal part is known as the mantissa.

The mantissa is always taken as positive while the characteristic may be
zero positive or.negative. When the characteristic is negative, we put a
Jar on the digit representing characteristic, that instead of — 2 we write it
?s 3. 2.763§ means—-2+0.7638. - .

"y .

i i w2

'
e . BT fe o gty r Salo-PESRP
e f I.L'n_-;l.dl‘ et i ot C . 3 . ) “”‘ .
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6.4.3 Finding the Logarithm of a Number

Characteristic of a Number

Write the number in standard form. Let it be m x 10?, then the
characteristic is p, or

(i) The characteristic of a number greater than or equal to 7 is one
less than the number of digits to the left of the decimal point in

the given number.

(ii) The characteristic of a number less than / is a negative number
whose numerical value is one more than the number of zeros
between the decimal and the first significant digit of the number.

For example:

Number Standard Form Characteristic
5376.4 5.3764x10° 3
537.64 5.3764x10° 2
53.764 5.3764x 10" 1
5.3764 5.3764x10° 0
0.5376 5.376x107" 1
0.0537 5.37x1077 2
0.00537 5.37x107° 3

0.0000046 4.6x107° 6

Mantissa of a Number . .
We find the mantissa from the log-table. The position of a decimal pointin |
a number is immaterial for finding the mantissa. We restrict ourselves to R

WD ot

the mantissa of a number consisting of fourdigitsonly. = =
) 4 ety e G YR e ";"""-3‘".;?.‘ earl-=due 2

 e.q. log(45), log(45). log(.045), log(.0045) etc have}hesarzna\ﬁ issa.

Not for ; 2
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=

(i) For finding the mantissa of 4385 from log table, we proceed in
the row headed by 43 and in this row, we find the number under
the column headed by 8. Now to this number we add the mean
difference headed by 5, in the same row.

- Thus mantissa for 4385 is .(6415 + 5) = .6420.

(i) For finding the mantissa of 438 from log-talbe, we find the

number in the row headed by 43 and under the column by 8.
Itis.6415.

(i) For finding the mantissa of 43 from log-table, we find the number
in the row headed by 43 and under the column 0. It is .6335.

(w) For fi ndlng the mantissa of 4 from log-table, we find the number
in the row headed by 40 and under the column 0. It is .6021.

Thus we have,

log 4385=3.6420 log 0.4385=1.6420

log 438.5=2.6420 log 0.04385 = 2.6420
log 43.85=1.6420

log 0.004385 = 3.6420
~ log 4.385=0.6420

log 0.0004385 =4.6420

and log43=1.6415
' log 4.3=0.6415

Also log4=0.6021
' _'log 04 =2.6021

6 4. 4 Concepl of Amllogumhm

If'logm n, then m = antilog n, e.glog 1000=3 = antilog 3= 1000

£ Mﬁdi ntilogarithm of @ number, we use the decimal part of the
fh m ; mfgﬁd the an!sJJabJaJma mgnmer SImllar to that adopted
Lsd W md‘n,g the loggtat!!g'l‘-ﬁl vioRnir ey A
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Case |

When
digit.

)

(i)

. ._(_iiv

the characteristic is ‘’, the decimal point is inserted after (n+l)th g

Number =02346 emmd S
Characteristic =n=10 . '

' 0 Hutusisds Bt gy
Mantissa =.2346 , nois 1278 ol SEE e

From antilog table, the number against the mantlssa .2346is 1724.

As the characteristic is ‘0’i.e. n = 0, therefore decimal point is |
inserted after (0 + 1)tk or first digit from the left of the number1724 e

Thus antilog of 0.2346 =1.724

T I
et e
Y 'II“L)M .
Number -2 6019
o ilds i,.ms r@o‘ﬂ.:

Characteristic =n= 2
Mantissa = .6019

.........

Decimal point is inserted after (24-:-_
the left of the number.

Thus antilog of 2.6019 = 399.08

; R T
A

Number_ = soe12
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- There are 4 digits in 1825, therefore we put two zeros to the
- n‘{--_&g\'m S right of the number to make it a six digit number. Placing decimal
et i after these zeros is meaningless.

3 ‘way that the first sugmﬁcant ﬁgure is at the nth place X
%*%,.\m B i

iul_ﬁ %

“ﬂ’ﬂ*‘i&"‘mi. Sheyilsrt
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EXAMPLE-1 iETtL L aue Sl ¥
Find the values of: (i) antilog 0.654 (i) antilog 1.204 i VRe
(iii) antilog 13612  (iv) antilog 3.4568 '

SOLUTION: (i) antilog (0.654) = 4.508 { _. kﬁﬁﬂ
(i) antilog (1.204) = 16.00 iy £ (i ‘ ‘?*

(iii) antilog (1.3612) 0.2297 R -

(iv) antilog (3.4568) = 0.002863

‘lwt& _'
" 'f o
EXAMPLE-2 s
LT "'ﬁ? gral T-“ ,
(i) Add 13612, 3.1946, 2.0018 and 3.4619 _'U .I‘, j{“" i

(ii) Subtract 4.6342 from2.1375

S 5 o et vl Fode b
(iii) Multiply 3.4103 wl‘thﬁ' :

(iv) Divide 5.1820by15 -erf - Ao A
BA T s

ON: (i) 1.3612+3.1946



IR 2127375046342
RS e Simi6 1375216342

= 55033
. 'f!“'?_k .“:_'-_, LE ]

= (-3+.4103)x6 -
= —18+2.4618
= (=18+2)+.4618

o =-16+.4618

= 16.4618

= (=5.1820)+15
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| & Z If logx=2

Now from the antilogarithm table, we have the number for mantissa
0.5019=3170+7=3177

As the characteristic is zero, the decimal point is inserted after
(0 + 1)th digit, i.e. after 3.

x = antilog (0.0519)
x=3.177
(ii) log x = 2.5321
Characteristic of log x = 2
Mantissa of log x =.5321

Now from the antilogarithm table, we have the number for mantissa
© 5321 =3404 + 1 = 3405

* As the characteristic is 7 , the decimal point is inserted in such :
a way, that the first significant figure after decimal is at the 2nd place i

x = antilog 2.5321 i - *‘
= 0.03405 ' i
Thus x=0.03405 : =5
E XERCISE — 6.4 : i e
1= Write down the characteristic of the Ioganthms of the following
numbers. ;
(i) 6350 (i) 2035.6. (i) '2-_-"-0?"?'_ - 5
(iv) 0.8657 () 00732 - (vi) 0.000721

SR S 5

2- Write down:the values of: A :

() log52.13 (i) log6304 (m) ?'
(iv) log 0.0057 (v) 103000003 e

= 1

f &:&’f“'ﬁ* ¥
g 0.6127

(i) log6.374 (i)
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S (@) log, (mn) = log, m+log, n

@ii) log, (ﬂ] = log, m—log, n
n

- (i) log, m" = nlog, m

JSrom (i) and (ii)

: Fj’ga‘;ﬁ'f Tas SATTNINN oW :
xddazis any ai’_dmissible base,

i o -

SRR D goh (i 3

-

WEED pel . ok
g0t i '
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m
!ﬂgﬂ [-—} =xX—-y
. n

m e
!r)gﬂ[—J =x-y R
n ,

log, [ ] log, m—log, n| from (i) and (ii).
' .

iii-  Let x=/og, m then as before

«' = m and

(a.r )H = ’nlf

|

mn fal (a.\' n
nx

=a

Therefore, log, m" = nx

log, m"=n log,

LY ']._ =
6.6 APPLICATION OF I.OGARI'I'HM*“"* "

The logarithm calculated tO-sth' base
;We shall danote IOg 10 m_by lo

Ja?




£ :(iv) 7103'(1?)+5Iog[ji]+3log(:;] Iog2

ON: (i) LHS =3log2+log 5

= log2’ +log$5
= logd + log 5
log (8x5)
log 40
RHS
log 2+log 5 =log 40

=log2+2 log 5—log3+2log7

log2 +log 5° —(log 3+ 2log7)
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15 i g
{3

Il
o ]
=]
o0
el
~ |~
N b
S
|
b
=)
0o
P
l--..l-..
|
e T
S 0
1

= RHS
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- EXAMPLE-2
log32
log4  log9

) Evaluate: (i)
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(ii) log 88.44 + log 66.76 — log 48.55 T R e i

Il

log (88.44x66.76)—log 48.55

[88.44x 66. 76]
log | ————
48.55 -

(iii) log 7.44 + log 5 + log 99 — log 7

log (7.44x5x99)—log 7

I

[7.44x5><99]
!og —'7_

EXAMPLE-4

25.36x2.4569
847.5 .

Evaiuate using logarithm tab!e.-

SOLUTION: Let x

Then logx = log



8492x3.72
47.82x52.24

* Evaluate using logarithm table.

8492x3.72
47.8x52.24

. [8492x3.72)
47.8%52.24 ) -

log (8432 3.72)log (47.8x 52.24)
log 8492 +log 3.72 —(log 47.8 + log52.24)
log 8492+ log 3.72—log 47.8 —log 52.24
3.9290+0.5 5’05 —1.6794-1.7180

| 44995-33974
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E XERCISE — 6.5 TR =

1- Solve

log 81 o243
0g ¢ (iii) log 243 |

log 9 log 6 log 9

(1)

2- Evaluate

(i) log3i+log4+log3—log6
(ii) log 5 +log 20 +log 24 +log 25 —log 60
(iii) 2log3+3log4+4log5—-2logé

(iv) 2log5+log8— é log 4
() log 200+log 5" '

Hint: in each part writelog 5= log ('—{éq) =log 20-_

3 Simﬁlify without using logarithm table. ik :

() log1.3472+log 22.79~log5

e -
! L 4- Solve with the helj

ol P
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MS- " Prove that

2 bz c3
B () Iog(b )+Iog[g)+log(a]=a

(i) 3log 2+ 2log 3+log 5=log 360
- (iii) 5log3—log 9=log 27

J 32 5
/ ! -2log| = |=log2
) Og[id]+ Og( 43) 0“(9) fog
130 55
v) 2o + = )
¥ g(13j Og[nj “""'[91} fog

/that: 3/og 4+ 2 log 5 - -.1; log 64 — é log 16 =2

' 1.78

qu g M 0.9876x(16.42)
2 (4.567)""

(iii) §x3. 142%(1.5)°

(645 X(0.00034)" <(981.9)
(937 x(8.93)" % (0.0617)
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Review Exercise — 6 L i
ey
1- Encircle the correct answer. A e | ,
T |
(i) \3is: - 5 | "j;
(@) arational number (b)  an irrational number ' = i
(c)  a complex number (d) an integer ! : - i
‘ 1 | e
(ii) I7is called: "
(@ radical (b) radicand TRl
(¢)  rational mumber (d) integer
Giiy In V3 , 3 is called. < alh oy of TSR
(@) radical (b) radicand R
(c) integer (d) natural number ¢ 1NN

(iv) In a",n is called
(@) radical (b) radicand
(c) exponent (d) -base

(v) In4’,4 is called
} (@) base

(¢) integer _ &y

(vi) The logarithm calculated to.

o9

(a) mantissa

"@1 characteristic
B VIS =S i BN

Vv G 8

(a) ci_;a}m':zeﬁéﬁci




172

0 2
@ 2

(b) rational
(d) exponent

IS
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3- Simplify:

(i) @6 )/ + @)

4- Evaluate: SEHAENS, £
() Ay xy + o)
o e B () . oo 'n SRS
(ii) (3) ( 25);«62; o o

F.
W o
iy tLr

5- Show that log !g_"%’l —log3 +logd+log5—log?

6- Use logarithmic table to evaluate:

(i) 62.14x0.32x0.015

@) 6y’ )Z’gcy’f )7 T - g,
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SUMMARY




UNIT

ARITHMETIC AND
GEOMETRIC SEQUENCES

Sequence
Arithmetic Sequence

Arithmetic Mean
Geometric Sequence

Geometric Mean

vVVVeww

After completion of this unit, the students will be able to:

» Define a sequence (progression) and its terms.
» Know that a sequence can be constructed form a formula or an inductive definition.
» Identify arithmetic sequence.

» Find the nth or the general term of an arithmetic sequence.

» Solve problems involving arithmetic sequence.

» Know arithmetic mean between two numbers.

» Insert # arithmetic means between two numbers.

» Identify a geometric sequence.

» Find the nth or the general term of a geometric sequence.

» Solve problems involving geometric sequence.

» Know geometric mean between two numbers,

» Insert n geometric means between two numbers.

(e bl

et e

o L

——
L om ey =

S
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UNIT-7 .

7.1 SEQUENCE (Progression)

In our daily life, we often observe things which increase or decrease
progressively by fixed amounts. For example:

I- Number of days pass in a year by 7 days every week.

2- Our age increases by 12 months every year.

3- The price of a thing increases by a fixed amount, as you increase
the number of units of that thing one-by-one.

In order to study such situations from daily life, let us consider the concept
of a sequence. A sequence is an arrangement of numbers written in
definite order according to some specific rule. A sequence is also called
progression. '

Look at the following number patterns.

T /1357101

ii- 24,6810,

iii-  1,4,9,16,25,+

iv- Ilil-!-;il-l-r
2°4°8° 16

pthy L Ll el
3927 81'

From these number patterns, it can be noticed that each successive
number, can be found by applying a specific rule that justifies the position
of succeeding one. This shows that all the numbers of each pattern are in

a definite order.
] rule is:
SEIT v(;é}lﬂ}ethen' add 2 to each term to get the next term.

,s is:
sl g, ethrgrifadd 2 to each term to get the next term.
L ke _ Not for Sale-pggpp
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From (iii), the rule is:
Square each number of J, 2, 3.4 5.

From (iv), the rule is:
Start with 7, and multiply each term by —to get the next term.

From (i), to (iv) we say each pattern form a number sequence. The
number in a sequence are the terms of the sequence.

To represent a sequence, a special notation a, is adopted and the
symbol {a, } or a,,a,,a;,a,,- is used. (Read the final dots “-.” as
“and so forth” ). ¢

a, = Istterm,
a, = 2nd term,
a; = 3rd term,

= nthterm or general term.

7.1.1 Finite and_ Infinite Sequences

Look at the following number pattéms.

) e @) 135715

(iii) 1,— = ; ; (iv) 24,68, 20
e ORI

&) 14710, () 1Zigiams

If there is a last term in a sequence, it is called a finite sequanoo
In the above examples, (ii) and (iv) are finite sequences.

Ifthere is no last termin a sequence, itis called an infinite sequende
In the given examples (i), (iii), (v), (vi) are infinite sequences.

Not for Sale-PESRP
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7.1.2 Construction of a Sequence from a Formula

Now we write the sequence with the help of nth term.

‘f au=2n+3l n=11213r'"-8 then
A 1R a,=2xI+3=2+3=35

|

| *
T
| B
IR
]
iIl.

a,=2x2+3=4+3=7

- @;=2x3+3=6+3=9
a,=2x4+3 =8+3=11
as;=2x5+3=10+3 =13

R AT e e e = i

| ;=2x6+3 = 12+3 = I
4 G, =2x7+3 = 1443 = 17
‘\ ag=2x8+3 = 16+3 = 19
‘ L» ~ Thesequenceis 57,9,1,13,15,17,19.

e e

Th° terms_of the sequence {a, } have been written by assigning the
~values 1,2,3,...,8 to n. For example:

tl!’ a=(—4)"“ (n+3) and n=1,2,34 then

m J;f’(1+3) =(-1) (W)=1x4=4
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E XERCISE — 7.1

1= Write the first three terms of the following:

(i) a,=n+3 (i) a, =(-1)"n’ (ii)) @, =3n+5

: n+1 1 ; '

(iv) a"=2n+5 v a"=(2n--})2 Vi) a,=n+3=2

(vii) a, =§1;- (viii) a, =3n-35 (ix) a,=(m+1)a,_,,a,=1

2- Find the terms indicated in the following sequences.

(1) 2,6,11,17,-,a; (i) I 3 12,60,-,a, (i) 1,1,;,217,..., as

(IV) _1113315:"‘,a9 (V) s —, ,05 ('W) 1,—3,5, 7,' * 9

3- Find the next four terms of the following sequences.
(i) 12,16,21,27,« (i) 1,3,7,15,31,  (iii)) —1,2,12,40,
() 9.11.14.17.1922, (V) 481216, (V) =2,0,2,4,6,8,10,-

7.2 ARITHMETIC SEQUENCE (Progression)

An arithmetic progression (abbreviated A.P) is a sequence of numbers
called terms, each of which after the first is obtained from the precedlng :
one by adding to it a fixed number called “common difference” of the
progression. -

. Let ‘2’be the first term and ‘4’ be the common difference in‘an 4.P. R
Then the second term is a + d, the 3rd term is a + 2d. In each of these -
terms the co-efficient of 4 is one less than the number of the term.
Similarly the 10th term is a + 94.

The nth term is (n — 1)th after the Ist term and thus is obtained after @> 2
has been added (» — 1) times, then AP

General term = nth term = a = a +(F; —I)d

= gen

If we take n = 12 then 12th term a4, \_, ﬂ"'.a@a, I)ad v
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Sl EXAMPLE-1
: Find the general term and the 14th term of an A.P, whose Ist
: term is 2 and the common difference is 5.
. SOWMON: Given a, = a = 2, d = 5, we know that:
3 ! o =Gt (=l
s | = 2+(n-1)5
ot ; =2+5n-5
| =2-5+5n
‘ : . =5n-3

~ General tem =nrh term = a, = 5n-3

Now putting n = 14 in equation a, = a + (n — 1)d, we have
ey =a+(l4-Dd
Tk 2 = 2+i3x5
pdainss vy - =2+65
= 67
a,:=57
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Subtracting equation (2) from (3), we have )
46-16 = a-a+19d—4d |
30 =15d = |d=2
Putting d = 2 in equation (2), we have
16 = a+4x2
16 =a+8 = 16-8=a
=
Putting n = 15 in equation (1), we have |
a;s =a+(15-1)d o it
=8+14x2 (e ofl bAI ? 0
= 8+28 | WE U
=36 | ' .' 3 -.\ " . L_I';
Thus [a,; = 36 | A m\;q e :“3
EXAMPLE-3 e80T
Find the number of terms in an A.P,
f-a, =3 "d=4"a;=59 L= A «‘{T’---‘*

SOLUTION: Given a, = a = 3, d = 4 a=% -
'-.-;"i gts?ﬁiwﬂ‘;‘ :
SIm a, =a+(n 1)d ‘l : : :
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= Nl EXAMPLE-4
8 ; If a,; = 2n—12, find a,.
i% 1 _’ _ SOLUTION: Given a,_; = 2n—12
: i. 2 Puttingn = n+3, we have,
i1 e | ' Qs s = 2(n+3)-12
8 a, = 2n+6-12
: I’l% =2n—6
bt =2n—-6
4 | EXERCISE - 7.2
L i! _ - 2T Find the specified term of the following 4.P
‘l! : () 3711, 6lstterm. (i) ~4,~7,-10,,a,,
bl (ili) 64,2, 45th term. ) 9,14,19,,a,,
' (V) 11,6,1,,a;
2- Find the missing element using the formula of 4.P
_ a, =a+(m-1)d _
J - (a=2a,=402,n= ;?6 (i) a, =81,d = -3, n=18

(ii)) a = 5a—6lu—15 (w)a-]du—ﬂd——%
5 i a“ ??400,.1 ='i.‘=5- X (v;) a, = 2601 d = 4. n =18

1

nwhicha,=a=11,a,=68,d=3.

e Ll
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7.3 ARITHMETIC MEAN | adid 000 -
A number ‘4’ is said to be an arithmetic mean between the two ) 1 e . '»}*Hh

numbers a’and ‘b’,ifa, 4, bis an A.P.
A-a=b-4 (Common Difference)
A+A=a+b '
. 2A=a+b
a+b
Pl et :
2 = y .:- ! :

EXAMPLE-1 .
Find A.M between 4 and 8. ' S| : ,‘. it
SOLUTION: Given a=4,b=38

A_a+b

2
-
28
2

3— = 6. A
2 o
6

A

EXAMPLE-2
Find an AM between 2f U
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7.3.2 Arithmetic Means Between Two Numbers
i Let 4,,4,,4;--4,, be “n” A.Ms between the two
1 & 1?52
-@:;r '_ . numbers a and b, such that a,4,,4,,4;-+,4,, b is an 4.P.
% ~ Here a, = a, a,, ,= b, because there are n + 2 terms in an 4.P.
n f Using a, = a+(n—1)d, we have
E;i - a,,=a+m+2-1)d
-;:,i b=a+m+1)d
iiﬁ : bita = il
A Bl
Tk L =
O _ , ® a)=d ol =10=a

: 4 n+l n+l

) :

¥ 3 _'='.r..A _=a.l_+d_=_a+b—a=an+a+b—a_mz+b
|l s n+1 n+l n+l

L R
+2(b—a) _nata+2b—2a _na+a+2b _ (n—l)a+2b
- \n+l n+l n+l n+l

a)_nata+3b-3a _na-2a+3b (n—2)a+3b .
| TR T T w3 il

Il,
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= a,+d R
b= 12+4=16
a=a,-d

=8-4=4
Thus a = 4, b=16
EXAMPLE-2 s e .

Find three A.Ms between+/3 and 93 .

TR o e m———_i—,
'

SOLUTION: Let A,, 4,, 4, be three 4.Ms between-3 andin

such that \/3,4,, 4, 4,93 isan 4P.

..
-*-it‘hp—-!—-vﬁ\-l
T i
# .
- . |t

Here a =a= \E, n_=.-5.-a, =9\E PR PES 3| B |

Using a, = a+(m-1)d e visd W i»‘s’dl_ﬂ- < 3

as=a+(5-)d Hd“'qi! |

9J§=a+ld"_',” i 75
9\f— J_ 4d ;.; el
nao oW\ 9 4d 8~/§ ._--..-Mﬂwf s

€7 bl‘mus‘klb ""J
k:. "fﬁ’ ’HL .,---l! N
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E XERCISE - 7.3

1= Find 4. M between:
(i) 3,7 Gi) x—1,x+7
(iii) 7,37 (iv) X’ +x+1 ; X’ —x+1

2- If 3 and 6 are two 4.Ms between a and b, find @ and b.

3- Find three 4.Ms between /] and /9.

4- Find three 4.Ms between+/2and 62

5- Find six 4.Ms between 5 and 8.

6- Find seven 4.Ms between 8 and /2.

% 7- Ifthe A.Mbetween 5 and b s 10, then find the value of b.

8- If the A.M between a and 10 is 40, then find the value of “a”

9- |If the three 4.Ms between a and b are 5,9 and /3, find @ and b.

7.4 GEOMETRIC SEQUENCE (Progression)

A geometric progression (abbreviated G.P) is a sequence of numbers
1 called terms, each of which after the first is obtained by multiplying the
preceding one by a fixed number called:common ratio. This common

ratio is denoted by ' * which cannot be zero in any case. We can
obtain common ratio as:

r=gl_a3_a‘ uo:—g-’-’—'=co

a

n—I
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as; = ar’! . o
as = 2(3)° } atiy
= 2x81 : :
= 162 :
a; = 162
EXAMPLE-2 p
ffa, =2 ,a, =2 inGPFindajy o i
27 729 sy 40} nevit 4
; 8 —64 . _ JYOU
SOLUTION: Given a, = 1 e L =iy ..
Here we will find a and r first. AL = i)
. ] - R
Since  a, = arH o e 1N iy ST
R st T o T toried T L SHD DR B
8 3 ¢ i : g

I
2
~

) -
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F XERCISE — 7.4
1- Find the 7" term of a G.P 2,8,32, -

+

7-

s
9-

3- Find the 6" term of a G.P —-3,3,—6,...

10- Find three consecutive numbers in G.P, whose sum is 26 and their

11- Find the 30th term of a G.P x, 1, d yove

12- Find the pthterm of a G.P x,x°, %,

Find the 71" term of a G.P 2,6,18,~

Find the 5” term of a G.P 4,—12,36,

Find the missing elements of the G.P:
(f)r=10,05=100,a=] (i;:)an=400,r=2,a=25

I 1
W)a=128, r=—,a =~
i 2 4

n

Find the /1* term of a G.P whose 5" term is 9 and common ratio is 2.

Find the 73" term of a G.P whose 7" term is 25 and common
ratio is 3.

If a,b,c.d are in G.P, show that,a - b, b — ¢, ¢ — d, are in G.P.

Find the n” term of a G.P, if Ch % and g, = %

a;
product is 216.

X

7.5 GEOMETRIC MEAN (G.M)

Anumber ‘G’is said to be a geometric mean between the two numbers
aand b, ifa, G, bis a geometric progression.

(common }'ario)

G_b
a G
G’ =ab

G = ++Jab

Positive G.Mbetween aand b is Jab.

et for Sois- PERAP




—

EXAMPLE-1
Find the G.M between 3 and 27.
SOLUTION: Given a =3, b= 27. then

G = +-Jab
= +/3x27
= +4/81

=9
EXAMPLE-2 _
Find the G.M between 2x*and 8y°. AN

SOWUTION: Given a = 2x* , b=8*'
2 I Ao
- iy e BT
75.1 “u* Geomeric Means Between Two Numbers '

A

b such that 4,G;,G,,G;-,G, ,bis a G.F,
G.P.inwhicha, =a,a,,=b

i
Using a, = ar™ L %o

o at ey
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E XERCISE — 7.5 sy ’ﬁ

1- Find G.M between: (i) 9and 5 (i) 4and 9 (iii)) -2 end -8. _
2- |Insert two G.Ms between: (i) I and 8 (i) 3 and 8! s |

3- Insert three G.Ms between: (i) I and 16 (ii) 2and 32

4- Insert four real geometric means between 3 and 96.

5- The A.M between two numbers is 5 and their positive G.Mis 4.
Find the numbers. g gkt

6- The positive G.M between two numbers is 6 and the AM 'l:iefwee;i‘: A ]
them is 10. Find the numbers. O [ S

&y 1

7- Show that the 4.M between the two numbers 4 and & is greater
than their geometric mean. .

8- Insert four geometric means between /60 and 5.

9- Insert three geometric means between 486 and 6
| s 1 l\#’
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Review Exercise — 7

1-" Encircle the correct answetr

(i) Third term of ¢, =n+3, when n = 0 is

(8 3 () 6 © 9 (d o0
I
(¢i) Fourth term of a, =(2_n——1_)-2_ ,whenn =0 is
@ L Bt © L @ 0
49 81

(iii) For 2,6,11,17, -, a, is

(@ 24 b) 30 (c) 21 (@ 22
(iv) Next term of 12,16,21,27 is

@ 34 b 30 @ 31 (@ 32
(v) az of 3,7,11,~-is

@ 3 (b) 19 e 23 (@ 20

(vi) AM between./3 and 3.3 is
@ 23 ) 543 © 93 @ 443

(vii) A.M between2./sand 6./5 is
@ 45 ) 35 © 55 @ 745

(a 160 o) 161 ¢ 162 (@ 30
(ix) G.M between -3 and 12 is
(8 =6 ) =*9 © +36 @ *3

:_(x) G.M between 1 and 8 is
1 @ 22 W 242 O 202 @ 2




193

2
@)

(i)
(iv)

(vi)
(vii)
(viii)
(ix)
)

(i)

3= Ifthe 4.M between a and 16 is 24. Then fi nd the v

! Insert four Geohetrié"‘MéanSE

Fill in the blanks.

The general or nth term of a sequence is ?
denoted by . :

Ifa,=2n+3 thena=

Inan A.P a,=a+(m-1)d, is called : 81} Ia'.

A.M between 5and /5 is

If a,A,b is an A.P then A = i

Ina G.P “+”is called

B

In a GR a, =

Ifa, G. bisa G.P, then G =

Positive geometric mean between 2 and § is

The nth term of an 4.P when a, ;=3n+9

by e g
= 0
L oy
-

Find the general term and the /8th term of an 4.7, whose first
term is 3 and the common difference is 2. e - £ &

' : 3 3 3
Find the nth term of an A.P (2] ,(:i] ’[EJ e
5 7 9

l:fb»

Find the 15:h term_of a G.R-'whqse 7.'_
ratio is 3.




SUMMARY

4
b3
3

.
-
[
]
f
T
I
W
it
.

i < applying a specific rule that justifies the position of succeeding
£ one, that is all the members in a pattern are in a definite order,
such a number pattern is called a sequence.
i |
i | <4 Asequence in which each term is obtained from the previous
{ : term by adding a fixed number is called an arithmetic
oA B . : sequence.
| 4+ Anumber “4” is said to be an arithmetic mean between the
: two numbers a and if a, 4.5 is arithmetic sequence.

<4 Inanumber pattern each successive number can be found by

:
' \
Lo i-' : + A sequence in which each term is obtained from the previous
1 term by multiplying it with a common ratio is called a geometric
sequence.

“-A number “G”is said to be a geometric mean between the

- two numbars a and b ifa,G b Is a geometric sequence.
ﬂwmm




UNIT

SETS AND FUNCTIONS

» Operations on Sets
» Binary Relation
p Function

After completion of this unit, the students will be able to:

» Recall the sets denoted by N.Z,W.E.O,P and Q.
» Recognize set operations (U, .\,...).

» PPerform the following operations on sets:
¢ Union,
* Intersection,
» Complement.

» Verify the following fundamental properties of union
and intersection of two or three given sets.
* Commutative property of union and intersection,
e Associtive property of unmion and intersection

» Use Venn diagram to represent
* Union and intersection of sets,
» Complement of a set,
» Use Venn diagram to verify
o Commutative L s for nmon and intersection ol sets,
8 Assoctative livws Tor undon and mtersection ol sels,
o D& Morgan's laws.
» Define binary relation and identify its domain and range.
» Define function and identify its domain and range.

» Demonstrate the following
« Into function,
s One-one function,
o Inte and onc-vne function (injective function).
» Ot funetion (stirfective tunetion).
o Oig-ope and onto function (bijective function).

—
et
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8.1 SET

Every thing in the universe whether living or non-living is called an

object. We give name to particular type of collection of objects such
as “hockey team”,"herd of cattle” “bunch of flowers" etc.

A set means a collection of well-defined objects i.e. the collection of
objects is given in such a way that it is possible to tell without doubt,
whether the given object belongs to the collection or not.

A collection of well defined distinct objects is called a *“Set .
Sets are usually denoted by capital alphabets 4,B,C. -, X.Y.Z.

The objects in a set are called its members or elements. Elements
are denoted by small letters or numbers.

Forexample:
(i) A={l345)}

(i) B = {aeiou)
(i) C = {13579 -~ } areallsets.

Ifan objectxbelongs to aset “4”, we writeitas x e 4 , it means that xis an
elements of set “4”.

If an object “x” does not belong to a set 4, we write it as x ¢ A.

IMPORTANT SETS
Set of Natural Number

Counting numbers are called natural numbers, for example /,2,3 and
so on. Thus set of natural numbers denoted by N is:

N = {12345, .}

Set of Whole Numbers
The set of whole numbers denoted by ‘#’is :

W = {0,1,2,3.4,5, } J
: J=,— ' ' | Not for Sale-PESRP

.
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Set of Integers
The setofintegers denoted by ‘Z'is:

Z - {.cc '—3|—2,—],0,112131 ) )i

Set of Even Numbers

The set of even numberdenoted by ‘E’is :

E={~ ,-4-202468 } "

Set of 0dd Numbers
The set of odd number denoted by ‘O’is:

O = {w,—3—1,1,3,5, =}

Set of Prime Numbers

The set of prime numbers denoted by ‘P’is:

P = (2357101317«

Prime numbers means the number, which is divisible by / and itself.

Set of Rational Numbers

The set of rational numbers denoted by ‘Q’is::

Q~”;’ q#0 pge}

8.1.1 Operations on Sets

Like operations, addition, subtraction, multiplication and division on
numbers in Arithmetic, there are certain operations on sets Ilke unlon,
intersection and complement etc. : .

Union of Sets

If 4 and B are the two non-empty sets, then the union of 4 and B
means the set of all those elements which are either present i indor
in B or in both, It is denoted by 4 U B.

lllfior sale-PESRP _
ME*_J.. I = - ..' :‘, ,}I‘.’. '

1 mienseTy:

WMt

1
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Thus AUB = {x:xedorxeB}
i ' fgf_f.examble_: Let A = {1,2345)}and
1 : B =/246810/then

AUB = {1,2,3,4,5} U {2,4,6,8,10}

 ={1,23456810
LEXAMPLES _

(i) Find AUB, if .

A= {a.b ¢} B = {aeiou}
-,.-Gmen A = {abc} B = {aciou
‘-""t Then AVUB = {abc} L faeiou)

= {a b,c,ei,o,u}

IJ “{esitd

-D (67}




T e e e
SETS AND FUNCTIONS L UNIT-8

Intersection of Sets

The intersection of two sets 4 and B denoted by 4 ~ Bis the set ofall those
elements which are common to both 4.and B.

Thus ANB = {x:xed A xeB}
EXAMPLE :
Find A~ B, if

(i) A= {23,571}, B =G0 79

(i) A ={36912151821,24} , B = {4,8,12,16,20,24,28,32}
(ii) A ={1,234612} B ={123460918) |
SOLUTION: e

() Given A = {235711},B = {1,3,57,9}
ANnB = {2,35711! n {13,579}

£3,5,7)
(ii) Given A = (3,69,12,15,1821,24} , B = {4,8,12,16,20,24,28,32)
ANB = {3,6912,1518,21,24} N {4,8,12,16,20,24,28,32)

= {12.24) ‘ 2
(i) Given A = {1234612} B = {}2346918} 550 ANl !

ANB = (12346190(1.23,46918 «
UL = (12,346 e niitat S
~ Universal Set . | Erui

~|f there are some sets un_'__lqerfeons'i'dﬁ '
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bea sub-set of a unwersal set U, then the complement of 4

with réspect to U, denoted by 4’or U — 4 or A°is the set of all those
?elements of U, which are not in 4.

3 . Thus A’ = fx|xeUnxg4}
s ‘ xed' = x¢ A I
o ,- b and x€A = xg A’ ‘

—U-4
U=U-U=¢¢'=U-¢ =U
@A) =U-4'= 4

"r\r

fii(“ 57)ﬁndA'AuA LAnA’

t‘f—

\el.t R T -

ol isnov

il
'I = Sfl'lﬂ-" B S 7
) 2 . ﬁ mﬂ “:'P
L 'l W w bﬂhw
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and AnA'-{2357}n{1463; Ui 2zihoa0 00 8 '
={} as Wi ipinmo .
= ;
ie. AUA'=Uand AnA' = ®
EXAMPLE-3 o) | ool

IfU = {1,23...,20}, B = {9,10,11,12,...,20}then find B, BUB' BB,
SOLUTION: B'=U-B '
= {1,2,3,..,20} = {9,10,11,12,...,20}
= {1,2,3,4,5,6,7,8}

ot
Now BUB'= (9,10,11,12,...20}{1,2,3, 45678}
i 1G4
= {1,2,3,4,5,67,8,9..,20} i
= U . : ;
and BAB' = {9,10,11,12....200{1,2.3,4,5.6.7.8} Ve
= { ‘l . « L't
=D '.'J '
ie. BUB' =UandBAB =® et
Difference of two sets |

] “ p
@) Let A={2345} B={2468
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e AUB = BuA
PI'OOf! Let AUB = {x:xe Aor xe B}
ol ,_ i S S fixeBorxe A)
0 = BuUA

Hence 4uUB =BuUA4

ree sets 4,8and C .
‘ oy (AUB)UC = AUBUC)
( ? B)UC = {x.:xe(idQB)orxeC}
={x:(xeAorxeB)orxeC}
= {x:x€Aor(xeBorxeC)}

={xixedorxe(BuC)

phly yis
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®) AUBUC = (1234} L (78910 U 26
= {1,23,47,89.10} U {2.6)
= {1,23,4,67.89,10).......0)

ABUC) = 1234 U ({78,910} U 12,6} :

= (1,234} U (2,67,8,9,10} .

= {1,23,467,8,9,10)......(3) "

From(ijand (iij (AUB)C = 4 (BwC)

Properties of Intersection of Sets

Commutative Law
Forany two sets 4 and B,

Proof: Let 4B - {x: xeAandxeB}

= {x:xeBand xe A} :
x:xe(BnA)} : AT i
=BnA i S 3

Thus ANnB =BnNnA
Associative Law

I

Forany three sets 4,Band C, ¥
L (AﬁB)ﬁC Aﬁ(BhG) |r|1
 Proof: Let (AnB)NC e
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8.1.3 Venn Diagram

1 ‘ To express a relationship among sets in a perspective way, we
represent the sets by means of diagrams, known as Venn diagram.

They were first used by an English logician and the mathematician
John Venn (1834 to 1883 A.D).

In a venn-diagram, the universal set is usually represented by a
rectangular region and its subsets are represented by closed
bounded regions inside this rectangular region.

For example: U = {1,2,3,4,5,6,}and 4 = {3,4,5},

The rectangular region shown
| in the figure represents the

. universal set U and the region

1_ ' enclosed by a closed circle
inside the rectangular region
represents the set .1.

The dotted region of U/ outside A represents complement of /., i.e.
thus 4 = {1,2,6}

Ilnlon und lmomdion of Sets

{2, 4, 5, 6} beits two sub-sets.

3 }:' and B**
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8.1.3.4 Commutative Laws for Union and Interseclion
of Sets by Venn Diagram.

When two Sets are Disjoint

In the given figure, the lined
portion and the dotted portion
represents 4 U B. Also the dotted
portion and the lined portion
represents B 4 . Thismeans

that the same portion represents Bu .{and AU B ,thus AUB = BU 4

When two Sets are Qverlapping

In the given figure, the dotted
portion, dotted and lined portion
and the lined portion represent,

Av B . Also the lined portion, lined
and dotted portion and the dotted
portion represent BuU 4.

Thus AUB = BU A.

When two Sets are Disjoint

In the given figure, the lined
portion represents the set 4,
whereas the dotted portion
represents the set B. That is
no part of U represents 4n B

and BN A. Thus AnB = BN A.

When two Sets are Overlapping

In the given figure, the dotted and -
the lined and dotted portion

; rgpresents A, whereas the lined -

and the dotted and the lined _

~ _ortion represents B. The lined ' |

d dotted portionis common to

the sets which represents
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Associative Laws for Union and Intersection of Sets

(1 by Venn Diugrum.

{je :

, i Wlnn tllree Sets are Disiolm ' e ]
i In the figure shaded portion EL'E E *—’5

] represents ; = i

(AUB)UC and AU(B. :()
Thus (AUB)UC = AU(BUC)

: _ Wllon three Sets are Overlapping

y In the given figure the lined

-~ portion represents
(AUB)UC , AU(BUC).
Thus(AUB)UC = AU(BUC).

o mm%““"""’" I.

e -I;hus.Ani(’B‘nC) =.(A.m'13)r={

b e L

~
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De Morgan’s Laws

When 4 and /3 are any two sub-sets of a universal set U, then

() (AUB) = A NB B R Il
or (AUB)’ = A° N B¢ — =
) [ [ _A B.—
(i) (ANB) = A UB 7
or ‘(AnB) = A“UB* : 'HT

In the given figure AU B is represented by = lines, where as(4V B)’
is represented by |[||| lines. '

In this figure checked ‘##' region U e
represents4’ M B'. Therefore in "

two figures we see that the ‘||||’ || 4 B=
region and the region ‘# 'are J

same therefore( 4. B ) =A'NB’ SEpaztszaan :

The second part of this is left as an exercise forthé students.
EXAMPLE
if U = {1.23.4,506,7 891051128
A = {2,3,4,68910}, Ny
and B = (2,3.57,:9)then i it et A R
verify De Morgan’s Law. et —
SOLUTION: Given A = {2,3,4,6,7,8,9,10} i v vl
B=(23579 T
(@  AUB = (23467.8910/Uf

%
= /2.3



A =U-4
= {1,5,11,12}

-b

14,6,8,10,11,12}

BB ATpioM o0
e B oD MOITUIOL

11
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=

4.

_20 AR 5 M)Buc iy
(i) AnC W) An@BAQ)

- and B = /6,8,9} then

' and B = {1,3,6,7,8} then
verify (AUB)* = A° N B¢
.FI" in the blanks:

e ————

F XERCISE _ 8.1 e |

IfA={14738} B={46829}and C = {3457}Flnd

v) (AvB)LC (Vi) AnB)NC
If 4 ={1,7,11,1517,21}, B = {11,17,19,23} and C = 23,5 o ato | e
Verify that: (4NB)NC = AN(BNC) SRR o
If A4 = 24,6}, B= {3,692} and C = {4,6,8.,10}. SR o
Verify that: AUBUC) = (AUB)UC ° L e SR
If4=¢23579) B= {1,357 and C= {23,456} | e
Verify that: (ANB)NC = AnBNC)
f U ={7,891011,121314},

A ={7101314)
and B = {7,8,11,12} then
verify (4N B)S = AU B°
f U ={468910}

A = {46}

5 I
i - A -
B A e R NN TN

verify De Morgan'’s Law.

If U ={1,23456789
A = {2369
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8.2 BINARY RELATION

Consider the two non-empty sets 4 = {1,2} and B = {3,4}, then

AxB = {(1,3),(1,4).(2,3),(2,4)}. where 4x B is called cartesian product
from 4 to B. The elements (1,3), (1,4), (2.3) and (2,4) of Ax B are called
ordered pairs.

SimilarlyBx 4 = {(3.1),(3,.2),(4,1),(4, 2)}, is acartesian product from B to 4.
Ingeneral 4x B # Bx A.Allthe following sub-sets of .4 x B are called binary
relations from 4 to B.

Ry={ } R, ={(L3)}, R, = {(1,4))

R, = {(23)}. R, = {(2.4)), R, =/(1,3).(1.4)}

Ry = {(1,3).23)}, Ry = {(1,3),(2,4)}, Ry = {(1,4),(2,3)}

Ry = {(1.4),(2,4)), Ry = [12.3).02,4)), R, ={(1,3).(1.4).23))
R; = {(1,3),(2,3),(2,4),, R, = {(1,4),(2,3).2,4)},

Ris = 113,149,229} Ry = ((1,3).01,4).02,3).2,4)}.

The set of the first elements of the ordered pairs of a binary relation is
called its domain.

The set of the second elements of the ordered pairs of a binary relation is
called range. Now consider the following examples:

A={1,23), B ={34)
A%B = {(1,3),(1,4),(2,3).(2,4).(3.3).3.4);
we take a sub-setof 4x Bas
R, = {(1,3),(2,4).(3.4)}
R, Is called arelation or binary relation.
Domainof R, = {1,2,3}
Rangeof R, = {34}
=/ ! then
i ,f:-x A' 15;:#. :??4 514,615, 4),(3,5),(5.6),(6.4).(6.5). " HI
We take a relation ‘R* as any sub-set of 4x 4such that:
Domainof R = {456/
~ Rangeof R={436

Not for Sale-pggpp

I Es——T—— i
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EXAMPLE =4 Gt
If C = {1,2}.,then write the number of bmary refat:ons in Cx C M
SOIUTJOH.

Given C = {12}
Then CxC = {(1,1),(1,2),(2,1),(2,2)}
The number of binary relations in CxC is equal to2* or I6.

8.3 FUNCTION

gny binery relation “ /" between two non-empty sets 4 and B such '_
at: :

() Domain f = A

(i) There should be no repetition in the first element of ordered pairs 1
contained in /. e o e

ol [ -
N l: L
T

Then “f”is called a funchon from A to B and expressed as f A —»E

EXAMPLE | e
A={1,23}, B= {xnz | |
AxB = {(1,%), (2.), (3%), (Ly), (23), 3y), (1,2), (22), B.2)}

Nl ..:-..:',r.{.;i B \
Consider the following two binary relations. f -

f; = (12,202} =

fo = {L0).(2%),3.))}
Bmary relation f, :

(i) f,cAx B.

oty e (i) Bom_f:,a&A i

; 3t
i
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Binary function f, : 7
(i) f,cAxB.
() -Dom f, = {1,2,3}) = 4 1 x
(iii)  First place elementsin =2 =
ordered pairs of f, are not repeated. 5 7 S 3
. f; isafunction from 4 to B.
Into Function  Range(f,) = fx y}< Bbut Range ,) = B
If “f*is a function from 4 to B such that
Range() <« B and Range () # B
Then “/is called 4 into B function.
For example:
Let A ={t,mn) B = (357 ¢ S 3
AXB = {(t,3),(L,5),(L,7), m >3 5
(m' 3)' (ma 5)} (m, 7): n 7
(n,3).(n,5),(n,7)} A B

Consider a binéry relation “f" given by

S = {(t.5).(m5),(n,5)}

Clearlly - ) fc axB

(i) Dom(p) = {t,mn} = A
A irs of “f”” are not
(ii§)  First elements of any two ordered pairs O :
repeated or in other words, every element of set 4 is
mapped to only one element of set 3.

(iv) Range() =(5} c B but Range() * B

Therefore, 1 is 4 into B function.

flife 1141

unt far Sala-PERRP

|
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We consider another relation ’given by
= {((.7). (m,3). n.3)).

—>r—>

i) rcAxB. 4 3
—m 5

(i) Dom(r) = {t,mn} = A = ;
A B=

(ii)) Every element of set 4 is associated with one and only one
element of set B i.e. to say no repetition in the first element

of any two ordered pairs of r takes place.
(iv Range(r) = {3,7} # B

.. ris A into B function.

Let us consider another binary relation s from 4 to B.

— {(&. 3), (&’5), (m' 7)' (n’3)).
&‘ SoerS =
e
I A
; (l:, SCAXB. " 3 i :

(ll) : de(s) = {timn} = Aﬂ“

There |sarepet1
g 43), (b3)<s le.
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Into and (one — one) Function (Injective Function)

If fisa function from 4 into 2 such that no second elements of any two

ordered pairs of f are equal, then it is called an injective i.e. (one

and into function,

L UNT g
— one)

eg. A={23 B=fabe), f= [2,a).(3.b)) .
() Domf =23} = 4

(iY) ~ No first place members in ordered pairs of fare repeated,
- (i) Range() = B

/
«» fis 4 into B function, .
2 o
(1v) No second place =
: elements in ordered ! ="
=i pairs of / are equal g c
- (repeated). [ 4 D

Therefore fis an injective function.

it

-
-f'b‘_ ‘e
2 IT e

b a ey

y." I':'**.-,-A."I V)=

"h'f‘lff_ojn-'-'s‘_e_t_A to set B that range [ is same as that
'then fis onto function, e.g.
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Example:
Let C = {p.q.7}
D = {2,3} et
= /
CxD = {(p.2).(9.2).(r,2).
(p.3).(q.3).(r.3)} r 3
g = {(0.2).(¢.2.(n3)} ¢ L

(i) Dom(g) = {p.q.1}

(i) No first place elements of any two ordered pairs of g
are repeated. Therefore, g is C into D function

Range (g) ={2.3}.
(iii) Range(g) = D

Hence, g is a C onto D function.

Example:

Let 4 = {3,5,7}

B = {x!y; Z}
Ax'B = {(3.).(3,).(3.2),(5,%), ———
(5!y)! (5! Z), (7,-x), (75}’).(7,'2_)}, i ..' : .-.,,“a_'

- f = _{(3,x),(5,y)!(7'z)}
. @ Dom() ={3.5.7} = o

) Nofirst place elements
" repeated. Therefo
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~ One-One and onto Function (Bijective Function)
If fis a function from set 4 to B such that:
~ {) fis an’onto fuﬁction f
(i) fis one-one function, ] a
then it is called bijective -
function. 2 > b
G In the given figure f'is one-one 3 g
.- and onto function for binary A B
- relationf={(1,a),(2,5),(3,0)}

 EXAMPLE

o not repeated.

O T T AT

oo e
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E XERCISE - 8.2 | =

I- If4={356}B={l3}, Find 4 x B and B x 4 and also the ; |
domains and ranges of the two binary relations established |
- at our own for each case. :

2- If A= {-2 1,4}, then write two binary relations in 4 also write their
domains and ranges.

3- Write the number of binary relations possible in each of following
cases.
(i) InC x Cwhen the number of elementsin C'is 3. :
(ii) In A x B if the number of elements in set 4 is 3 and inset Bis 4. Iy

that R = {(xy)/xeL,yeMAy<x}.
Also write Dom(R) and Range (R).

_4- If L = {1,2,3}, and M = {2,3,4} ,then write a binary relation R such ik E |
|

5- If X ={0,3,5}.and Y = {2,4,8}, then establish any four binary
relationsin X xY.
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Review Exercise — 8
i 1= Encircle the correct answer.
g ! | () If 4 and B are two non-empty sets, then 4UB =2
b ot @ o b BuA © AnB @ B4
! u ’ (i) If 4 and B are two non-empty overlapping sets, then 4~ B =?
| ; 6 o 6) B4 © AnB @ BUA
1 __
l ?; J ; (iij) For any two sets 4 and B, AU B =BuU 4 is called:
' :f 'i‘: : I (&)  commutative law (b)  associative law
i ﬁ 'Il I (¢) De-morgan’s law (@  complement of two sets
-I"I II“’- :“ i 1 .
(s 4
| i 4v@UC)=@uB UC s called
il i (a) . commutative law (b) associative law
1 (c) De-morgan’s law (d) intersection of sets
| @ WU=(1234), 4=(4), then 4 =2
N 7 /R T (e i1} (@ (1234

) WU={1,23}, A={I},then U~ A4 =2

© {13}
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2-
(i)
(ii)
(iii)
(iv)
)

(vi)

(vii)
(viii)
(ix)

()

4.

| 4. write the number of binary relati
e follovingicases,

Fill in the blanks. 3 — |

(AU B)' =

(ANB)'=?

AVUBUC)=

ANBNC)=
If 4 and B be the two non-empty sets, then4UB=BU 4 is called |
the

If 4 and B be the two non-empty sets, thendnB=Bn4 I8
called the

Any sub-set of a cartesian product is called a

If R, ={(1.2).(3.4).(5.6)} , then domain of R, is

If R, =¢(1.2).(3.4).(5.6)} , then range of R, is

If f : A— B, then every element of a set A has its image |
ns: = kIR . L;-
If A=/1.2.3, 4 5.6}, B={2,3.4.6) and C={2,3,4,7,8,9}. Venfy that
(AnBYNC =4 mr,{mg )

If A={2,3,4}, B={3,6,9,12} and C={4,6,8, 10) Verlfy that
AUBUC)=(ANnBUC 002 O

f 4={2,3,4) and B=(L3}. Find Ax Band Bx 4. Also establisht o "l'r
AT mm b




SUMMARY

+ A collection of well-defined distinct objects is called a set.
N = {1,2,3,..}, is called set of natural numbers.
W = {0,1,23,..}, is called set of whole numbers.
Z= {.-1,0123,..), is called set of integers.

0= (fl,p,q €Z.q9#0}, is called set of rational numbers.

Q = A setof irrational numbers.
R = QUQ' = A set of real numbers.

4+ If there are some sets under consideration there happens to
be a set, which is a superset of each one of the given sets,
such a setis called the universal set denoted by U.

+  Let4 beasubsetof a universal set U. Then compliment of 4
denoted by 4’ or 4°or U-A is the set of all those element of U
which are notin 4 is called complement of a set.

4 Let4and B any two sets, then any subset of the cartesian
product 4x Bis called a binary relation from 4 to B. =

+  Any binary relation /* between two non-empty sets 4 and B
- such that:

() Dom f=4

() First elements in any two of the ordered pairs of fare
not repeated, then fis called a function from 4 to B.

<4 The union of 4 and B means the set of all those elements

which are either presentin 4 orin Borin both, itis denoted by
AU B. : ;
4  Theintersection of twosets 4 and B denoted by A~ Bis the set
~ ofallthose elements which are common to both 4 and B.
If 4 and B are two non-empty sets, then 4 difference B is the
set of all the.elements of set 4 which are not present in B,
symbolicallyitiswrittenas4-8. bl
‘-'_ : — . m— e — ”["Mnr

—r



UNIT

LINEAR GRAPHS

p Cartesian Plane and Linear Graphs
D Conversion Graph

After completion of this unit, the students will be able to:

» Identify pair of real numbers as an ordered pair. ;
» Recognize and ordered pair through different examples for instance, an ordered pair (2,3)
10 represent a seat, located in an examination hall, at the 2nd row and 3rd column.
» Describe rectangular or Cartesian plane consisting of two number lines intersecting at right
angles at the point O. '
» Identify origin (O) and coordinate axes (horizontal and vertical axes)
in the rectangular plane.
» Locate an ordered pair (a,b) as a point in the rectangular plane and recognize:
s a as the x-coordinate (or abscissa),
o b as the y-coordinate (or ordinate), -
» Draw different geometrical shapes (e.g.. line segment, triangle and rectangle, etc,) by joining
a set of given points. :
» Construct a table for pairs of values satisfying a linear equation in two variables.
» Plot the pairs of points to obtain the graph of a given expression,
» Choose an appropriate scale to draw a graph.
» Draw the graph of
o An equation of the form y =c.
o An equation of the form x =a.

« An equation of the form y = mx.
. An equation of the form y =mx +c.
» Draw a graph from a given table of (discrete) values.
» Identify through graph the domain and the range of function. .
» Interpret conversion graph as a linear graph relating to two ities Whichare ol di
rtion. : quantities e in direct
i know one quanti o
a given graph to know one quantity corres to ano
’ :::g thi graph for conversions of the form: ponding ther, : :
'- : Mu“ .nd Hlom‘lMi I .
® Acres and hectares: : y T
8 IS Ceu;mmddogmesl’ahrmhm. g Eol o 3 G
i currency and another currency, etc, = LRI e 3~y g il :11 ‘i’

N N
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9.1 CARTESIAN PLANE AND LINEAR GRAPHS

9.1.1 Pair of Real Numbers as an Ordered Pair

By the definition of equality of sets, for any two elements “«”and “b”,
we have {a,b} = {b,a}.

However, if we keep in mind the order in which the elements are being
listed, then a pair of two elements, listed in a specific order, is called an
ordered pair, denoted by («,5). Thus for different elements "« " and “b",
we have (a,b) # (b,a).

In general (a,,b,) = (a,,b,) < a,=a,and b, =b, we represent each
pointina plane by means of an ordered pairi.e. (x,).

9.1.2 Ordered Pairs

A gardener prepares an arrangement plan of trees in a square field. The
trees are marked with numbers. To identify each tree more easily, the
gardener can connect each tree with the column and the row in which it is
present. The tree “H"” is present in 2nd row and 3rd column, while the tree
number “R”is presentin 4th row and 3rd column.

s T i
S e e T,
B ey

R ] ) o )

The gardener can write a pair of numbers against the number of a tree in
thefield as follows.

m"“’c*p— (LY
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A(l,1), B(l,2), C(,3), D4, E(>5)
F,1), G(2,2), H23), 124, J25)
K@3.1), L(32), M@33), NG4), 0G))
P4,1), 0Q@42), R®@43)., S(44). T45)
Ues, 1), V52, WE3)., XG4, YE6)5)

Can we write the pairs of numbers corresponding to the trees
F G H KandM?

Yesthese are: F(2.1). G(2.2), H(2.3),1(2,4), K(3,1) and M(3,3).

The pairs of numbers (2,1), (2,2), (2.3), (2.4), (3,1), (3.3) and so on are
examples of ordered pairs.

9.1.3 Rectangular or Cartesian Plane

The given figure shows a rectangular or cartesian plane consisting of two
number lines xox' and voy' intersecting atrightangle at 0.

m .Y
4 units righ
L s earirnninins ?A ( 4)
D (—4, 2)? ............... L, 4 units above
: ] '
X' ¢ 3unitsleft : X
e T ] 1 1 ! '
_l.; _]3 _Ig ) Or__! 1 2 3 4
B (- 3'..2); ........... -2
2 units below =3 L
e g e ien Gzl
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9.1.4 Identifying Origin (O) and Co-ordinate

Axis in Rectangular Plane

In cartesian plane. X’0OX and YOY’
are two mutually perpendicular
lines called co-ordinate axes,
intersecting at a point “0”.

We call the point O as origin.

The horizontal line X’0X is called

the x-axis and the vertical line
YOY' is called the y-axis.

We fix a convenient unit of length
and mark the origin O.

T T L} L} L]
ST TR A

N

Now we mark equal distances (each equal to unit length) on x-axis as well

as on y-axis on both sides of O.

The dlstances measured along OX and OY are taken as positive whlle
thosealong OX’ and OY' are considered as negative. |

9.1.5 Locating an Ordered Pair (a,b),
Recognizing Abscissa and Ordinate

Let XOX'andYOY" be the co-ordinate axes with P, a point in the plane.
From P we draw perpendicular to X'OX such that OM =a and MP=b.

Then we say that co-ordinates of P are (a,5). We denote this point by
i : P(a,b). The number “a” is called the x- co-ordinate or abscissa of the
| point P while b is called the y-co-ordinate or ordinate of the point P.

Y P(a,b)
: b
QX : X::
(0] a M
\f}”

Nndt dam Bal. e
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UNIT- 9

5

9.1.6 Geometrical Shapes by Joining a Set of Given Points

48

EXAMPLES

Draw a line segment, a triangle and a racfang!e with the help of
the given points: (i) A(-3,-4), B(4,5), (i) A(2,3), B(=3.4). C(4.—3)

(iii) A(4,3), B(—4,3), C(-4, -3), D(4-3) AY
SOLUTION: [
(i) The two ordered pairs are: i

A(=3,-4)and B(4.5).

For point A(-3,-4): :
We move 3 units towards the left of ‘O’
along X-axis and then 4 units below X-axis.

Forpoint8(4,5):
We move 4 units towards right of ‘O’ along
X-axis and then 5 units above X-axis.

Join 4 to B to obtain line-segment 4B.

(i) The given ordered pairs are A(2,3),
B(-3,4)and C(4,-5).

Forpoint4(2,3):
We move 2 units towards the right of ‘O’
along X-axis and 3 units above X-axis.

Forpoint B(-3,4):
We move 3 units towards the left of ‘O’
along X-axis and 4 units above X-axis.

Forpoint B(4,-5):
We move 4 units towards the right of ‘0’
along X-axis and 5 units below X-axis.

We]]cinA toB:BtoCand CtoAto
aobtain a triangle ABC.

(iii) The given four ordered pairs are:
A(4.3). B(-4.3), C(-4.-3) and D(4,-3).

Forpoint4(4,3):
We move 4 units towards the right of ‘0’
along X-axis and then 3 units above X-axis.

Forpoint 8(-4,3):
We move 4 units towards left of ‘O" along X~
axis and 3 units above X-axis.

For point Cr-4.-3): T
We move 4 units towards left of ‘O’ along X~
axis_ and 3 units below X-axis. :

For point D(4,-3): _
We move + units towards the right of ‘O’
along X-axis and 3 units below X-axis.

We join A4to B : BtoC:CtoDand D
to 4'to obtain a rectangle ABCD.
IVt it ekl

3 units left of O |

X4 By s ..._.-:'é-li:’ X
: 4 units right of O
b -2
. [
A("‘ja_‘) ......... —q
4 units below|
\fY' A Y
B(-3,4) quacozs e
DA 4
-2
-3 b
= :
5 vreeeaaans  C(4.-5)
vY -
A Y 3
. TN
S 5 '”‘EY‘:'.}
B(~4.3) > Ay
' L =7 L3l
" o
C(—4.-3)8- — -ﬁﬁ.]i -
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"

"+ 9.1.7 Table for Pairs of Values Satisfying a Linear Equation
in two Variables

Let us consider the equation y = 2x. We look all pairs of numbers x and y
that satisfy the equation y = 2x.

When x=-2, y=2(~2) = -4
=-1, y=2(-1)= -2
= 0, y=20) =0
X=l ym 2(l) = 2
x= 2, y=202) =4
x= 3, y=23) =6
The pairof numbers x = -2, y = —4 satisfies Y= 2x.

Similarly x = =1, y = -2, x = 2, y = 4etc, satisfy the equation y = 2x.

As we cannot list all the values of x and y that satisfy the equation y = 2X,
we can find a wayto display the function y = 2x.

The following table shows six pairs of values of x and y that satisfy the
equation y = 2x,

-l
=2
B

X = 2 4.4 0 1 > z
y = 2x -4 22 0 2 y .

AY
From the table above the ordered 2
pairs are: K
: -3
- 2

("'2,—4)_’ (-]!-2)’ (010); (1:2)1 (2,4) e : ¥

and (3,6): T L, T . 1

These six ordered pairs are
plotted in the given figure.

T

Not for Sale-PESRP




9.1.8 Plot the Pairs of Points to Obtain the Gmph a8
of a given Expression
Letus consider an equation y=3x+/. : Eong) RoET : S %
We look at some pa:rofnumbersxandythatsatlsfytheequatloriv#'_. shdegs SRR
When x = —1= y = 3(-1) +1 =-2 e
x= 0=y=30 +1 =1 F T T
x= I=y=3() +1 =4 { Bl
x= 2=>y=302) +1 =7
x= 32y=303) +1 =10
The table below shows five pairs of values of xand y.
x X 1 0 I 2 i - I. e ; - - X ™
y=3x+1I -2 i 4 7
The five ordered pairs are: | T
A(-1,-2), B(0,1), C(1,4), D(2, 7) and E(3 10) _' sk
Now we plot these pairs T
onthe graph paper. | I B 5 0
For point A(-1,-2): e - ': 1,
- We move !/ unit towards left of ‘0" along TR
X-axis and 2 units below X-axis. | N e L
For point B(0,1): W f“.r.;i“'flf-’ o
We move / unit along Y-axis above ‘0. - 1
~ For point C(1,4): R B R
- We move / unit towards right of ‘0’ D o iz e B 0
_ along X-axis and 4 units above X-axis. e
X '__"~*-'r":f rpaoce?fxznit)s howards rightof‘O' along x
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Choosing an Appropriate Scale to Draw a Graph

S _f"' _ Let 6§'ﬁons'ider the equationy=2x+ /.

4 S When x = -2, y=2(-2) +1 =-3
¢ g x=-1 y=2(D)+] =-1

B N S =20 y'=20) +] = 1
B \ x= 1 y=2(I) +1 =3
B> x= 2 y=22) +1 =35

e e s 0 B 2

B Tho followlng table shows five palrs of values of xand y mentioned above.
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_EXERCISE-9.1 silruieil ‘BN
1- Represent the points on the graph whose co- ordmatesaregwen . _
below. | B
) A2 (i) B(32)°
(i) C(-5-1) (iv) D(6,-3)
(v) E(44) (vi) F(-3,7)

(vii) G(0,7) (viii) H(5,0)

2- Write down the co-ordinates of: £ |
(i) Origin ' ‘ s B
(i1) A point lying on the left hand side of x-axis and at a dlsta; f gt
J units from the origin. ;

wid

(iii) A point lying to the right hand side of the origin onx-axisat
a distance of 3 units from the origin. S

(iv) A point lying above x-axis and on y-axis t
(v) A point lying below x-axis and on y-axis ata Lafice

3- Draw the figures with ﬁelp-of- the fe
N0 472, B0

@) AO-), BB~
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To draw the graph of y = ¢, we can write the equation y = ¢ in the
form 0. .x + v = ¢. Procedure to draw the graph is explained through

the following example:

~ EXAMPLE

3 e, .
- Draw the graph of an equation y = 5.
- SoLUTION:

jon y = 5 can be written as y=0xx +5
0 in the equation we get y = 5.
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Graph of a Linear Equation of the fom x =a

~ To draw the graph of x = a, we can write the equation x = a in the

form of x + 0. y = a procedure to draw the graph is explalned in the

following example:

EXAMPLE

Draw the graph of an equation x = -2.

SOLUTION:

The equation x =

this equation, we get x =

-2 can be written
asx+0.y=-2Ifweputy=0in

—2. Similarly puttingy=+1,+2,%3,...

=L

in the equation x + 0. y = —2, we have x = -2,
For all values of y we have x = -2, i.e. x remains oonsfant

Table of values of x and y is as under:

x | =2 | =2 | -2 =2 =2 A2
EFREEREERED 2T
- x=—2
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DL e e

¥ ._..(jmphoful.ineariqnulmny mx

3 ?.. ﬁﬁ' w the graph of y = 3x.

i ".ﬂ WON:-
“’.ﬁ:’* ril'o draw the graph of y = 3x, first we find the x and y-intercept of this
R equat:on

, VPuttingx =0in y- 3x, we gety = 0. The point of interception is (0,0).
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Graph of an Equationy = mx + ¢ ) o winG JEEE

AL l.‘a x

To draw the graph of an equation y = mx + ¢, we consider the fellowing
example:

EXAMPLE
Draw the graph of y = 2x + 6.

SOLUTION:

N 3
v oy
P

Ifweputx=0iny=6-2x, weget y=2x0+6=6ie.y=6. .

Similarly putting x=+1 +2,+3,... weget the values ofy as shog‘m in the hy
table. . STy ._‘\-,}1 NG ';Il‘ -~
| 0

3 |=2|-1]0]|1 23 ,m,ﬁ. :

CA
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~ 9.1.11 Draw a Graph from a given Table
: ~ Waeplotthe following points on a piece of graph paper.

Mol =6l =6 | 6
3| 4| 4| -4]| 4

The four ordered pairs from the table are:
4(64). B( 6 4). C(—6 —4), and D(6,—4).

- L R
» LCo I R S -
i e n i B E e
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9.1.12 Identification of Domain and Range of a
Function Through Graph

The graph shown in the figure is of a function y = 2x + /. This graph |
has been drawn with the help of the following ordered pairs. 4(=2,-3),
B(-1.-1). C(0.1). D(1,3) and E(2.5). |

From these ordered pairs we construct a table consisting the values -
of x and y.

1
=2 | =1 | 10 {2 ‘
=3 -=1]1 1] 3|3

In a function y = 2x + 1, the set consisting of the values of x is called the i

domain and the set consisting the values of y is called the range of the

function. o w38 e

Thusfor y=2x+1: v

Domain of the function ={-2,-1,0,1,2} s, | B F A <

Range of the function={-3,-1,1,3,5} : e - I Nt S ..,

m L 1 '
s i : it I
-+ - , JETIEr
; .— -
4 R
. i BAEEE RN R
g5 Hm
1" ==
.. ] J - ‘, _“PI'. | = s -"1'_3- ;
B '7:11_-.?.,?_' 1] CB(-],
: & g _'3;_._!:.‘.:_..,;.‘ . 1' i1 b2 o
34 LR NEERRE e )y S | v
EEEEEREE R _*j'-r-z-" i
EU—— -r'“-‘l’_i % ‘..J j ,- . 52
FlE IS =) I =
1 E‘E..:_.J___‘ s
- 3 T
I ::{jl' 3
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E XERCISE — 9.2

1

g_‘) 'I_,ﬂ ﬁqg‘g .é_-';_l';-:"_y.-;=-3x 2. y=x+7
e e 4 y=dx+1

é‘. - i £2 o ] =X—
= m&#%’ 82002 : 6. y=x-1
:"'-_..y--=2'x—'3 : 8. y=3x+35

g_.=aph by p!ottlng the points 4(7,0), B(7,0) and C(1,8).
et bollas i L
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9.2 CONVERSION GRAPHS ' ppal o -
If we have to go to London for holidays, we would probably have a little
difficulty in knowing the cost of things in pounds and pence. If we know the
rate of exchange, we can use a simple straight line graph to'convert a
given number of rupees into pounds or a given number of pounds into
rupees. ' : :

The straight line used for this purposeis called the conversion grapﬁ.

9.2.1 Conversion Graph as a Linear Graph

o L

The perimeter of a square is given by the formula P=4s, where “P* units -
are the perimeter and “s” units are the length of the sides. This is Al ik
example of direct proportion, because by changing one quanhty, the °ﬂ"°f"'. |

also changes.

For example: e O L
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.-4-3-‘- >

;
L '
r

1

1

.

~ 9.2.2 Read a given Graph to Know One Quantity
Corresponding to Another

SRR =N

_a-‘ -

i.et us consider the followmg examples:

Ah
Ly

| EXAMPLE-1

~ The graph shows the conversion from US dollars () to pounds (£)
(i for various amounts of money.
0 '
R £ | 35|70 | 140 175
%. - SOLUTION: (i) 50 dollars are converted
r;—;_;.,- B S o /nfoi35 poundss.

L W RN ST (i) 100 dollars are converted
ik k 0 LRV T YR lnto 70 pOUﬂdS

| .__' B | (i) 150 dollars into 105 pounds
&) b ﬁ‘ (iv) 250§ into 175 pounds.
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b
B

b,
EXAMPLE-2 : ¢
The graph is the relationship between the side length and the
perimeter of an equilateral triangle P = 3S for values of ‘S’ from
1 to 20.
A 112(3(4|5|6|7|8|9|10|11]12|13|14|15]16(17]|18|19|20
P=3S|3|6|9112(15|18|21(24|27|30(33|36|39|42|45(48|51|54|57|60
5
8 L 0 A 0 a3 O O B 0 0 R T P 0
1 o 1 1 55 57 4 7
A : PR e R
8 0 G o e 50 R E
{ ) 1 [ Eh e
ESE] i : 7 . i 1 I.‘-l_‘_j.:_;"f ! ‘ ﬁ:
b
o B e [ e
__i;{';f:,;".‘{‘i“q I i
s l% B T
0 o 2 8 48 L 1%
IERERK IR LRSS
BEABE § :::.ijp:_:_!t_;-_._ 7 y
e 2 '}..;. ..,'.....J’ - - . - } Ld it
E CFaa - EEH AR
e :_,,._. = ._..,j . —re .
i B 50
i) RS
FaL ) B T
' | Y : .- e 1
SOV
+ T
J:-:T'q

e L

- e
AR

=
= ‘1‘".
= o
5

(i) For one unit side .I_,_e‘qgth",-':
~ (i) For 3 units side leng!
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EXAMPLE-3

The graph is the relationship between the side length and the
perimeter of a square P = 4S for values of ‘S’ from I to J5.

S |1]2[3]|4|5]|6

819 |10]1212]13[14]15]

P=45|4|8|9|12]16]20

28(32(36|40|44(48 52@

]
b} R

(iiij) ForS =3, P= 12
- - (iwForS=4, P=16
- | Fors=5pP=20
E  wi)ForS=6 P=24
(xi) For =11, P=44
(xiii) For § =13, P =352

(1) For one unit side length, perimeter is 4 units.
- (11) For 4 units side length, perimeter is 8 units.

(vii) For S= 7, p = 78
(iiij) For S=8 p= 3>
(x) ForS=9 p=36
) ForS=1]0, P=40
(xii) For S= ]2 p =48
(xiv)For S = 14 p= 56
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9.2.3 Read the Graph for Conversion
Miles and Kilometers

Read the conversion graph.

Conversion: 7 mile = 1.6 km
(i) 0km = 0miles
(i) 100 km = 62.5 miles
! (iii) 200 km = 125 miles
(iv) 300 km = 187.5 miles
(v) 400 km = 250 miles
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E I i it @O | ;
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Acres and Hadters

The table gives area in acres and the equivalent values in hectares.

Acres 1 4 10 12
Hectares 0.4046|1.6187 |4.0468|4.8562

Plot these points on the graph for acres values from 0 to 30 and hectares
values from 0 to 12.1405. Let 2 small squares represents one unit along
x-axis. One small square along y-axis represents 0.2 units.

N EEE i H-
i T T
j ﬁa%fmﬁ
7 i
T REERAN it b
=k | EEERE I
Vs 212 _ 3 I s i
s | A LS £
/ )
y |
7
” | u
P %
= /
4 ] sOn il
;_
’ -
3 4

= | 150 FE
Acrey St

IR L) R S

LER o e ,
et A-pwid S Not for Sale-PESRP



LINEAR GRAPHS : 243 UNIT-9

Degrees Celsius and Degrees Fahrenheit ' 3
The graph gives temperature in degrees Fahrenheit (F) and the
equivalent values in degrees Celsius ‘C. Read the graph carefully and
answer the questions. , ;
Temperature in degrees Celsius from 0 to 50 is along the horizontal line,
where as temperature in degrees Fahrenheit is along the vertical line.
J small square along x-axis represents 10 C and 5 small squares along
y-axis represents 20°F. }
. o 5 o o (9 o 1 : :
Conversion: °C = 5(*F-32) . “F =|3x C|+32 ;
- —m:[- m —t - ; 8
EEaimnans e
_}— 1T Ir'zlo - ..i.. J
0 O
|slels ['g}é_ ] !
rf
o 7 |
SEELNEEL 4
B mER an AT ~='
{5 L 60+ B E
AR ERAAS ;
T H :
- :
PHHT
Y :
USa'rgrabh to convert : =
o5 ORinto 90 =i L basl
(i) 95°Finto°C=-. (i) 1__13 F into‘? c “ j & figaﬂ )
o (i) 150°Finto °C=e (iv) 86°Cinto”. 7
AR 20°Cinto°F=w () 220°Fint
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A\

Pakistani Currency and another Currency

The graph shows the conversion from UK pouhds £ to Pakistani
rupees for various amounts of money.

Let 5 small squares on horizontal line represent 50£ and 5 small
squares on vertical line represent 70,000 rupees. / pound = Rs.125.

From that graph:

(i) 80£ = Rs 10,000
(ii) 160£ = Rs 20,000
(iii) 240£ = Rs 30,000

e C P e T T T |
' rr“ R EmEEN | ! 1 |

gy = £ B : 1S ekl |

] BN NN

] | ; : _‘_._“,_..;_..:—. I |

-t !’_.‘

A
1 A

; 1 5o

myep = "I!' ""_1;”5.'.‘.; | _._., il
; mEEE= ia
T 1
’ : -+ J A
PO A AL

P fi Loy

| | T

1 i i
_ B = e N R R SaRanEESRURR
Read the graph and tell ? ;
i (iv)250£ =Rs.___ (W IS0£ =Rs.____ (vi) 100£ =Rs.___

s =  (vil)) Rs 8000=£____
: .' )1{;5000 i Not for Sale-PESRP:
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. The table gives temperatures in degrees Fahrenheit °F and the
equivalentvaluesin degreesCentigrade °C.

Temperaturein °F | 57 | 126 | 158 | 194
Temperaturein°C | 14 | 52 | 70 | 90

Plot these points on a graph paper for centigrade values from 0to 100
and Fahrenheit value from 0 to 220. Let 5 small squares represent 20
units on each axis. Use your graph to convert the following:

a) 97°F into °C,b) 127°Finto °C,c) 25°Cinto °F, d) 80°Cinto °F

2. The table shows the conversion from US Dollars ($) to Pounds (£)
for various amounts of money.

$ | 50 | 100 ( 200
£ | 35| 70 | 140

Plot these points on a graph paper and draw a straight line to pass
through them. Let 5 small squares represent 50 units on each axis.
Use yourgraphto convert the following:

a) 160 dollars intof  b) 96 dollars into £

c) 120 £ into dollars  d) 76£ into dollc_!rs_

3. The table below gives various distances in kilometers with the
equivalentvaluesinmiles.
Kilometers 0 | 100 | 200 | 300

Miles 0 | 625|125 |187.5

Plot these values on a graph paper taking /0.small squares ec!uai to
100 kilometers on x-axis and /0 small squares equal to /00 miles on
y-axis. Use yourgraphto convertthe following:

a) 140 kilometers into miles b) 175 kilometers into miles
¢) 50 miles into kilometers d) 100 miles into kilometers

4. Usethegraphinarticle9.2.3toconvert: .
(a) 6 acres into hectares. (b) 18 acres into hectares. .
(c) 24 acres into hectares. (d) 6.0702 hectares """‘?1' acres.

F
|
' .3311 hectares int _ _ I
& : et ' —— A )
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s

Review Exercis — 9

1- Endrde the correct answer.
‘| - () The co-ordinates of origin éfé:
(@ (@Dr = (b (1) () (0,0 (d) (1.0)
ﬁz) The perpendicular distance of a point from y-axis is called
(@) ordinate (b) b scisia (c) origin (d) straight line
(i) The perpendicular distance of point from x-axis is called
(@) ordinate (b) abscissa (c) origin (d) straight line
(iv) Forx=1 in2x+y= 6, we have y="?
(@) 8 b) 4 (c) -8 (@) -4
(v Fory= 2 in2x—y=6, we havex=?
@ 4 6) - @ 2 @ -2
-(vi) Graph of equation in the form y= c'has y co-ordinate:
@ ) < © o @ I
(vii) Graph of equation in the form x = @ has x co-ordinate:

‘_fa) a (b)  undefined ) 1 @ c

(viii) f(x) = %,45::512, where x is a multiple of “2”.
The domain of f{x) is:
(A (4681012} (b) (6810} () {46810} (4 {23456

(ix) %) = %{4 <x<12,where x is a multiple of “2”.
The range:of f(x) is:
() (4681012 () (23456 () (345 (0 (23456

@)ﬂ’ y= 3x, then forx= 2, we have y= ?:

L @ 0 ® s (o) -3 @ 2
e i Not for Sale-PESRF
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2- Fill in the blanks.

(i) A plane consisting of two number lines OX and OY intersecting
at right angle at “O” is called a

(ii) The perpendicular distance of a point from y-axis is called

(iii) The perpendicular distance of a point from x-axis is called

(iv) The pair of number (2,3) is called an
(v) The horizontal line XOX is called
(vi) The vertical line YOY" is called

(vii) For a point (-1,-2) we move I unit towards left of “O” and 2
units .
(viii) The co-ordinate of origin are
(ix) An equation for a straight line that consist of y term is
as _ ; B¢
(x) In the graph of 2x + y = 6, the x-intercept is. -

3- Draw the figures with the help of the following points on the

graph paper.

(i) A(5,2), B(-6,-3) and C(3,5)

(ii) A(0,=5), B(3,—2), C(3,0) and D(6,7)

(iii) A(8,4), B(-6,3), C(-5,—3) and D(10,-6).

4- Sketch the graph of:
(i) y=3x+2

(i) y=2x+1
(i) y=x+1




SUMMARY

By the definition of equality of sets, for any two elements “g”
and “b”, we have {a,b}={b,a}.

The pairs of numbers 2.1),(2,2), 2,3), (2, 4), (3,1), (3,3) and so
On are examples of ordered pairs,

We can use a simple straight line graph to convert a given

number of rupees into Pounds or a given number of pounds
into rupees. \
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» Cumulative Frequency - ¢ St ST o ;
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P Measure of Dispersions
After completion of this unit, the students will be able to: S ik -__, -
» Construct grouped frequency table. o ix) ™ . :_
» Construct histograms with equal and unequal class intervals. -~ = = -1 )
» Construct a frequency polygon. ) GELL 105 ReUNSas =
» Construct a cumulative frequency table. Vi 1o fis ‘5,:;:'..(,-3‘168.“:' - Yol

» Draw a cumulative frequency polygon.
» Calculate (for ungrouped and grouped data): ' T I Gl

* Arithmetic mean by definition and using deviations from assumed mean, IR ;
» Median, mode, gecometric mcan, harmonic mean. e [ (e
» Recognize properties of arithmetic mean. - . o { i

» Calculate weighted mean and moving averages.
» Estimate median, quartiles and mode graphically. !
» Measure range, variance and standard deviation. =~ =
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10.1 FREQUENCY DISTRIBUTION

Frequency

The humber of times each value appears is called the frequency of that
value. For example if 3 students get marks from 10% to 20%, the
frequency is 3 if 5 students get marks from 20% to 30%, frequency is 5.

Frequency Table

The table which gives the frequency of each score is called a frequency

table.

10.1.1 Grouped Frequency Table

The local health authority wanted to collect some information about the
heights of five years old children in their area. At their first visit to school
for medical examination, the height of each child of five years was
recorded, e.g., the following figures are the recorded heights (in cm to the

nearest cm) of ninety children.

99

107

102

98

115

95

106

110

108

105

| 118

102

114

108

94

104

113

102

105

95

105

110

109

101

106

108

107

107

101

109

105

- 116

109

114

110

97

110

113

116

112

101

92

105

104

115

111

103

110

99

93

104

103

113

107

94

102

17

116

104

99

114

106

114

98

109

107

104

106

107

109

113

112

100

109

113

118

104

.94

114

107

96

108

103

12

106

115

111

115

101




In the table the heights are listed in a random order (the same order the

children came for the medical exammat:on) We are to arrange and organize

this data in some manner for clear understanding to getany result. We group'

the heights as: O 7y

) =y 31, = 2h

90 — 94cm : 95— 99cm i 100 - 104cm
105—109cm ; 110-14em 5 15— 19%m

The heights are arranged in order of magnitude. Counting the number of

heights is each group gives the following frequency table R '; 5
90 - 94 il e | b s o

L 95-99 Il | 2
100 - 104 WO I _ '_-- 17
105-109 hyrf W | B
110~ 114 W M

115-119
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Histogram with equal class intervals

Consider the following examples:

EXAMPLE
Construct a histogram with equal intervals with the help of following
frequency.

Weights (kg) | 50— 59 | 6069 | 70— 79 | 80—-89 | 9099 |100- 109

Frequency 15 30 35 15 3 2

Total: 100

SOLUTION:
The following bar chart illustrates the frequency table.
Weight (kg) has been taken along x-axis towards right of ‘O’.
Frequency has been taken above x-axis.
One big square along x-axis represents 10kg weight.
One big square along y-axis represents frequency (10).

i: i e Tr st : ! |
50 =
b .
; , 1
i 40+ g
354 | |
- i
ST (eEies ,‘_”?f?}
T 552 SRRV LR
isSEies HEEEELA BT R
IR (P e AR
Egiiss Hsain i s/ 1S
i R
S HEE e e *F-:“ii'_?.'ﬁi. :
R PH; : : it
B e R e
sistsn ] RS ianabl o Rt B AR pst s et R L R R R S R RACE R R et O
" |tis the area of a bar that gives the impression of the number of items in a
groupa

The diagram is @ histogram with equal intervals. Each group covers the
same span, so each bar has the same width. Hence the area of each bar
is prOportion.al to the number of items in the group.

| Not for Sale-PESRP
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Histogram with unequal class intervals

EXAMPLE

Consider the following frequency table which shows the resulf of
a survey on the per month pay of 100 men.

Pay (rupees) 0— 1999 | 2000 - 3999 40()9»— 5999 | 6000 — 9999 |10000— 19999

Frequency 20 36 25 14 5

SOLUTION:

The intervals of the group are not equal.
The first three groups each cover a span of Rs.2000.
The fourth group intervals Rs.40000 twice the interval ofthe firstthree.

 The fifth group intervals Rs.10,000five times the interval of the first three.

To illustrate this distribution on histogram we must make:
The width of the first three bars equal.
The width of the fourth bar twice that of the first three.
The width of the fifth bar five times that of the first three.

Now consider the 14 incomes in the group Rs.6Q00 - Rs.9999. If we
suppose that these incomes are evenly spread throughout this group,
then these are:

Seven men withincomesin the groupRs 6000-Rs.7999
and seven men with incomes in the group Rs.8000 - Rs.9999.

The fourth bar is therefore 7 units high for the whole group, because the
width of this bar is twice that of the others used. lts area is proportional to
the frequency ofthe group
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\!

If we also assume that the income in the fifth group are evenly spread
throughout the group, then there is one man with an income in each ofthe
subgroups with interval Rs.2000. The fifth bar is therefore one unit high for
the whole group. The area of the fifth bar is proportional to the frequency
ofthe group.

I3 TTIITreT T T T T
8 s = aEEEE  E N NN NANEACENENEEE NS OGRS G o B
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¥ : ;
- T
1T
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v vacf i s ek SnErgars
u‘*— S
- — o 4~ +{3-
T 1
i a4
o h T U samsam R
=T ¥ i Tt e -
T o e LT hagma:
+
m
= T
I
T o 1
=1 T 5
= s s T T
= ¥ HT TR s pna
e . polmd &b ] it ) b 1 s E g XE LARR
e g £t ke R iy T U IR
ol

Note: We do not use frequency to label vertical axis, because it is the
area of the bar which represents the frequency and not the height.

- Not for Sale-PESRP
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10.1.3 Frequency Polygon

A frequency polygon is a many sided closed figure, It is constructed by
plotting frequencies against their class marks (midpoints) and then
joining the resulting points by means of straight lines. A frequency
polygon can also be obtained by joining the mid points of the tops of the
rectangles in the histogram.

EXAMPLE

. The data in the frequency table shows the mass (in kg) of 40
~ people upon joining a weight loss program.

Represent the given data using a:

(i) Histogram (ii) Frequency Polygon

Class intervals Frequency
’ 60 —— 70 2
70 —— 80 5
80 —— 90 ' 9
90 —— 100 12
100 —— 110 7
110 —— 120 3 :
120 —— 130 2 )}
Total: 40 5
SOLUTION: :

() Draw the axes on graph paper.

(i) Title the graph.

(iii) Label the horizontal axis mass (kg) and the vertical axis
frequency.

() Scale the horizontal and vertical axes. ; 4 =
(V) Leave half an interval at the beginning and the end of the | |
graph. o JEr
(vi) Draw a column which represe:ts m first class lnten/a!
and reaches a vertical heiaht of 2 POOP‘B T,
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Repeat step 3 for each of the other class intervals.

T
*-I H BN I'Mf_:s;wf;
{4t Lg-weight
i iy {
T T T
Bl 1T
= 4 & i 1
BEE J;G £ ‘_ |
Eg] % ::? [
% 'E' 1osal
{ b._ y 6 +
'_1_'._4 -+
il | B
RN R ]
1 g
A 1
- HEE
1 I
i | | N} ! |

(i) Mark the mid points of the tops of the rectangles
obtained in the histogram from part A. Join the mid points
by straight line intervals. Close the polygon by drawing
lines which meet the horizontal axis a half column width
before the first column and a half column width after the

last column.
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E XERCISE - 10.1

-1= Fifty Junior school children joined the school’s computer club. Their

ageswere recorded.
10 8 | 9 | 10| 7780 |NsE RN RZO2INY
7 [ 8| 9 10|11 |1u|109|8
RRARREA R G | @
10| | 8|10|9| 8|9 |7 | 1|10
9 | 10| 10 | 1L 105 1I8ISS 7 | LIR| T ORIES

Make a frequency table showing the number of each age and
illustrate this information with a bar chart.

2- The local fish and chip shop had 56 customers on Saturday evening.
They spent the followingamountinrupees.

270 110 | 45 | 96 250|490 |325| 45
382|136 125|450 | 420 | 380 | 150 | 250
85 | 250|320 525|218|210|216| 120
155| 430|250 40 | 510|150 | 510 | 245
320 120|316 | 150|260 | 45 | 180|310
273|280 | 85 | 280|318 45 | 210 | 282
462 316 | 218|316 |325| 45 | 560 315 |

use groups Rs.0-99, Rs.i00-199, Rs.200-299, Rs.300-399,
Rs.400-499, Rs.500-599to make afrequencytablesillustratethe data

- withabar chart

3- The weights to the nearest gram of 30 bags of popcom sold at a
. festivalare gwen as: _

59 1 831751 65|68 |68 73| 70[80 |79 j -

70| 76 | 63| 86| 69| 65| 66 | 74 8| 68| | Ik -

70 |60 | 67 | 74| 65| 65|67 |88 | 8| 63| "

Make afrequencytable, IIlustrét‘.eth'e'data-With'a‘-baﬁchgﬁ,-?f"" VA
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10.2 CUMULATIVE FREQUENCY

The cumulative frequency shows the total number of observations
(scores), which are below a certain value. We explain this with the help of
following example:

EXAMPLE-1

All the students of class 9 took a maths test. Here are their marks
as percentage. They have been grouped in 10. Find cumulative

frequency.
Marks in % Frequency

1-10 3

1 =20 6

21 — 30 11
31-40 13
41 - 50 ' 18
51— 60 24
61— 70 14
71 - 80 6
81 - 90 3
91 — 100 2

Total Frequency: 100

(i) How many students scored /0 % or less ?
(i) How many students scored 20 % or less ?
(iii) How many students scored 30 % or less ?
(iv) How many students scored 40 % or less ?
(v) How many students scored 50 % or less?
(vi) How many students scored 60 % or less?
(vii)How many students scored 70 % or less?
(viii)How many students scored 80 % or less?
(ix) How many students scored 90 % or less?

' (x) How many students scored 100 % or less?

Ty -

Not for Sale-PESRP
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SOLUTION:

The following table shows cumulative frequencies.

Marks % Cumulative Frequency
10 % or less 3 3
20 % or less 9 3+6=9'
30 % or less 20 9+11=20
40 % or less 33 20+ 13=33
50 % or less 51 33+18=31
60 % or less 75 51+24=175
70 % or less 89 75+14=89
80 % or less 95 89+6=95
90 % or less 98 95+3=98
100 % or less 100 98 +2=100
o iralsmu BEOT
EXAMPLE-2 '

The marks in a science test are given in thetablo |

Complete the cumulative frequency.

i %

o o ;!Qﬁ'\ﬁ' :

J¥ I‘B‘l'u’!'“

+'e'ig;w:'f-.';.¥ﬁ-§_'

ﬁt@>m 12| or

Marks | Frequency | Marks ___F
1-10 5 10 or less | S
11 -20 6 20 orless | 3 _ﬂjm
21-30 7 | s0oriess RN AIEE RN
[ 31— | 16 |#wokess| .
50 7 | sone s R
| S0 18 | 6oorless [
12

iF 8

& T ——
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SOLUTION:
Marks | Frequency Marks Cumulative Frequency
1-10 | 5 10 or less 5

11 -20 6 20 or less 11

2] -30 8 30 or less 19

31— 40' 16 40 or less 35

41-50 23 50 or less 58

51— 60 18 60 o less 76

61 - 70 12 70 or less 88

71— 80 10 80 or less 98

81 —-90 2 90 or less 100

91 — 100 0 100 or less 100

10.2.2 Cumulative Frequency Polygon

When the cumulative frequencies are plotted against the end points of
their respective class intervals and joined together, the resultant graph is
callod acumulative frequency polygon, or an ogive.

-Therefore an oglve canbe considered asaline graph of the cumulative
frequency results.

Number of Fish Caught| Frequency

0 ——5 3

5 ——10 2)

10 ——15 6

15 —— 20 8

20 —— 25 4
R

0 | Total: 28
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SOLUTION:

. Find cumulative frequencies, draw the axes on graph
paper, title the graph, label the horizontal axis “Number of
fish caught” and the vertical axis “Cumulative frequency”.

Number of fish caught | Frequency ()| Cumulative Frequency (cf)

0 ——95 3 3

5 ——10 5.4 3+5=8

10 ——15 6 8+6=14
5——20 8 14+8=22

20 —— 25 N 22+4=26

25 —— 30 2 26+2=28

Total{ 2 f = 28

Plot each of the cumulative frequencies againstthe end point of

its respective class intervals.

|

The first point of an ogive curve has a cumu!at{ve_ frequency .
value of zero corresponding to the lowest posls:ble value of
the initial class interval. Therefore the first point of the ogive

will be (0,0). y

il

The next point will be (5,3) followed by (10,8) and so on. Connect.

each of the plotted points with straightline segments. - 3

Cn

Cumulative Frequency ||
&
.:\

Cn

=X fiE st b

il

NN

. Al
g
i

A
“1 IR
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EXERCISE - 10.2

1- Draw a histogram to represent the frequency table in each of the
followingtables.

() The table shows the distribution of ages of /00 people attending a
school function.
Age (years)
Frequency

0-19 | 20-39 | 40-59 | 60-79 | 80-89
43 24 17 10 6

(#) The table shows the results of a survey on the weekly earnings of /00

sixteen-yearold boys.

0-9 | 10-19 | 20-29 | 30-39 | 40-49 | 50-59

Weekly earnings
11 21 10 5)

Frequency 45 10

(#7) The table shows the distribution of the average marks of 40 children
inthe end-of-year examinations.

41-60 | 61-80 | 81-100

Average mark | 1-20 | 21-40
2 3

Frequency ~ | 2 4 19

2- Following histogram shows the distribution of the times taken by 50
children to go to school. Construct a frequency table from the

histogram.

S0

Sy

Not for Salo-PESRP
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3- Following histogram is based on the number of hours that 30 children
spent watching television on a particular Saturday. Construct a
frequency table from the histogram.

quency ||| ]

Fre,

T

10.3 MEASURES OF CENTRAL TENDENCY

Measures of central tendency are summary statistics which measure the
middle (or center) of the data. These are known as mean, median and

mode.

(i) Themeanisthe average of all observationsinasetof data.
(i) The median is the middle observation in an ordered set of data.
(iii) The mode is the most frequent observationin a data set.

10.3.1 Calculate Arithmetic Mean or Mean, Median, Mode, Geometric i
Mean, Harmonic Mean from Ungrouped/Grouped Data

Arithmetic Mean by definition , e :
By definition the Arithmetic mean of an ungrouped data is obtained by
adding all numbers (scores) in the set together and then the total ls

divided by the number of scores in that set.
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Sum of all scores
Number of scores

Symbohcally this is written as: x = %, Where the symbol "2."

1 ‘indicates the “sum”.

Arithmetic Mean =

b O f,'ﬁ":{'d ¥

When the data are grouped into class intervals, the actual values (or data)
a ost In such cases we are to approximate the real values with the
] s of the intervals into which these values fall. If x’ represents the
' 'midpo_ t (or class center) of each class interval, fis the corresponding

%3 ffrequancy and (n=X) is the total number of observations in aset. Then

3 ,‘ ) & L = >
n

- TN e Arithmetic mean = x

Ar - s Ef

> |
Il
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EXAMPLE-2 :
Find the arithmetic mean for the following distribution showing
marks obtained by 50 students in mathematics in the annual exam.
Marks | 20-24 | 25-29 | 30-34 | 35-39 | 40—44 | 45-49 | 50— 54
Frequency I 4 8 1 15 9 2
SOLUTION:
Marks Frequency () . Class Marlf (9] f=
20 - 24 il 220 22
25-29 4 27 . 108
30 - 34 8 HO2ESht 256
35-39 11 37 407
40 - 44 15 42 630 .
45— 49 9 ot ¥ gl A2 -
205 g ERNES | ] ‘;
- N 2241084256+ 407+630+425 4104
it _Eg dot 2 I % I.: | I.
=750 1R S L '

._—'39 marks g A ' - '.“;‘.-;. g‘_-:.--l.....”;-; .

Arithmetic Mean using Deviation from Assu

i mm.
med A

The computation of mean using the ft

the values of % and f;are not larg
~ considerable time taking deviatior
- assumed mean (which e ar

i

deviations of X; from &
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N |

k
2D
BRI OOYE =4 =l A
H\_f‘;t:, i, TS k n :
| &,
=4+ E (ungrouped data)
n
(A1 k
e 2 fiD;
and X = A4+ 5=
zf
=4+ E{ ;.J (grouped data)

e arithmetic mean from the following values using formula:

i W .
e

n

8,187,189, 196, 186,193, 195.
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EXAMPLE-2
Find the mean weight of 120 students for the distribution of weights

in the following table. Using formula:

i

Nl

A _I_4‘ i
s " _hl.‘

7 o ZfD
_ 2f
Weight Class Mark Frequency D=X- 1445 fD
(Pounds) X) (1))
110 - 119 114.5 1 -30 - 30
120 - 129 124.5 4 -20 -8
130 - 139 134.5 17 -10 -170
140 - 149 | 14454 28 0 0!
150 - 159 154.5 25 10 250 .
160 - 169 164.5 18 20 360
170 - 179 174.5 13 30 |
180 - 189 184.5 6 e
190-199 | 1945 5 SO
——

200 — 209 204.5 2 60 SR N
210 - 219 2145
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Median (ungrouped data)

“The median is middle value of any set of data arranged in numerical
order. In the set of n numbers, the median is located atthe "—;i thscore.
The median is:

« the middle score for.an odd number of scores arranged in
numerical order.
" e the average of the two middle scores for an even number
of scores arranged in numerical order. :
EXAMPLE
Forthe dataseté6, 2,4, 3,4, 5, 4, 5. Find the median.
SOLUTION:
23444556 (Checkthe scores are arranged in numerical order)

23444556 {Locate the position of the median using the rule

"T'” where n=8. This places the median as the

4.5th score =4th score— 0.5 (5th score - 4th score))

M A =

~ (obtainthe average of two middle scores)

d by drawing an ogive of the data and estimating
entage..
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EXAMPLE

Forthe given data estimate the median.

Olans Miahval Freq;gency Cumulative(:ql;reqqency
60 — 70 5 5
B 70 - 80 7 12

80 - 90 =W 22

90 — 100 12 34

100 - 110 8 42

110 - 120 3 45 2

Total 45

SOLUTION: '_
Draw tﬁe ogi\?e‘.
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Locate the middle of the cumulative frequency axis, thatis 22.5 and
label it.

Draw a horizontal line from the point to the ogive and then vertically
to the horizontal axis. Read the value of the median from the x-axis.
The median for the given data is approximately 90.

IRSEAspaE? gnim
5

e T e MR e e et
s

Mode (ungrouped data)

The mode is the score which occurs most often in a set of data.

Sets of data may contain:

() No mode: That is, each score occurs once only.
(i) One mode
", (id) ‘More than one mode
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EXAMPLE . | ' amogd)
Forthe dataset 6, 2, 4, 3, 4, 5, 4, 5, find the mode.

SOLUTION: - |
We work through the set and see that value in the data which |
occurs the greatest numberoftimes. The modiis 4. | |
i
23444556
)
Mode (grouped data)

We do not find a mode, because exact scores are lost. We can however
find a model class. This is the class interval that has the highest

frequency e
EXAMPLE Ve JE .
: '..;'

Find the model class from the following table.

Class interval Frequency. . _ -,.':"‘.:‘“ i

60— 70 e

70 — 80 5/

R
- »
4y g
Py S o ) A .
== A _;}fs B L
- _.- L) W
: = ¢
s loel Some o
=2 L
.

80 - 90 ' 10

90— 100 DS 2N .i Wz ;I.'. y

00-10 | 8

10~ 12008 I
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Wﬂc Mean (ungrouped data)

The geometric mean “G” of a set of n positive values x;,x,,...,x,is the

1%%& N B G—"xx.x x :
" = NFXXzen X,

' 1

=(X;. X, X300, X, )"

ic mean of 2,4 and 8 is:
.':'i- G = 2’2:{4){8 = 36—4

1
= [(4) ]’
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S oo S

This is sometimes called the weighted geometric mean with weights

EXAMPLE _
Find the geometric mean for the following frequency distribution.

SOLUTION:
Herexf =2+3+4+1=10

G= (xf-'. x{’ x{* e

= . @ 3. @)

= (Ix8x81x4)""°

= (2592)""° = 2.1946

~ Harmonic Mean (ungrouped data)

- The harmonic mean H of a se
of the arithmetic mean of the re
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<i© EXAMPLE
Find the harmonic mean of the values 2,4 and &:

3 3 3 3x8 2
mtH—£+£+i—4+2+1—z—‘7——}——3.43
2 4 8 8 8
The Harmonic Mean (grouped data)

Letx,;,x,,....x,represent the class marks and f,, f,,--f,as the

corresponding class frequencies (where f, + f, + ..+ f, =X f; =n).

1

Then the reciprocal of the class marks will be L e xi . Since the
X *2 k

reciprocals occur with frequencies f,;fz,--- /& The total value of the

reciprocals in the first class is f- in the second class is == f2 « in the
1 2
iy  k"classis £ Je  Then 2L+22.4 .. Zf Zf( =)
Ay X X X xk i=1%;

The harmonic mean is defined as:
SITUPORT ¢

l -' ,__ e éf >3 f n
Zf(——) Zf() Zf()

=T f:
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10.3.2 Properties of Arithmetic Mean el = |
Following are the properties of Arithmetic mean. Aol T B

(1) The sum of deviations of values from their mean is zero, sjrmb_olic‘ally:

Y (—X)=0o0rYf (x-X)=0

(i) If n, values have mean x,,n,values have mean x,,---,n, values
have meanx, , then mean of all the values is: :

E = H;XI-{-HZXZ +'“+"&Xk ] g ‘ -.' _'_‘-!,_.'":‘ 1
H;+n2 +“‘+nk v - = : '_ i .i ‘,
: s A ) “ '_
k., ok e
2 ( ‘
= =] = .
T T3 -
IR .
i=l " 3 C e 00 =% g ~ 2

‘ = = o e vas B ."_._.'.

(iii) The sum of squares of the deviations of the values: x,fn_:_:rp gny s
value “a” is minimum if and only ifa=X, Symb()llca"yz(x[ “)? is
a minimum if and only if 2 = X.

10.3.3 Weighted Mean and Moving Average
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Moving Average

The average calculated by using “n” consecutive values of the observed
series, for example we have to calculate 3 year moving average, then we
take first three values from the series, add them and place against the
middle of its time period. Then repeat the operation by dropping 1st value
from the beginning and including first value after the preceding total.
Mathematical form:

1
a = 30’; +y,+y;)

a, = %0"2 +y; +y,) and soon.

Quartiles

We know that the median of an array is the middle value (or the mean of
the two middle values). It divides a set of data into two equal parts. There
are certain other values which divided a set of data into four equal parts

called asfirst, second and third quartiles. These are denoted by Q,,9,and
Q; respectively.

The first and third quartiles are also called as lower and upper quartiles

respectively. The second quartile is the median.

O, =valueof [%{)rh item.
0, =value of 2[”7“7—] thitem or [%—1) thitem.

/]
Q; =value of -3—(’1;;2{}1 item.

Not for Sale-PESRP
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EXAMPLE

Find all the quartiles from the following marks obtamed by 20
students in statistic test.
53 74 82 42 39 20 81 68 58 28-

67 54 93 70 30 55 36 37 29 61

SOLUTION:

The marks of n=20 students are arranged in ascending order as
follows:

20 28 29 30 36 37 39 42 53 54
55 58 61 67 68 70 74 81 82 93 N

0, =value of [" : I]rh (20: "]th or.5.25th item from below.

\ The value of the 5th item is 36 and that of the 6th. ltem is 37. Thus the
first quartile is a value of 0.25th of the way between 36 and 37 which

is 36.25. ‘ s e T

&)
s 0=325 il A
Byl + . '
0, =value of 2| — ihi th rz(‘m”)rhor hor105th ztem
(median) 4 4 . 2 |
from below

The value of the 10th item is 54 and that of the h'" i
the second quartile is a value of 0.5th of the way .

which is 54.5. |
Thus Q,=54.5 7
. 320+, X
O, =value of 3(": ) thor 3(2 7

-~ item from below.
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T EXAMPLE

The marks of 100 students in an examination are given in the
. following table.

Cumulative
Frequency

:{, AU | le——10 2 2

5 | ' W —— 12 14
AR ey 25 39
' 31 — 40 29 68
=0 15 83
s L =T 10 93
\ g Qa0 4 97
S | W i) 3 100

Marks No.of Students

. T A > - . . " -
L =l ™ i

: - Use ogrvo to estimate the quatrtile, that is

£ (i) The upperquartile. : R T
: I S B A N
 (ii) The lower quartile. I R
e : | ;_.iﬁ_,]‘_i_l?'. i O
e ] 4 0

3 - ?-XIMBJ:K?S =75 —-_-l..-i.-.!.—;m.n...,...._‘\-;r..r,.'._ .'_!..._' : ! i $ b e S

Taaa i 3" | 1 i _L._..J_.p;;_ ’vl_ _..E- o _TT

-L ' ]

i.‘. 1:._ % =“ |
-.."ﬂ,  aliviag /), o
| "'.’ﬂ?%‘}'ig??!";w

\"'1:'._- . Fm m m fhﬂ Uppef [0 oo e E- ..;&i‘..'..'_..:.w" "": .%f:j _1_' _-_' --;-—.
f g g - - | i ' - ke - -

"'" nt\.iz_-i.
A X100 =23
] - . .
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10.3.4 Estimate Median, Quartile and Mode Graphically,

Graphic Location of Median

The approximate value of the median can be located from an ogive
(a cumulative frequency polygon). In an ogive, the median is the value

of x corresponding to% . Thus to locate median, we mark % along the

y-axis and draw a perpendicular from this point of y-axis and extend it
so as to intersect the ogive. Then we drop a perpendicular on tF -

x-axis from the point of intersection. The point at which the

perpendicular intersects the x-axis is the value of the median.

For the given data estimate

the median, Mode

Class-intervals Frequency gumﬂ;m
60——70 5 5

70 ——380 7 12
80——90 10 22
90 ——100 12 34
100——110 42
110 —I20 3 45

45

(i) Draw the ogive

(ii) Locate the middle of the

cumulative frequency axis,

that is 22.5 and label it.

fuTial

(iii) Draw a horizontal line from &

this point to the ogive and

then vertically to the

horizontal axis.

| T E

(iv) Read the value of the

median from the x-axis.
The median for the given

~ datals approximately 90.

L e il ST

IR S

g

g e I ] S A s

e
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EXAMPLE
Calculate mode by graphic method from the given data.

Wages
Rs.

120125

125 - 130

130—135

135140

140— 145

145 - 150

S

10

30

40

25

20

15

SOLUTION:

Wages in rupees are taken along x-axis while the frequency
along the y-asix. One big square along x-axis represents Sunits
while one big square along y-axis represents 10units. We join the
extreme ends of the bar with maximum frequency 30 and 25 as
shown in the figure.

The two line-segments AC and BD cut each other at point P. We
drop a perpendicular from P which meets x-axis at M. The value
of M is 132.

Thus Mode =132.

e ma T o TITTLT T 7
S e e T e B T f
; ey be - — . .
e b g £ e a8 fh s e Eud A T I 24
= RESS Ry A A e T T '3 e
Hir ; TGS toErT eyl T
Apais o T : Bhn i : !
> T 1t —r t==r ——— 7
f 3 T T e P O e [
5 - REEly g g kY LR T S T R R
- - : + DR
i 1 Hi e II P nER i ks pRASwE) BN ARD RN LR B -
: : - 3 : i
+ ty ‘L| SR TL Aop $f-e s . 13 -1+ i
Lyents Tit ! afsaalinss pua bt 3 i
22 e T T e FRERE Rl iR e LSRR R RERe b3
Tt Ij- woad RN ERpdas i TR :
- ! Xy e o it 1
. E% fna s v Ak b am By ”11 xRNy E = EnE
» o8 “ﬁy S EEANSEREERS pesEEIRESE By I
s L i A8 E B ke s AHEAL T Ehias 1 T
| ’ ; s : < } T 1
: 1?‘ i L gy [ 3 T
o e e T
A e : il s
4l H 7 - BEASRAAN e +
< @ i I
w0 i—-'ﬁ-— - R psen:
HER T Do
1Th {4
' =
1
& 'l'
by Y 1
.. TR
" 3 yorwad | " ]
i o EgRRaEEdREE
. e $ : wxe
- 1 g s
TR TR v i $ #
= B i b v s 41
oL T i H T
y e $ -
Ll
£y SREEs) E5oNe 3 =
= = E.
™ b i b s LW B §
" i . 4
S R I o el 2 A Y
‘m 0 B rit
o : 5 e
: AT B e
rag -
- r HHHTHH B} e R TaE aa e e H . i
lllll 1Y
T A
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Graphic Location of Quartiles
EXAMPLE

The following table shows a frequency distribution of grades on a final
examination in mathematics. Locate quartiles graphically.

Grade 90-99 | 80-89 | 70-79 | 60-69 | 50-59 | 40-49 | 30-39
No of Students | 9 32 43 21 11 3 1

SOLUTION:

For the graphic location of quartile, students are shown in the following
table. We write the given data as follow:

Grade |Number of Students (f)| Class Intervals Cumulative Frequency
30-39 1 29.5—-39.5 1
40-49 3 39.5— 495 4
50-59 11 49.5 — 59.5 15
60-69 21 59.5-69.5 36
70-79 43 69.5-79.5 79
80-89 32 79.5 — 89.5 111
90-99 9 89.5—99.5 120
¥
28 -
VA \
[ —
4 .,\ ; - y
:?'. L .:i‘ i‘ : l; £ f z
T I3 .Al'-.._‘.. -"_\‘. - j F :
EE | : r:‘ iy
Y

-
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E XERCISE —10.3

1- Representthe givendatausing Frequency polygon.

@) Thetabie shows the distribution of marks of 30 childrenin atest.

Marks 0-39 | 40-49 | 50-79 | 80-99
Frequency | 8 8 | 10 4

(31) The table shows the distribution of time (in seconds) taken for 40
childrento complete the obstacle race.

Time (second) 1-40 | 41-50 | 51-60 | 61-70
Frequency 8 15 % 10

(i) The table shows the distribution of weights of 30 bags of chips from a
fishand chipshop.

Weights (grams) | 1-50 | 51-60 | 61-70 | 71-80
Frequency 4 8 14 4

(@v) The table gives the distribution of marks of 00 students in an end-
of-terms mathematics examination.

Marks 0-29 | 30-39 | 40-49 | 50-59 | 60-99

15 2 34 16

sures of central tendency in the preceding

-of distribution.
| Not for Sale-PESRP

ngle value (e.g mean, median, mode) which
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For this let us consider the following distributions.

[1P<l{><1| >l
Il
a a a .:..a'

(L] 636363636363 63,63
i 62, 62, 62, 63, 63, 64, 64, 64
48,49, 57,63, 69, 68, 74, 78

4 40,41,47,52,62, 87, 88,94

distributions differ greatly in their dispersion, i.e. the extent to which the
values are spread out from the average. :

bkt
TPy

Though there is a great difference in the dispersion of the values of the
distribution, yet each of these distributions is described by the same
mean, i.e. 63. We therefore need a measure to see how dispersed the
datais. : : gl -

The measures used for this purpose are called “Measures of Dispersion”.

!
¢
- The above mentioned dlstrlbutlons have the same mean i:e 63, but these i "'
i

The simplest measure of dispersion is range. Range is the difference
between the largest value and the smallest value in the datg
smallest value is denoted by X, and the largest value is denoted |

then the range denoted by Ris givenby: . = W
R =Xm'-Xo b Wi !; _.;, 3
For Example ‘ £ ety DeRn 14.,}3 ﬁﬂf“_ .

For the set of values 6,8,13,11,18, 27 23 o T _
=20 6= 21 'i,'="

EXAMPLE g
Fmd the range for the foﬂo’ /
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Variance

)

; '*Vananee is defined as the square of the standard deviation, i.e. the mean
ofthe squared deviation from the mean. ltis given by:

d.' :

- . Y — X )P
- Var= M(far ungrouped data)
T = n
' 2
Zﬁ'x X) ——————(for grouped data)
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Thus standard deviation = S= 3.63318 Ry 1 il
— 5 < 1

Variance = 205 100 ; i

n 7 _ i ‘

EXAMPLE-2 = 1045 .

Find the standard deviation for the frequency distribution of N
marks obtained by 50 students in English at a certain '-'

iy s ) LT
iy
-

WA

examination. Also find the variance in this case. i
Marks  |20-2425-29|30-34]35-3940-44|45-49]50-54 |

Frequency P4 |8 [ ns | S O 2
SOLUTION: Here L

Marks [FTeqUENCy Mg}l‘zs.(sx) fx <L X )2 f(x— :,E )2
2024 | 1 2| o | R
2529 | 4 27 | 108 | —12 | 144
30-3¢ | 8 322 | 256 | -7 49
35-39 | 1 37 | A0z e S
40-44 15 42 630 Sl ; j;"—
45-49 9 47 423 R
50-54 | 2 52 104 13
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E XERCISE — 10.4

Construct a cumulative frequency polygon (that is, an ogive) for the
-givendata.

(9 The table shows the distribution of weights (in kilograms) of 60 boys
oftenyearsofage.

Weight (kg) | 31-36 | 37-39 | 40-42 | 43-45 | 46-54
Frequency 8 10 18 12 12

(i) The table shows the distribution of times taken (in minutes) for 50
children of five years age to eat their school dinners.

Time (minutes)| 4-5 6-7 | 8-9 | 10-11 | 12-15 ) 16-19 | 20-29
Frequency 5 4 10 9 6 6 10

(ii7) The table showsthe distribution of the ages of people boarding buses
atthe busstation between 08.30t0 09.00in the morning.

Age (vears) 0-9 | 10-19 | 20-29 | 30-39 | 40-69

Frequency 10 20 30 20 15
(v Classes 5-10 | 10-15 ! 15-20 | 20-25 | 25-30

Frequency 10 | 1088 220 30 15

(v) Thetable give§ the distribution of weights (kilograms) of /00 people.

- Weight (kilograms)] 50-59 | 60-69 | 70-79 | 80-89 | 90-99 | 100-109
| . Frequency |5 | 30 | 35 | 15 | 3 2

Not for Sale-PESRP



Review Exercise — 10
1= Encircle the correct answet.
(i) When a bar graph is constructed, so that the area of each bar is proportional 1'- "
to the number of items in each group is called. _ ¥ 1?
: _ i 1
(@8 curve (b) ogive (c) histogram (d) bar diagram ' i
I.' .
(i) The summary statistics which measure the middle (or center) of the data f‘ ;
is called: . il |
(@8 mean (b) mode ‘.
(c) median (d) all of these ’
(iii) If all numbers in a set are added together and then the total is divided by the | it
number of scores in the set is called - i_: |
(@) mean (b) mode (c) medl'an_ (d) weighted mean r j 'H'E
(iv) The middle values of data arranged in numerical order is called " %
(a) mode (b) median (c) mean (@) geometric mean

|

{
(v) The score which occurs most often in a set of data is called ._ i Iy
(@ mode (b) mean (c) median (d) geometricmean |

3 Ea R

— L1 ' ' L j i % -
(vi) X=X 5Tt h o called ke .
' n 1 . -
(@) mean value of x,,x,,™,%, (b) arithmetic mean . e
(c) geometric mean (d) weightedmean V&J

(Vi) H=—2"_ is called

2

(a) harmonic mean () mode (o) !'fﬁ.,@,gﬁ

> wx

(Vi) X, =
: @u) 5

=18 is called

w
1} (8) arithmetic mean

B A

(¢) geometric mean 19

) X(x;~X )=0is one of the prop

(¢) harmonic mean

o= Al



2- Fill in the blanks.

(i) When a bar graph is constructed, so that the area of each bar is proportion
to the number of items in each group is called a :

(i1) The summary statistic which measure the middle (or center) for the data
is called

(iti) If all numbers in a set are added together and then the total is divided by the
number of scores in the set is called

(iv) The middle value of data arranged in numerical order is called

(v) The score which occurs most often in a set of data is called

I!“i'x, +I3 +"' -

vi) X= ¥nis called the
n
(vii) The nth root of the product of the values of a set of » positive values

is called

0

f e
(ix) Xw=2“:

(viii) H = is called the

is called the

*x) Z(x'. -X ) =0 is one of the properties of

3- Find the standard deviation of the values 2, 3, 6, 8, 11.

4- Find the standard deviation and variance for a set of ungrouped
values, when n=15, % (x—-x) =1444

5. Forthedata3, 5, 6,8 8 9 10, find
(i) Mean (ii) Median (iii) Mode

6- | Find the mean, medianand mode for the set of the value
4,6,7,489.710.




SUMMARY

When a bar chart is construed, so that the area of each bar is
proportional to the number of items in each group is called a
histogram.

Cumulative frequency is a running total of class frequencies.

When the cumulative frequencies are plotted against the end
point of their respective class intervals and joined together,
the resultant graph is called a cumulative frequency polygon
orogive. ;

These are summary statistics which measure the middie (or
center) of the data. )

To obtain the mean of a data, all numbers in the set are added
together and then the total is divided by the number of scores

inthat set. :

The middle value of data arranged in numerical order is called
median. :

The mode is the score which occurs most often in a set of
data.

Arithmetic mean of an ungrouped data is obtained by adding
all numbers (scores) in the set together and then the sum is

divided by the number of scores in thatset.

The geometric mean “G” of a set of n pasitive values
-r;.x?,...,.r,, is the nth root of the product of the values.

The harmonic mean Hof asetof n values x;.x;.e.x, |sthe . o RRA:
reciprocal of the arithmetic mean of the reciprocal of the il

values.




SUMMARY

3

Variance is defined as the square of the standard deviation,

-~ |.e.the mean of the squared deviation from the mean.

The simplest measure of dispersion is range. Range is the

difference between the largest value and the smallest value in
the data.

The average calculated by using “n” consecutive values of

. the observed series, for example we have to calculate 3 years

moving average, then we take first three values from the
series, add them and place against the middle of its time
period. Then repeat the operation by dropping 1st value from

the beginning and including first value after the preceding
total. '

-Standard deviation is defined as the positive square root of
the mean of the squared deviations of the values from their
mean, The standard deviation of a set of n values, x,,x,,....... =
is denoted by S.

If x,x;,-x, have weights w,,w,,-,w,  thenthe weighted
arithmetic mean or the weighted mean (denoted by ;) is

. definedas: . ; ‘.
_ 2w
— =l
=
2
i=]
g #q sy ¥
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Answers | T T

Exercise 1.1

SNl9- 13 - W P
1- (,)Ea ("):.55 (m)? (:v}é (v)g- (vl)% (Wv% (viii) % 1

i A .7 P
(ix) 3 x) 9 xi) - 400 (xii) 0 H

- )75% () 60% (ii) 16% (iv) 65% (v) 124% Vi) 52.5% (vii) 38.3%

(vii) 266.66% (ix) 160% ~(x) 87.5% () 62.5% (xii) 37.5%
S 047 (i)0s8 (i) 092 () 008 ()oi2 (i)lz0

(Vi) 180 (viii) 145 (ix) 0.055 (x) 0.0533 (xi) 0486 (xii) 0.583 .
& ) 50% (i) 90% (i) 125% () 139% () 172% 2% .

(Vi) 264%  (viii) 341%  (x) 845% (x) 178% (xi) 158% (xii) 6:5%
o ) u
(ii) 80% (iii) 5.0.4 (iv) 50.62% () 25.0.44

Exercise 1.2 e Gl
- 55% 2 18% 3 12% 4 (i) P=208,C=68,1=48 B=76 () 19%
5- Math 6 27.78% 1. 500 pages 8 Rs.7500  9- 20%

T LR .x

. & ¢ Ty =i

@40 G)4:1 Gi)l:a (@)1 ()54 (,,,)rgwum wﬂ
2 ) 10:9 (i) 16:15 (i) 25:21 (V) 13:6 (W 4:] *“Wﬂ% ‘
Vi) 1:50 (vi)) 3:4  (viii) 3:7 (Er)ﬁ".'f FLAGAR Wy ﬂtﬁ“ﬁ

: $3 WS
3 ) 14:9 (i) 325 (iii) 9 ’6’ ﬂl ﬁ

4 )15 223 (1) 23:17 (i) 23 12

1 216005
3:4 @) 2 :3 ('u} 12
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Exercise 1.5
- 20 2- 9suits 3 Sliters & 75km/hr
& days 2 & 120 bicycles 7- 864 fans 8- 720soaps
9 Rs.2240 10- Rs./8200 11- 110 cows 12- 2700 bottles
: Review Exercise -1
1- Encircle the Correct Answer.
@b @b - (ia (Wd (e ©O)b (i)c (iDa (Wa (@b
2- Fill in the blanks. '
450 (i) % (i)28%  (iv) 67% ()29%  (vi) antecedent
'(ﬁ:‘) consquent (viii) extremes (ix) means x)10:9
3 30% 4 'Rs.7000 5- () 2:1 (i) 22:5 (i) 11:3
(% 2 7- 16days 8 Rs.9720
Exercise 2.1
I- Rs.27750  2- Rs.7500 3 Rs.I5,000 4 Rs.36250 5 Rs.60,000
; | & RsI7500  7.-widow Rs.93750; son Rs.262500; daughter Rs.131250
i | & widow Rs.50,000; daughter Rs.87500 9- Rs.3,75,000
A  10- widow Rs.2,50,000; son Rs.8,75,000 :
| 11- widow R5.60,000;: son Rs.84,000, daughter Rs.42000 12- 100,000
e Review Exercise 2
| 1- Encircle the Correct Answer. :
N @a (e (ipa (ya (e b (ipa (iipc (ma (%) a
| 2 Fillin the blanks.
i 10% (ii)5% - (iv) Rs.5000 (v) Rs.10,000
":_(w'f)_i_ ; i) ; T (x) 3’
& Rs.24500 5- widow : Rs.5,62,500, Sons : Rs.19.68,750
Rs.6,00,000,S0n : Rs.8, 40,000 each, daughter Rs.4,20,000 each.
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Exercise 3.1
| - @Rs1045 (i)Rs.1463 (i) Rs.10560 () Rs.119700 () Rs494.40 (w)Rs.72960 | -
2- Rs.2.73.000 3- (i)Rs.640 (ii) Rs.925 (iii)Rs.1560 (iv) Rs.3000 () Rs.75 -.
4 12%% 5. 25 % 6 Rs.1260 7- Rs.213 8 Rs.I2I5 3
Exercise 3.2 -

1= (i) Rs.684.32 (ii) Rs.2622 (iii) Rs.364.08 12- (i) Rs.560 (ii) Rs.975 (iii) Rs.2500
5% 4- 75 % 5- Rs.400 6- Rs.920 1= Rs.11730.60 & 20%

Exercise 3.3

T TR T —— ——— -

1- 60,000; 40,000: 1,00,000
:2- Ali's share Rs.22,500; Danival's share Rs.33,750; Abdullah's share Rs.56,250

3- 180; 240; 300

4- Profit Ist partner Rs.1,00,000; 2nd partner Rs.1,50,000; 3rd parner Rs.3,50, ooo

e P A Ml i i n

e e G 4 o et X 1 T

Amount Ist partner Rs.600,000.2nd partner Rs.900,000. 3rd partner Rs. 2100, 000
5- 39200 6- (a) Rs.70 Total amount Rs. 154
Review Exercise 3 ; |
1- Encircle the Correct Answet. ) i 2l
~ (e @b Gi)b (Wb (Ma ) » , {
2- |
(i) cFoi:II L':';:I:e b{!l:)“::le price (iii) profit  (iv) """"’ 00 (v) 100 - m% 3 Y ) -

3-55% 4 166% 5. 9000; ;soao._moa 6- (vmrwssaw

A | Exercise 4.1

| V- 161906 2- Rs.111724.5 ¥ Lass R 4

N & @ res2615 (i) Res251742 (i) Rs97.58 5o () Rsd63 (i) I”'fmu’.'“ i

| ’ 3
¢ 99.58 :-mmys

| & 5772 7- Profit=Rs.10 b ol y;.ﬂ* oot 24 5 -3:

| T'f'buwng Happhcable for Rs.10055.20(ii) Rs.1857.37 st ik

Exercise 4.2 e

3 men ynms

| V= Rs2100 2-Rs132
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Exercise 4.3
1= Rs.1520.50 2- Rs.88.50 3= Rs.65000 4- Rs.7084 5« Rs.3600
& Rs.35000 7= Rs.157.49 8- Rs.3040 9- Rs.6480
S Exercise 4.4
- Amount of Yearly Half yearly | Quarterly Monthly
policy premium premium | premium preniium
| |® s0000 | 2250+ 125 1235 641.50 213.75
i (ii) 100,000 | 4500 + 200 | 2444 1269.00 423.00
| | Gi) 150000| 6750+ 200 | 3614 1876.50 625.30
4 (iv) 200,000 | 9000 + 200 4784 2484.00 828.00

2- Rs.(50,000+1,20,000+ 4500)= Rs.1.74,500 3 Rs.(150000+ 135000 + 121500 + 0)= Rs. 406500
4- Rs.700,000, Rs.159050 8- Rs.4,32,250 6- Rs.(36.125+32512.50)= Rs.68,637.50

T- Rs.(26,250+ 23,625 + 21,262.50 + 19136.25) = 90273.75 benefit Rs.9726.25

8- Rs. 800,000 (approx.), Rs.23400, Zero.

Exercise 4.5

‘ 1- (a)i.Rs.Po il. 25% (b)i.Rs.150 ii. Iﬁ-;-% (c)i.Rs.3000 ii. 12% 2- (i) Rs.2] (ii) Rs.288
ﬁ, 3- (@)i.Rs.236 ii. 18% (B)i.Rs.517.50 ii. 15% (c)i.Rs.1960 ii. 22.5%

' 2
4 (3)iRs.63 ii 7% (B)i.Rs.200 ii. 15% (c)i. Rs.75 ii. mg%

-} 5-()Rs.3716.80 (i) Rs.516.80 (iii) 16.15%

I , Review Exercise 4
ﬁ 1- Encircle the Correct Answet.

| @a @b (GiDa (e (a (ija i) a piijc (ix)a
| 2- Fill in the blanks.

| ) cheque (ii) pay order (iii) ATM (iv) profit (v) rate
1r(W) time (v'i;') mark-up (viii) premium  (ix) insurer !'X) insured

; 3 Rs.515,850 © 4- Rs.700,000,Rs.159,050 5. Markup Rs.2.770  Prinicipal Rs.27.230
L o - Exercise 5.1

Rs.28 2- Rs.6400,Rs.46400 3- Rs./8,00,000, Rs.28,00.000

20,000  5- Rs.11250,Rs.13950 6 Rs.16350 T- Rs.21375

e o 5 il ot e i




|

1
t

|
|
|

: b O @d ) W) 7 W )

i) @y () =y

Exercise 5.2
1- (i) Rs.5124.29 (ii) Rs.9168.056 (iii) Rs.3622.84 (iv) Rs.950.12 :
(v) Rs.14771.5 (vi) Rs.9848.75 -
2- () Rs.1155.39 (ii) Rs.718.09 (iii) Rs.1540 (iv) Rs.1021.41
3- (i)Rs.3153.50 (i) Rs.3808.00 (iii) Rs.4462.50 (iv)Rs.1606.50 -~ ]

(v) Rs.2856 (vi) Rs.1874.25

Exercise 5.3
1- 48hrs,Rs.1920  2- Rs.4800  3- Rs.I7640 & Rs.26500 5- Rs41,500 :
6- (i) Rs.1975 (i) Rs.2725 (iii) Rs.2875 7- Rs.10,800 '

| Review Exercise 5
1- Encircle the Correct Answet.

e ()b (i)a (Wb  (Wa  (a  (i)e T ,

2- Fill in the blanks.

(1) tax (ii) direct tax (iii) indirect tax (iv) sales tax (V) exercise duty | )

(vi) property tax  (vii) income tax  (viii) Rs.90,000 . (ix) Rs.1200 (x) 430,000

3- Rs.19200 4- Rs5.24750 5-Rs.15867.37 4! i
6- (i) Rs.1017.48 (ii) Rs.736.02 (iii) Rs.989.23 (iv) Rs.1055 .'7- Rs.70500° -= I"

Exercise 6.1 et
1- (i) Redical J3; Redicand 3 (i) Redical Ja; Redicanda ("")RMJE'RM! 1
(iv) Redical /6 : Redicandé ~ (v) Redical \/5; Redicand5 '(W)Radiodf:;s_/ﬁ.':."__’“_. 13 . )

2 )ad* @d @ Wa _
(VB Ve ) B3 @ Olens 6
(.w':j {1000y ;100 (viii) J64:8 ~ « *!'_r.a_-__‘;ugiﬁ Eiwh

. Lo M
514 302
U232 e KEC YRS

I

21y 512 g 2187

« "

Ui oy oy




) | o | (i)

X2 EX: X
3 5 2
/ £ <
s- zxﬂz 12 ‘- ;;-Tt; 7. foac
x'” : f
JlE 12- ab" 13- a'b'c
16

B [ S as 17

18- 2787
2a b

22- J#p12 23 % U- v’

Y

105 ) 2 YT ) s
: ﬁv) 261778, () 575,78

3378
(V) x"y

(v.‘. ) am: bmi




Exercise 6.4 | o
I-®3 @)3 @)oo I 2 (vui < i
2- (i) 1.7170 (i) 0.7996 - (iii) 1.7873  (iv) 3. 7559 () 5.4771

|
'l - - ’ |
S () 080ds (i) L8044 (i) 35004 & () 001090 (i) 1444 (i) 26530 !
-_ ROF ) ¥
. !
Exercise 6.5 |
@2 @2 (i) % ()1 ()3 Gi)d M2 @3 i
Y 2 |
1.3472x 22, 22.13%0. .86 x 4, i g*
S () log 13H72x279 ) log ZIUIHTE log 7864385 . .
5 3 2.391x 3.072 1
& (i) 1.923 (i) 19.19 (iii) 0.9945 l _
8- (i) 0.3291 (ii) 19.19 (iii) 14.139 (w) 0.3466 (v) 160.4 (vi) 4801 R
(Vi) 1964 (viii) 2.082 9= 27.71 10-67.39 - 0.2224 W] S
1 : \ 2 |8 e ¥ 3
Review Exercise 6
1-  Encircle the Correct Answet : _ : -
Hb (i)a ()b (e a @b Wi)a @ih (@(xd & a 2 :
2- Fill in the blanks. _ B T [ R
09,3 L el PR R . - i
()radical  (ij)radicand (iii)exponent  (iv) base (Y)common logarithm |
(Vi) characteristic (vii) mantissa PRI e

- () xsay-m () a 7,702 o %) xusy.'nm (i) _}0 & () 03’?’-_"%5

Exercise 7.1 S

'-ui--.
\o]--
NI.__

-

=3

=

[

- 2
» _'a.:
?i"

-

e

B

i

O (v‘“)

| .

el
X 5. 2 (i) 51 (i) 20160 - (it)) 5

243 utn s

{gq ‘(u 34.42.51.61 (i) 6

(fu

25,.27,30.33 ()



Exercise 7.2

S () 243 (i) —58 (i) —82 (V)74 (v) —74

1 o) 16 (h) 132 () 4 )65 ()79 (i) 193 %12 4 39
U (e

2
BRI N2 Sl 8 3t 24 9.[ 3 ) 10- —2,1,4,7,10,13.......
; In+1

.'-T‘lv}'i':

'. " Exercise 7.3

J: (i:) x*3 (i) 2J‘ () x> +1 2- 0,9 3- 13,1517

N2 38 4] 44 47 50 53 71O TN 23
= ."*7:_.7.'”7_‘;:'7—’7'-7 el
8- 70 9 1,17

TR Y y

| B ¢ O Exercise 7.4 °

348 4324 53 @S5 (i) 10

10-2,6,18 or 18,6,2




Review Exercise 7
1 Encircle the Correct Answer. -
) b (i)e (ii)a (va (Dec ()b (i)a @ije (xa ()b

2- Fill in the blanks. :
(i) a, (ii) 15 (iii) nth term (vi) 10 ) a_;ﬂ

(vi) common ratio (Vi) gp! (viii) ++[ab (ix) 4 x) 3n+24

8 a,=2n+1,37 4aq, =( J Jj 5- 32 & @3 11,248 : i{
2n+3 ! t B
8- 2,6,18,0r18,6,2 . jh ! I
Exercise 8.1 ti o
L () (146789 (ii) 13.4,56.7.8.9) i) 47 ) (4 at
V) {1,3456789  (vi) {4} | o
L4 @4 @4 o o 6) AUR } IL [
i) 4'N B’ i) A (ix) O ) O _ 1 | 3
Exercise 8.2 Tt | =
L (B.0). 33). (5.1) (53), (6.1). (63} {(13). (1.5) (1.6, 3.3, B.3). B,6)} : ¥
Dom Ax B = {3,5,6} Range AxB = {I,3} 5
| Dom Bx A = {1.3} RangeBxA4 = {3,5.6} s E *
| 2 (2-2, 20} {(-24) (1-2)}  Dom={-2} Dom: = (=215 1=
| Range = {-2,1} Range = {4,- 2} 4 i ? ,l,.; g | [= ‘
RN 2 @2 4 {22).33). G2} : 05

| Review Exercise 8
| - Encircle the Correct Answet. g 3
| @b @b @a (Wb ®a (w)@—’—ﬁti
| 2- Fillin the blanks. g
| @ 4ang @) 4UB

| ) commutative law as under union
=

' binary relation
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(ii) (-3.0) (iii) 3.0)
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13- Domain = {-1,0,1} , Range = {—4,0,4)
14- .Domain = {-1,0,1} , Range = {2.5,8}

_®Wa b (e ia (b

‘ (i) Ofdm (iv) ordered pair
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Review Exercise 10
1= Encircle the Correct Answer. v ‘.4 's%l
(e ()d (i)a @@b ®a ()a @i)a @b (Ka (s:) a
2- Fill in the blanks.
(i) histogram (ii) measure of central tendency ~ (iii) mean  (iv) medain
(v) mode . ~ (vi) mean value of X, X3, uemess Xy

- 3- 3286 4- 9.811:96.255 5. 7:8:8 6~ 6.875

gl O AL N

Jurey ’I: -3 .'\'\l

(vii) geometric mean (viii) harmonic mean  (ix) weighted mean  (x) amhmeﬁc

1- ‘!- -

——n ,,._._._'_
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| GLOSSARY
Unit-1  PERCENTAGE, RATIO AND PROPORTION

Percentage: Percentage means out of hundred.

Ratio: A comparison between the two like quantities is called a ratio.
Antecedent: In aratio a:b, “a” is called the antecedent.

Consequent: In aratio a:b, “b” is called the consequent.

Proportion: The equality of two ratios is called proportion.

Extremes and Means: Ifa:b::c:d, then “a” and “d" the first and fourth terms are called
extremesand “b"and “c” the 2nd and 3rd terms are called means.

Direct Proportion: The relation between two ratios in which an increase in one quantity
causes a proportional increase in the other quantity or decreases in one quantity
causes a decrease in another quantity is called direct proportion.

Inverse Proportion: The relationship between two ratios in which increase in one
quantity causes a proportional decreases in the other quantity or vice versa is
called inverse proportion,

Compound Proportion: The relationship between two or more proportions is called a
compound proportion.

- Unit-2  ZAKAT, USHR AND INHERITANCE

Zakat: Zakat is a transfer payment which Sahib-e-Nisab Muslims pay at given rates by
them according to sharia or through the Islamic rate to the poor and needy in or
aftermonth of Rajab,

Sahib-e-Nisab Muslim: A Muslim who owns or keeps in his / her possession at least 7.5
tola gold or 52.5 tola silver or cash money equivalent to value for one year is
considered a sahib-e-nisab Muslim.

Exposed wealth: This includes agriculture goods camels, sheep, goats, minerals,
business inventories etc.

Unexposed wealth: This includes gold, silver, cash money, liquid assets etc.

Rate of Zakat: Rate of zakat is 2.5 % of the total value of the goods or money.

Ushr: It is a tax paid at the rate of /0 % from agriculture produce of land which is
irrigated by natural resources and 5 % by artificial.

Inheritance: Distribution of remaining inheret amongst the heirs according to sharid after
the burial of'a deceased.

" Unit-3  BUSINESS MATHEMATICS

, Cost Price: The price at which a particular item is purchased is called cost price. It is

Sale Price: The price atwhich an article is sold out s called the sale price. Itis denoted by
£ep? :

~ Profit: Ifthe selling price of an article is greater than its cost price, then the difference ol

o these twois the profit earned. Itis denoted by “P".

1 Loss: If the selling price of an article is less than its cost price, then the difference of

thesetwois the loss. Itis denoted by “L”. _ _ Y
Some times a rebate is declared on the selling price of an article, this rebate Is

s Not for Sale-PESRP
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Marked Price (MP): The price tagged on a card of each and every article in a shop is
known as the marked price, It is denoted by “MP”.

Unit-4  FINANCIAL MATHEMATICS

Current Account: A running account which continuously remains in operation due to
its liquidity,

Saving Account: Itis meant to encourage thrift and promote saving among the persons of
small means, The bank pays nominal interest half yearly on the basis of monthly
balance to the depositors.

PLS Saving Account: Profit and loss sharing account opened with small amount with
profit earned on loss sustained at the end of each half year / full year depending
upon the mode of payment,

Fixed / Time deposit Account: The deposits kept with the bank in a account for a certain
period of time ranging from 3 months to 5 years,

Foreign Currency Accounts: Account maintained with the bank in foreign currency
like dollars, pounds and Euro etc.

Negotiable Instruments: It means a promissory note, a bill exchange or cheque payable
whether to be order or bearer of the instruments.

Insurcd: The person or entity whose insurance is being done is called “the insured”.

Insurer:The company under taker the act of insurance is called the insurer.

Insured or Insurant: A person to whom an insurance policy issued, the beneficiary ina
contract issuance is called insured or insurant.

Insurance Policy: The contract which is executed between two parties is called insurance
policy.

Premium: The periodic installment to be paid by the insured is called premium.

Maturity: The time-period agreed upon by both the parties (insured and insurer is called
maturity.)

Bonus: The agreed amount to be paid back on maturity or expiry of the agreed period,
includes the actual amount paid in installments plus profitis termed as bonus.

Cheque: A bill of exchange drawn on a specific banker and not expressed to be payable

other wise on demand. »
Pay Order: A cheque like instruerent issued by bank on the request of its customers.

Bank Draft: An order to pay money, drawn by one office of a bank upon another office of
the same bank for a sum of money payable to order on demand.

On-Line Banking: This system indicates thata direct connection is nfade_ to centralize
computer system for authorization or validation before a transaction is executed. |

ATM Card: Itis a payment card issued to a person for activating automated te_ller machi_ne
computer based terminal which allow consumers to make deposits and with

draws.
Credit Card: A card indicating that the holder has been granted a line of credit enabling -

the holder to make purchases and or with draw cash. .
ATM: A machine installed by the bank to dispense cash to its acco-un_t holders.
Profit: Profit is the amount which is paid by the bank on the deposits maintained by =

the client with the bank. : A0 :
Principal: Theamount/ capital borrowed or lentis called principal. .

Rate:  Thepercentage ofinterest charged is called rate., 3
Not for Sale-PESRP - & -{.L
. ’ - i

| T —




Time: Theperiodof'the loan or deposit is called the time.
Amount: When the interest is added to the principal, the sum is called the amount.

Mark Up: The interest earned by the bank is named as mark up.

Leasing: Lease is a contract where by the owner of an asset, the lessor, gives the hirer, the
lessee, the right to use the asset for a specific period in exchange of rental
payment.

Down Payment: The customer is required to deposit the payment with the bank along with
the application form.

Unit-5  CONSUMER MATHEMATICS

Tax:  Money that mustbe paid to the state, charged as a proportion of income and profits

oradded to the cost of same goods and services.

Direct Tax: These are the taxes which are charged on income, property and profits in the
from of income tax, property tax.

Indirect Tax: Indirect taxes include duties, motor vehicle taxes, goods and services taxes
(GST) general sale tax and value added taxes etc.

Sales Tax: When we buy article we have to pay a certain amount of tax as the value added
tax in addition to the price of the article. This tax usually given as a certain
percentage of the selling price. In Pakistan sales tax of /7% is imposed on goods
bought and services rendered.

Excise Duty: It is the form of a tax which the buyer pay on a manufactured item at the time
of purchase.

Property Tax: A property tax is changed on the owner ofland, house, flats or building at a
standard rate of /6% on annual value of the property.

Income Tax: Itis the tax charged on all taxable incomes during the year from /st July to
next30th June.

Unit-6 = EXPONENTS AND LOGARITHMS
Rational Number. Anumber of the form £ .4 # 0, p,q e Iiscalled arational number.
q

Irrational Number: Anumberofform \E, \E b \E ,m..are called irrational numbers.
MCI.I.I If Ya isirrational, where*a” isrational number, then ¥z is called aradical.

Rulluuds The symbol 2/~ is called radicands .

‘.Bm and Exponent: For any real number “a” and a positive integer “n” we define

= 1500 | s S a =axaxax.,....xa (ntimes). Here “a"iscalled the basecand “n " the exponent.
ure Radical: A radical wlnchhasmuty (one) only as rational factor, the other factor being
I | tional is called a pure radical.

eal:A radical which has a rational factor other than unity, the other factor being

e ——

The loganthm of a number consists of two parts, the
th&chnmmstic aud the decimal part i is called the

mmmml"
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Unit-7  ARITHMETIC AND GEOMETRIC SEQUENCES

Sequence: A sequence is a function whose domain D is a set of positive integers.

Arithmetic Sequence: A sequence in which each term is obtained from the previous term
by adding a fixed number is called an arithmetic sequence.

Arithmetic Mean: A number “4 " is said to be an arithmetic mean between the two
numbers « and b if a,4,b is arithmetic sequence.

Geometric Sequence: A sequence in which each term is obtained from the previous term
by multiplying with a common ratio is called a geometric sequence.

Geometric Mean: A number “G” is said to be a geometric mean between the two
numbers a and b if q,G, b is a geometric sequence,

Unit-8 SETS AND FUNCTIONS

Set: A collection of well defined distinct objects is called a set.

Ni=if]-2:3 o } is called set of natural numbers.
M ={01223,......} is called set of whole numbers.

= {oe.=1.0, ! 7 3 ....J is called set of integers.
0= I’P/q ,q#0,p,q€ 1;‘ is called set of rational numbers.

Q' = A set of irrational numbers.

R = QUQ’ = A set of real numbers. _
Universal Set: Ifthere are some sets under consideration there happens to bea set, which
is a super set of each one of the given sets, such a set is called the universal set

denoted by U.
Complement of a Set: Let 4 be a sub-set of a universal set U. Then complement of 4

is denoted by A'or U-A is the set of all those element o:*{” which are not in 4.
Binary Relation: Let 4 and B any two sets, then any sub-set the cartssian product
A x B is called a binary relation from 4 to B.
Function: Any binary relation 7’ between two non-empty sets 4 and B such that:
() Dom f=A
(ii) First element in any two of the ordcred pairs of fare not repeated, then fis
called a function from 4 to B.

Unit-9  LINEAR GRAPHS

Plane: The walls of a class room, the black board, the top of the desk and the top of

the table are all examples of a plane.
Cartesian Plane: A Cartesian plane consists oftwo numberlmes OXand OYmte.mcﬂ;,g _

atrightangleat “0”.
Ordinate: The perpendicular distance of a point from X-axis is called an ordlnate.
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Unit-10  BASIC STATISTICS

Histogram: When a bar chart is construed, so that the area of each bar is proportional to
the number ofitems in each group is called a histogram.

Cumulative Frequency: Cumulative frequency is running total of class frequency.

Cumulative Frequency Polygon or (ogive): When the cumulative frequencies are
plotted against the end point of their respective class intervals are joined together,
the resultant graph is called a cumulative frequency polygon or ogive.

Measures of Central Tendency: These are summary statistics which measure the
middle (or center) of the data.

Mean: To obtain the mean of a ungrouped data, all numbers in the set are added
together and then the total is divided by the number of scores in that set,

Median: The middle value of data arranged in numerical order is called median,
Mode: The mode is the score which occurs most often in a set of data.
Arithmetic Mean: It is defined as the value obtained by dividing the sum of the values
by their numbers. Thus the mean value of x,,x,,........ X, denoted by x is :
o X5 X 5 estiesenr Xy
n
Properties of arithmetic mean or mean: (i) The sum of deviations of values from
their mean is zero. Symbolically: ¥(x, —x) =0 or ¥ fi(x. —x) =0

(i) x=Z
xn
_1 (iii) T(x, —a)’ is a minimum ifand only if a = k.
: SYMBOLS
# [ Symbol Stands for Symbol Stands for

< is less than because / as
> is greater than therefore / so
< is less than or equal to : ratio
2 is greater than or equal to 3 is proportional to
= is equal to ® varies
# is not equal to = tally mark

i 74 is not less than > summation

i X is not greater than AB line segment 4B

; € belong_i to/ element A_? ray AB

1 v for all 4B line
I . A square root Z angle
- [T B | absolute value of x A triangle
~ = | implies that ~ is similar to
< | ifandonlyif = is congruent to
7 ~ is appmximal.cly equal to
| is parallel to
4B arc AB
I universal sett
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A
Antecedent and consequent
Application of logarithm
Arithmetic mean
Arithmetic sequence (progression)
Associative laws forunionand

Intersection by ven diagram
Assoclative law
ATM

B
Bank draft

Base exponent and value
Blll of exchange

Binary relation

Buslness partnership

C

Cartesian plane and linear graphs
Cheque

Choaosing an appropriate scale to draw a
graph

Characteristic and mantissa of a

log of a number

Commercial banking

Common logarithm

Commutative law

Commutative laws for union and
intersection of sets by venn diagram
Complement of a set

Compound proportion

Concept of antl-log

Converting a percentage to a fraction
Expressing it as a fraction with
denominator 100

Converslon graph as a linear graph
Conversion graphs

Convert a fraction to percentage by
multiplying it with 100%
Convert a percentage to a decimal and
decimal to a percentage

10

163
183
179

208
203
71

69
141
69
210
69

228

154

154
202

D
De morgan’s laws
Debit card / ATM card
Degreess celslus and degrees fahrenheit
Direct tax
Discount
Domailn and range of a function through
graph
Down payment
Draw a graph from a given table

E
Electricity
Estimate median, quartile and mode
graphically, graphic location of median
Exchange of currencies
Excise duty
Extremes and means

F

Financial lease

Finite sequence

Fixed / time deposit account

Find the log of a number _
Find the mantissa of a number
Forelgn currency (FC) accounts
Frequency polygon = sl
Frequency table

Function

207
70

116

235
101

121

71
117
17
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H N
Harmenlc mean 274 Negotiable instruments : 68
Harmonic mean for grouped 218 Nisab 30
'Histogram with equal class intervals 254
054 (0]
= ' On line banking 70
= 9 - I One-one and onto function
= ; sdaﬁlﬂytng origin (O) and co-ordinate (bljective function) 216
f 'Axis In rectangular plane 224 Onto function (surjective function) 214
‘Income after deductions 128 Operation on sets 197
‘Income tax . : 118 Operational lease 100
Indirect tax 116 Operations on sets recalling the sets 196
Infinite sequence 177 Ordered pair 222
Inheritance 33
Insurance w87
Intsmdlonofsols 199 Pair of real numbers als) an ordered pair 222
Sy g 3 o + P
\ :ﬂh?ﬂd(f—f) function (ifective/function) Z:Z Pakistani currency and another currency 244
| ncon. 5 A Parties of bill of cheque 69
1 '!"@"%’ Propartion, - 18 Parties of bill of exchange 69
By Pay order 69
Percentage 2
_L . Percentage as a fraction with

146 denominator /00 2
ein 146 Personal income 125
ents and their applications 141 Personal income of a worker
sfindices 141 (who is paid on daily basis) 125
1__.6.2 g Plot the pair of points to obtain
142 The graph of a glven expression 227
101 PLS saving account 67
88 Processing charges 101
Profit (SP > CP) 42

Profit among the partners 59
Profit and loss 42
Profitimarkup (Interest) > %70
Properties of arithmetic mean 276
Properties of Intersection sets 203
Properties of union sets 202
Property tax 118
Proportion 17

>roportion (direct and Inverse) 18
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R

Radical form and exponential form
of an expression '

Radicals and radicands

Rate of zakat

Ratio

Ratio as a relation

Ratlo has no units

Ratio of shares among legal Inheritors
of a property

Ratio when a number is increased or
decreased

Read a given graph to know one quantity
Corresponding to another

Read the graph for conversion of

the form miles and kilometers
Rectangular or cartesian plane
Relations regarding discount
Repayment in monthly installments

Sale tax

Saving account
Scientific notation
Sequence (progression)
Set

Set of even numbers
Set of Integers

Set of odd numbers
Sel of prime numbers
Stl of rational numbers
Set whole numbers
Set natural numbers

135
134
31

10
33
11
238

241
223

101

116
66

149
176
196
197
197
187
197
187
196
196

285

U
Union and intersection of sals
Unlon of sets :
Universal set
Usher
Utility Bills

vV
Variance
Vehicle insurance or property insurance
Venn Diagram

w

Weighted mean and moving average

Z

- Zakat has two meanings in arabic

Y K._L v LIS
‘.. -

PO

204
197
199
a2

121

285
92
204

276

30

e
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LOGARITHMS
0/1|2|3|4|/5|/6|7(8(9/123|456|789
0000|0043|0086/0128(0170

10 0212|0253]0294/0334|0374| 3 g 13 :}E% gﬁ gg 3‘;22
11 |0414[0453(0492(0531(0569 4 8 12 (1519 23 |27 3135
0607)0645/0682/0719|0755( 4 7 11[1519 22 (26 30 33
12 [0792{0828(0864|0899(0934 3 7 11[1418 21 (25 28 32
. 0969|1004/1038/1072/1106| 3 7 10 [1417 20 |24 27 31
13 [1139[1173[1206[1238[1271 3 7 10 (1316 20 (23 26 30
< “921523155315“1303 1335/1367/1399(1430| 3 7 10 (1316 19 |22 25 29
14 1614|1644/1673170301732) 3 8 8 |1315 15 | 22 29 20
15 |1761(1780(1818[1847[1875 36 91114 16 |20 23 26
1903/1931/1959/1987(2014| 3 6 8 |1114 17 |19 22 25
16 |2041/2088/2095(2122[2148 35 8[1114 17 |19 22 24
2175|2201|2227|2253|2279) 3 5 81013 16 |18 21 23
- 17 2304/|2330|2355/2380(2405 35 8(1013 15 [18 20 23
| 243012455|2480/2504/2529| 2 5 7 |1012 15 |17 20 22
18 [2553(2577(2601(2625[2648] 25 7912 14 (16 19 21
L 2672|2695|2718|12742|2765| 2 5 7|9 11 14 |16 18 21
19 |2788|2810/2833(2856(2878 24 7(9 11 13[16 18 20
2800(2923|2945|2967(2982| 2 4 6|8 11 13 15 17 19
20 1301013032/3054/3075(3096(3118(3135(3160(3181/3201 2 4 6 |8 1413 151719
21 322232433263 3284/3304/3324/33453365/3385!3404 2 4 6 |8 40 12 14 1618
22 3424/3444!3464/3483/3502(3522 3541 3560 3579 2 538 2 4 68101214 1517
23 1361713636/3655/3674 3692 371113722 3747376613735 2 4 6 | 7 © 14 {13 1517
24 13802|3820) 3838 3856 3874 389213209 3927139453962 2 4 5 |7 9 11 12 14 16
25 (397913997|4014|4031/4048/4065(4082 4099(4116(4133 > 3 5/7 9 10 (121415
26 14150 4183/420014216/423214249 4265(4281/4298/ 2 3 5 |7 8 10 |11 1315
27 437814393/440914425/4440(4456| 2 3 5 (6 8 9 |11 13 14
28 4533145484564 4579/|4594/4609| 2 3 5 (6 8 9 |11 12 14
29 4683/4698(471314728|4742(4757| 1 3 4 |6 7 9 |10 12 13
gg :ggg gggggsno13 416 79 (101113
03813 4|6 7 8 [10 1112
5051(5065/5079/5092|5105 5159/5172/ 1 3 4 (5 7 8 |9 1112
5185/5198(5211|5224/5237 9289(5302/ 1 3 4 |5 6 8 (9 10 12
5315/5328/5340|5353/5366 9416/5428/ 1 3 4|5 6 8 (9 10 11
544154535465/ 5478(5490 5539/555111 2 4 |5 6 7 |9 10 11
5563|5575|5587|55995611 5658/5670/ 1 2 4 |5 6 7 |8 10 11
5682|5694/5705(5717|5729 5775|5786/ 1 2 3|56 7 (8 910
5798(5809|5821|5832(5843 5888|5899/ 1 2 3|56 7 (8 910
5911|5922 (5933|5944,5955(5966(59775988|5999(6010| 1 2 3 (4 57 |8 910
6021|6031/6042|6053/6064/6075/60856096/6107|6117| 1 2 3|4 56 |8 910
6128/61386149/6160(6170(6180(6191/6201/6212[6222| 1 2 3 |4 56 |7 8 9
6232(6243|6253|6263(6274/6284(6294 6304/6314/6325| 1 2 3 |4 56 |7 8 9
43 |6335|6345(635563656375/6385/6395(6405(6415/6425) 1 2 3 |4 56 |7 8 9
. - ' 6474/6484/6493(6503(6513(6522| 1 2 3 |4 56 |7 8 9
= 45 |6532(6542]6551/6561|6571/6580(6590(6599(6609(6618) 1 2 3 |4 52 ; g 2
= 6628(6637|6646|6656/6665(6675 6702671211 2 312 2 2 | 0 2 2
= | 6721/6730/6739/6749/67586767| E794,0809 302y Sl Bl 20 0 | g 2 o
=1 821:6830/6839/684816857 5866 5875 6224 6893 1 2 ;j-,; 45 16 7 8
56911J6920 6928/6937/6946/6955 6964/6972:6981 1 2 3 12 2 2 = 7 2

28 inr 3ale-PESRR

=
=
e
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LOGARITHMS
0[1]2][3]4]5]6]7[8]9

-
N
N

50 |6990|6998|7007|7016|70247033|7042|7050{7059( 7067
51 |7076|7084/7093(7101|7110|7118|7126|7135|7143(7152
52 |7160|7168|7177|7185|7193|7202(7210|7218|7226| 7235
53 |7243|7251|7259|7267|7275|7284|7292|7300| 7308|7316
54 |7324/|7332|7340|7348|7356|7364|7372|7380| 7388|7396
55 (7404|7412|7419|7427|7435| 7443|7451/ 7459| 7466|7474
56 | 7482(7490|7497(7505(7513|7520|7528|7536| 7543|7551
57 |7559|7566|7574 7582 7589|7597(7604(7612| 76197627
58 |7634|76427649|7657 | 7664|7672/ 7679|7686/ 7694, 7701
59 |7709(7716|7723|7731|7738|7745|7752|7760| 7767|7774
60 | 7782(7789|7796/|7803|7810(7818|7825|7832| 7839|7846
61 [7853(7860|7868|7875|7882|7889(7896|7903| 7910|7917
62 |7924|7931|7938|7945|7952| 7959(7966|7973| 7980|7987
3 |7993(8000/8007 8014180218028 8035, 8041 %\ 488055
64 |8062|8069 8075|8082|8089|8096|8102/8109|8116(8122
65 |8129(8136|8142|8149|8156/8162/8169/8176/8182/8189
66 {8195|8202!8209/8215|8222/82288235/ 8241/ 8248|8254
67 |82618267/3274,3280! 8287 8293|8299 8306/ 83121631
68 |8325|8331|8338|8344|8351|8357|8363|8370/ 8376|8382
_ 69 |18388/8395/8401/8407 8414|8420/ 8426|8432 8439| 8445|
_70.18451|8457|8463|8470|8476|8482| 848884948500/ 8506
71 (8513(8519|8525|8531(8537|8543|8549|8555| 8561|8567
72 |8573|8579|8585/8591|8597|8603| 8609|8615/ 8621| 8627
73 |8633|8639(8645|8651|8657|8663(8669|8675| 8681|8686
74 (8692|8698|8704|8710|8716(8722|8727|8733|8738| 8745
75 |8751|8756|8762|8768|8774(8779|8785| 8791/ 8797|8802
76 |8808(8814|8820|8825|8831(8837(8842/ 8848 8854|8859
77 (8865|8871|8876|08882|8887(8893(8899/8904,8910/8915
78 (8921|8927|8932|8938|8943(8949|89548960|8965| 8971
_79 |8976|8982|8987 8993 (8998(9004/9009/9015/9020/9025
80 |9031/9036|9042|9047|9053|9058(9063|9069|9074(8079
81 [9085/9090(9096/9101|9106/9112|9117(9122/9128|9133
82 (9138(9143(9149(9154/9159|9165|9170(9175/9180,9186
83 |19191/9196/9201|9206|9212|9217(9222|9227|9232(9238
84 19243/9248|9253|9258|9263|9269(9274|9279|9284/9289
__85 (9204(9299(9304(9309|9315|9320(9325/9330,9335|9340
86 |9345|9350/9355(9360{9365|9370/9375/9380/9385|9390
87 19395/9400(9405(9410(9415/9420|9425(9430/9435| 9440
88 |19445/9450(9455(9460|9465/9469|9474(9479| 9484|9489
_89 19494/9499/9504(9509|9513|9518|9523|9528/9533| 9538
90 19542|9547|9552/9557 9562|9566/ 95719576 9581/ 9586
91 |9590(9595|9600|9605(9609|9614|9619|9624(9628| 9633
92 |9638|9643|9647(9652|9657| 96619666/ 9571/9675/9680
93 |9685/9689|9694 9699|9603 9708|9713|97 1797229727
94 |9731|9736|9741|9745|9750/9754/9759|9763/9768|9773
95 19777/978219786/9791|9795/9800/9805/9809/9814/9818
9823|9827/9832|9836|9841/9845|9850/ 985498599863
97 (9868|9872|9877(9881(9886|29890/9894/9899/9903|9908
98 1991219917|9921(9926|9930/9934|9939|9943/9948| 9952
99 |9956|9961|9965(9969(9974/9978|9983|9987| 9991|9996
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= ANTI LOGARITHMS

| 0/1/2[3]afs 8|9

00 |10001100211005[1007{1009/1012] 11 611019/1021]
-01 [1023|1026 (1027 | 1030 1033{ 1035 1042
.02 11047{1050 (1052 10 105710%3 1067

-
(8

NNRONRBNNNNNN G o O

2
0

.03 (1072|1074 (1076 | 1079 1081 10 1091
.04 {1096 (10991102 | 1104|1107| 11 117
05 1122 1125 {127 1130|1132 | 113511381140 1143 | 1146
.06 (1148 1151 1153 [1156{1159 | 1161 1169

.07 1117511178 1180 |1183(1186 1189,1191/1194 1197

.08 12021205 | 1208 1211 1213(1216|1219|1222(1225
-09 [123011235| 1236 1239 1242 1245 1247|1250/ 1253

10 1125911262 | 1265 1268 791282/ 1285|
.11 1288 1291 | 1294 1297|1300| 1303|1306|1309(1312]1315
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A2 [1318[1321| 1324 1327 1330 1337|1340| 1343|1346
A3 [1349 1352 1355 1358 1361 1371(1374{1377
14 11380(1384 1387 1390 139 1403 1406| 1409|
15 11 jﬂiﬁ!iﬁ-='wdﬁ2 1439/1442|
A6 (14451449 | 1452 1455 1459 1462 146 1472|1476
A7 1479 (1483 | 1486 1489 1493 1496 15031503 15071510
A8 151411517 | 1521| 1524, 1528 1531 15351533 1542|1545
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21 116221626 | 1629 16331637/ 16411 1656
.22 (16601663 | 16671671 16751679 1
23 (1698/1702| 1706 1710 1714|1718/ 17
24 1738 1742 | 1746 1750/ 1754 1758 1762
25 1778|1782 1786 17911795 1799180 7118117
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18621866 | 1871| 1875 1879 1884 1
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319 e
_0_1234567189123456789
~50 [3162/3170|3177|3184|31923199|3206(3214/3221/3228| 1 1 2 |3 4 4 567
| B 3230 3543130513258/ 3266|3273| 3281/3289(3296/3304) 1 2 2 (3 4 5 |5 6 7 ]
| '52 |3311|3319|3327|3334|3342(3350|3357(33653373(3381| 1 2 2 (3 4 5 |5 6 7
| ‘53 |3388|3396|3404|3412|3420|3428|3436(3443/34513459 | 1 2 2 (3 4 5 | 6 6 7
_: %@7 3475|3483|3491|3499|3508| 3516/3524(3532(3540| 1 2 2 |3 4 5 | 6 6
| ..-_5_6_3545_ 3556|3565|3573|3581/3589/3597|3606(3614(3622| 1 2 2 (3 4 5 | 6 2L
| B 3631/3639|3648 3656 3664|3673 3681/3690/3698/3707/ 1 2 3 |3 4 Sah
| o 3715/3724/3733/3741 3750 3758 37673776 37843793 1 2 3 |3 4 2 LR
E e el i 1 B s
. 908|3917|3926(3936| 3945(3954 3963|39
.60 [3981|3990|3999(4009|4018|4027|4036|404¢ S97215 1.2 3414554 601464780
61 14074]4083(4003] 4102 4111 14151 [4130 4140 4100 a2 543 6 16 7 8
ol ot aned M02i411114121)4130/4140/4150 4150 192,31 |14 5 (6 a7 83 &
63 |4266|4276|4285|4295|4305|4 st 44234545 A2SYRN 20894 4 599 5
64 (4365|4375|4385| 4305, 4406|4416 4430|4436 dadelascs| | 2 S|4 S © 8
165 |4467|4477|4487|4498|4508|4 16/4426/4436/4446(4457| 1 2 3 |4 5 6 Lo
5 |4467| 47744814498/ 45084519/ 579/459/4550/4560| 1 2 3 (4 5 6 | 789
.67 14677|4688!4699!4710/4721 Jo241463414045/4656 4667 123456 ey
.68 |4786(4797|4808|48194831, 732|4742/4753 4764|4775/ 1 2 3 (4 5 O [l 10
-69 14898|4909|4920|4932 4943 4342 48534864 4875,4887 1 2 3 |4 6 7 |8 910
.70 5012|5023/5035|5047,5058 S 4977!'4%9 S000|° 1828381546 7 |8 910
74 [5129]5140]5152| 316451 T o108 | steclorateaotolIZ) 1 2 4 15 6 L B
73 |S32315140/5152) 516415176 5188) 5200/ 521215224 5236 i e
| ey 22723284 54275309 5321|5333/5346/5358| 1 2 4 |5 6 s
.74 |5495|5508(5521 553455425433 545854705483 1 3 4 |5 6 & | 9 1011
-75 |5623|56365649| 5662|567 Salool23583/5590,56101 1 3.4 |5 6 38 2 1012
.76 |5754|5768/5781|5794 ssog 5680/5702/5715/5728/5741| 1 3 4 |3 7 8 | 9 1912
.77 |5888/5902/5916/5929 5943 gg? 5834/58485861|5875| 1 3 4 |5 7 bR
| 15957/ 5970|5984 59 g1 9.a112
.;g ggzs 60396053|6067| 6081|6095/ 6109|6124 3130|0152 1 Jodal SLe Spa0d112
79 16166/618016194 6209|6223/ 6237 6201|ezos| 125 % s voatlf0 i
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