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/Circular and Rotational Motion

After shudying this chapter, the students will be able to:

&
4

e & & ¢

&

PR

Express anglas inradians

Dehing and calculaie angular displacement, angukar velocity and angular aamluatmn [Thiz invohgs
useof S=rb, v=r@,@=21 #Ta=rc and 8=v7/" lor 33l WWG]
Usaaquations of angular motion to salve problems invilving rata;lmnahnmmns

Discuss qualiatively molion ina curved path dusto a perpencllm.il,arforce

Define and calculatecentripalal forca [Use 5 = v’y E_r: =~:.mrz,-’r]

Analyza shuatione Invohing clicular matlon n tem"u-s qﬂiantrlpahl forca [B.g. slluations In which
centripetal ecceleration is caused by 8 tensm fnme a frictional force, a grevitationsl force, or B
normal farca.] ‘ e

Defineand calculats averags orbital spmq fd’raaatslllhe. [from the equaton = 2mry Twhera rigthe
average radlus eftheorbltand T k& manrﬁtpaﬂod' apply s equation to sohie numerlcal problams]
Explainwhy the objadslnnrbmng aatallnasappeartobamrghuaes

Describs how ariflzlal g'e\'lt?jsmatedto counterwelghtlessneas.

Defteand calulatammﬂer@’oﬂnarﬂa of a bodyand angular momenibum.

Derive and apply the ndulldn betwesn orgue, moment of inerlia and angular aucelemtion. [llustrate

tha applications ﬁfwnservatlon of angular momentuim in rea Ife. [such as by fnwheals to slore
miatuonalanhgy,mgymsmpas innavigation syzlems, by ice skatars by adpst thelr angular velociby]

Descnt:e I’npwa centrifuge is used b separabe maternizls using centripetal force

Amung a2l possible motions of the malaral bodies, the circular motion is one that

Lappesrs to be working in the most of the natural world. Satellites moving in circular

orhits around the Earth, orbital and spin motion of the Earth itself, a carturning around a
curved road, and & stone whired arcund by a string are the familiar examples. YWhen
cbjects move in circular paths, thair direction is continuously changing. Singe velocity is
a vactor quantity, this change of direction means that their velocities are not constant.

In this chapter, we will study, circular motion, rotational molicn, moment of inertia,
angularmomantum andg the relatod toplcs.
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3.1 ANGLULAR MEASUREMENTS

Consider an angle subtended a2l the centre 0¥ of a circle by an arc
‘AB' asshownin Fig. 3.1. fithe length ofthe arc 'AB' is egual to the
radius ' of the circle, then the angle is called one radian. Itis the S1
unitofangular measurement and its symbaol ia ‘rad”.

Flg. 21

Angular Displacement

Consider the motion of a single parlicle P of mass m in a circular path of radius r.
Suppose this motion is taking place by attaching the particle P at the end of amassiess
rigicd rod of length r whese other end is pivoted at the centre O of the gircular path, as
shown in Fig. 3.2 (a). As the particle is maving on the drcular path, the rod OP rotates in
the plane of the circle. The axis of rotation passes through the pivet O and is nomal to
the plane of rotation. Gonsider a systemn of axes as shown in Fig. 3.2 (b). The z-axis is
taken alang the axis of rotation with the pivot O as crigin of coardinates. Axes xand y are
taken in the plane of rotation. While OF is rotating, supposeat any instant £, its position is
OP41, making angle & with x-axis. Al a later time f + Af, letits position be OPz making angle
B+ AB with x-axds (Fig. 3.2-C). ¥
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Flg. 3.2(a) ; * Fly. 3.2{b) Flg. 3.2ic}
Angle Af defines the angular displacement of OP during the time interval At. For

very small values of AB, the angular displacement is a veatar quantity.

The angular displacement A is assignad a positiva sign whan tha
sense of rotation of P is counter clock wise.

The direction associated with A@ is along the axis of rotation and is
given byright hand rule as shown in Fig 2.2 {d} which states that;

Grasp the axis of rotation in right hand with
fingers curling in the direction of rotation; the
thumb paoints in the direction of angular
displacament.

Flg. 3.2{d}
Threa unites are genarally used to exprese angular displacemant, namsly degrees,
revolution and radian. Consider an arc of length 5 of a circle of radius r (Fig. 3.3) which
subtends ah angle 8 atthe centre oftha circle. Its value inradians (rad) is given as:
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p-3

r

or S=rf (wherefisinradian} ... ([3.1)

If P Is rotating, the point P covers a distance 5 = 2 =r In one
revolution of P. In radlan, ik would be:

§ - E_W— Z2r
r r Fig. 22
S0 1 revoluton = 2 rrad = 360°
-]
or 1 rad - 30 _ g7 90
b

Angular Velocity

Very often, we are interested in knowing how fast or how slow. a body is rotating. It is
delermined by its angular velocity defined as the rate at which the angular displacement
i3 changing with fime. Referring to Fig. 3.2(c), if AS is.the angular displacement during
tha time intarval At, the averags angular velogity @, during this interval is given by

=48
At

The instantaneous angular velogity o is this limit of the ratic ADIAL as At, approaches to
Zarm.

ay=22 L) 32)

Thus o= Lim 48

N {3.3)

In the limitwhen A? approaches zero, the angular displace ment would be infinitesimally
small. So, it would be a vector quantity and the angular velocity as defined by Eq. 3.3
would also be a vactar. It3 direction is alang the axis of rotation and is given by right hand
rule as described earlier.

Angulzar velocity s measured in radians per second which is the Sl unit.
Sommtimas itis alsa given in terms of revolution per minuts (rpm).

Angular acceleration

When we switch on an electric fan, we notice that its angular velocity goes on increasing
till it becomes uniform. We say that it has an angular acceleration. We define angular
accaloration as the rate of change of angular valodty. If @, and «, ara the values of
instantaneous velocity of a rotating body at instants {, and L , the average angular
acoeleration during the interval f—f, is given by

S - Ae
e r o 3.4
Y’ B4
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Tha instantanscus angular acceleration is tha limit of the ratio 3—‘? as Al appraaches
zero, Therefore, instantaneous angular acceleration o 15 given by

@ = Lim A (3.5}

Pl 1) "‘—i‘t
The angular aceeleration is also a vector quantity whose magnitude is given by En. 3.5
and itz dirsction is along the axis of ratation. Angular acceleration is expressedinrads .

Till now we have been considering the motion of a particle P on a circular path. The point
P was fixed at the end of a rotating massless rigid rod. Now consider the rotation of a
rigid bedy as shown in Fig. 3.4. Imagine a point P en the rigid body. Line-OF is the
perpendicular dropped from P on the axia of rotation usually
rafamad as the raferance [Ina. As thae body rotates, lins GF also
rctates with the same angular velacity and angular acceleration.
Thus, the rotetion of B rigid body can be deseribed by the
rotation of the raference line OP and all the terms that we
defined with the help of retating line OP are alse valid for-the
retational moton of a rigid body. Hanceforth, whila daaling with
rotation of & fgld body, we will replace it by Its reference line OF

Relation between Angular and LinearVelocities
Consider a rigid body rotating about z-axis ‘with an angular e ]

a]
velocily wm as shownin Fig. 3.5 {a).
Imagine & peint P in the rigid kody al a perpendicular distance r k
from the axis of rotation. OP represents the reference line of the Fz'ﬂ- 2.5(a)
rigid body. As the body rolates, the point P moves along a circle
of ragdius r with a linear velocily v whereas the ling OP rotates I’"

with angular valocity @ a3 shown in Fig. 3.5 (b). We ara
interested in finding.out the relation between w and v. As the
axis of rotation is fixed, so the direction of w always remains the
same and m can be manipulated as a scalar. As regards the
linear velocity .af the poinl P, let us consider only its P e
magnitude ohly which can also be treated as a scalar. X Fig. 3.5(b)
P.P,=AS . For your information
Suppose during the course of ite motion, the
paint P movas through a distance PP, =AS
in & time interval At during which referenca
line OP covers an angular displacemant
A} radian. Sp, AZ and AD are related by

Eq. 3.1as: s
AS= rAD Aethewhasel umathroughanangle s,
i Itlsye out B1angential distanca S=r6 .
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Dividing both sidas by At Poirt do pander

AS_ 50 R V'

At Al

In the limit when linear Af— 0 the ratic ASfAL represents v,
tha magnitude of the linsar velacity with which point P is
maving on the circumference of the circle. Similardy AG/AL
represents the angular velocity m of the reference line OP.

You may feel scared at the top
of rollar coaster rids in the

So0,Eq. 3.8 bacomes: amusamanl parke- but you
= never [l down eyen when you
V=1 (3.7) aro upsida dowrT. Why?

From Flg. 3.5(b), It can be seen that the polnt P Is meving along the arc PiPz. Inthe lmit
when As — £, the length of arc P1Pz becemes very small and its direction represents the
direction of tangant to the circle at point Pa. Thus, the velodity with which point P is
maving on the clrcumference of the clrcle has a magnitude v and It direction Is always
along the tangent o the circle at that point. That is why. the linear velocity of the point P is
also known astangantial velocity.

Similarly. Eq. 3.7 shows that if the reference line OP is rotating with an angular
acceleration ¢, the point P will alsp have a linear or tangential aceeleration 3, Using
Eq. 3.7 it can ba shown that the two accelerations are related by

HET i (3.8)

Eqs. 2.7 and 3.8 show that on a ratating body, points that are at different distances from
the axis do not have the same spead or accelaration, but all points on a rMgid body
rotating about a fixed axis da have the same angular displacement, angular speed and
angular acceleration at any instant. Thus, by the use of angular variables, we can
dascribe the motion of the antire body ina simpla way.

Equations of Angular Motion

The equations (3.2, 3.3, 3.4 and 3.5} of angular motion are exacly analogous to those
in lingar ‘motion if 0, @ and  be replaced by S, v and &, respactively. As the other
equations of linear motion were obtained by algebraic manipulation of these equations,
it follows that analogous equations will alsc apply to angular motion. Given below are
angularequationa togetharwith theirlinear counterparts.

Linear Equations Angular Equations
ve=Vv; +at W= b L. (39
2as= v’ - v* 2e6=wf —wf ... (310}

S=wt+%afz u=m,-:+12af2.......... {311
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The angular equations 3.9 to 3.11 hold rua only in tha case when the axis of rotation is
fixed, so that all the angular vectors have the same direction. Hence, they can be

manipulated as scalars.

Example 1.1 An electric: fan rotating at 3 rev 3™ is switchad off. It comes to rast in
19.0 5. Assuming decelerslicn to be uniferm, find ita walue. How many revelutions did il
tum before coming to rest?

Sziutien| | In thig problem, we have .};.' Be gon ol .fé}.

m=30rev g, ™=0 {=180s and w=7 , 8=7 i'-"'(" T
From Eg. 3.9, we have / \u
o Dr—@ _[0-30)revs™ _ = I .
; T Q16T revs | 3
and from Eq 3.1, we have \ f,-' \
4 -
{.":mr_r_'_lafz \ ’2‘: F
=30 revs'X18.0's + 1{0.167 rev 9% (18.0 5)° Dlrection of motion changes
2 cantinuouslyineirculzrmotion.

= 27 rawv

3.2 CENTRIPETAL FORCE

Newton's second law of mation states that whenaforce acts &8
on a body, it produces acceleration in the same direction. & %
force acting on a moving body. along the direcion of its
velocity will change magnitude aof the velocity (speed)
keaping the direction unchanged. On the other hand, a
constant force acting perpendicular to the velocity of a body
maving in a circular. path will change the direction but
magnitude of velcelty (epeed) will remaln the gams. Such - 5
force makes the body move in a circle by producing a radial

{or cantripetal) accelaration and is called centripatal forea 4
(Centre seeking) force. Figure 3.6(a) shows a ball tied at the 4
end of a string is whirled in a horizontal surface. kwould not

continua in a circular path if the string is snapped. Caraful % A
observation shows at once that if the string snaps, when the

ball is at the point A, in Fig. 3.8 {b), the bal will follow the Fig. 3.6}
straight line path AB whichiz tangent AE at point A.

Thus, a farce is needed © change the direction of velocity or mation of a body
continuously at each point in circular moticen moving with uniform speed. The force that
does naot alter speed but only direction at each point is a perpendicular force which acts
alond tha radius of the clrcular path. This forge always pulls the obhjact towards the centra

Fig. 3.4{a)
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of the circular path. Its direction is perpendicular ta the tangential velosity at each point,

Theforce neaded to bend the stralght path of the particle
into & circular pathis called the centripetal force.

For a body of mass m moving with velocity vin a circular path of redius r, centripetal forca
F,is given by
2

E —ma, ='”T" .......... (3.12}
where a=v¥r istha centripetal acceleration and its direction is towsarnds the centreof the
circla. As v = ra, 80 the above equation hecomaes:

F =M@ e {3.13)

Exampis 3.2 If a CD spins at 210 rpm, what is the

radizl acceleration of a peint en the outer rim of the CD?
The CDIs 12 am indiameter,

(Soicton We convert 210 rpm into a frequency.in

revolutions persecond (Hz).
Th 35 rev 1 min _ g rev _
us =210 = e a0 s 3.5 5 A5 Hz

Foreach revolution. the ©D rotates through anangle of 2n
radians. The angularvelocity is:

w=2nf=2urad x 358" =70 rad s’
The radial accelerationis:
a=w'r={7.0nradg'y«006m = 20ms”
Exampls 3.2 || A hall ied to the end of a siring, is swung ina
vartlcal drcle of radlugrunder the actlon of gravity as shown cunsed fight at high spesd

in Fig. 3.7. What will be the tension in the siring when the ball requires a |arge cantripsial

" i ; . . . force that makes the stunt
is at the point AoFthe path and s spead is v at this point? dangerous sven If the air

Selurion N Farthe ball to travel in a circle, the force acting planes srencteo cose.
on the ball must provide the required centripetal force. In this
casa, at point A, two forces act on the ball, the pull of tha
string and the weight wofthe ball. These forces actalong the
radius at A, and so their vector sum must fumish the required
canfripatal force. We, tharefore, hava

2
T+w =% as w=mg thersfore,

2 2
S L
T“T mg_m[r g]

Flg. 37
If T""z =g, then T will be zero and the centripetal ferce is just equal to the weight
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Examples of centripetal force

In every circular or crbital motion, centripetal force is needed which is provided by some

agency.

1. When a ball is whirled ina horizental cirde with the halp of & string, then tension inthe
string provides necessary centripetalforce.

2. Foran objsct placed on a tumtable, the friction is tha cantripatal forca.

3. Tha gravitational force is the cause of tha Earth orhiting around the Sun, Moon and
rtificial satellite bvi dthe Earlh.
darincal 5a8 es reyoving aroun B Ea - [ 'a"%?‘a‘w__ :-

4. Anomnal or parpendicular magnetic force compesls a

charge particle moving along a straight path into a |
circular path. |

5. ¥hen a2 vehicle tskes turn on & road, it slse needs |
sentripetal foree which is provided by the friction &

H H Banked Iracks are needed for

betweaan !hs tyres and tha_m:ad. I[f the road is shpp:ery, S e b o Bk
then at high speed, the friction may not be sufficient hat fricion alons cannot provida

enough to provided necessary centripetal force, enargy forcantrinstal force.

Hencea, vehicle will not be able to take turn and may skid or may even be toppled. To
overcome this difficully, the highway road is banked ontums. That is, the cuter edge
ofthe rack|s kaptslightly higher than that of the Inner adga.

Applications of Centripetal Force

We know that an object moves in a circle hecause of centripetsl
farca. If the magnituda of appllad forca falls short of raquired
cantripstal fores then the object willmove away from the cantre
of the circle. The centrifuge {Fig. 3 8-a) lunctions on this basic
principle.

Centrifuge: It is one of the most useful

labaratory device. It helps to separale out

denser and llghter particles from 2 mbdurs. Tha

mixture is rotated at high speed for a specific 7
tima. In & laboratory setup, sample tubes are ( ]]
used where the denser particles will setde at
the betton and lighter particles will rise to the
top ofthe sample tubes {Fig. 3.8-k).

The dryer of the washing machine also functions on the
principle of centrifuge. The dryer cansists of a long cylinder with
hundreds of small holes on its wall. Wet clothes are piled up in
this cylinder, which is then rotated rapidly about its axis. Water
maves outward to the walls of the cylinder and thus, drained aul
through the heles. In this way, clothes become dry quickdy.

Flg. 36(} =
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Cream s paratoris another practics| device which is usad to asparste I |
cream form the milk In this maching, milk is whided rapidly. Since milk
iz a mixture of light and heavy particles, when it is rotated, the light
particles gather near the axis of rotaticn wherees the heavy particlea ~ ==
will go outwards and hence, cream can aaslly be saparated from milk.

3.3 ARTIFICIAL SATELLITES
Satellites are objects that orblt In neady clreular path

around tha Earth. They are put into orbit by rockets and are Fig. 3.10
held in orbits by the gravitational pull of the Earth. The low e
flying Earth satellites have acceleration 8.8 m s fowards | e =
the centre of the Earth. [T there is no gravitational pul, they 40,000 km * secapa

would fly off in a straight line along tangent to the orbit.
¥Whan the satellite is moving in a circle, it has an
acceleration rﬁ . In a cirgular orhit around the Earth, the !
cantripstal accelsration is supplied by gravity and wes have. |

o=L . @

whera v is the orbital velocity and R is the radiue of the
Earth (6400 km]). Frem Eq. 3.14, we have

- M
V= yoR Newion had pradicated about
f ] 5 tha artificial satellites 300 yaara
- ¥9Em s kB4 x10" m ago. The above figure has been
=79x10°ms" =789kmg" taken fom his  wall-known
T iy { 2 ook “Principla hathematza'
This iz the minimum velgcity necessary to put a satsllite Accorting tclnl this ook, if an
inta the orbit, called the chitical velocity. The pariod T 18 abject Is thrawn harlzontally with

qiven by a partcular spead from a place
which is sufficierty high, & will
7= 2::;}? =Zx314x _f:u::": startrevolving around the Earth,

h 5

= 5069 s = 84 min spprox.
If, however, & satellite in & circular orbit is at a distance b
much greater than R above the Earth's surface, we
must take Into account the experimental fact that the

gravitational acceleration decreases inversely as the Esuth

square of the distance from the centre of the Earth ; v
{Fig.3.11). 4

The higher the satzllite, the slower will be the required ne=R

spesd and longer it will take ta complete one revolution
argund the Esrth. Fig. 3.1
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Orbital Velocity
Figure 3.12 shows s satellite going round the Earth in a

circular path. Lat the mass of the satellita be rmand v is it r

ortital speed. The mase of the Earth iz A and r represents i
the radius of the arbit. A centripetal force mvTis required C/
to hold the aatellite in tha orbit. Thiz forcalis provided by tha Earth

gravitational force of attraction between the Earth and the
salelite. Equating the gravitational force to the required

cantripstal forca, wa have Fig. 3.12
Gm,M _ m,v® Tidhite _
i _m | "
Tha memantyou switch on your
reTh maobilephons, your location can
or e ST {3.15) be tracked immediately by
Vs \globalpositioning systam.

This shows that the mass of the satellite is unimportantin
describing the satallite’s orbit. Thus, any satallite orbiting = Shelite ] |
at digtance r from the Earth's centre must have thea orbital
speed given by Eq. 3.15. Any speed less than this will
bring the satallite tumbling back to the Earth.

Enampia 3.4 An Earth satgllite is.in circular orbit at
distancs of 354,000 km from the Earth’s sufaca. What is its
period of one revolution in days? Take mass of the Earth
M =60 x10* kg and its radius R = 6400 km.

d sciution)
As  r=Rth=(6400+384000} km = 220400 km

=11 -2 24
Usiiigle ’ﬂ=JE.ﬁ?x1U N m? kg ? x 6 x10% kg
r 000 km

In 1984, ata height of 100 km
= A s abova Hawall lsland whh a

Al T 1'0.25 kam $ spoed of 29000 km h' Brugs
=0 McCandiess stapped Inta
ZnR 1 1day spaca from a space shuttia

s
1" BOxXBOx24 and became the first human
Luakae XOUXLAS  eataliteofthe Earth,

T =v—=2x3.'14 2 380400 ki

= 277 deys

Weightlessness in Satellites

When a satellite is launched by a rocket in its desired orbit Your welght slightly shanges
around the Earth, then it has baan observed practically that :::;m:";a:‘ﬁgcg “f'; £;
everything inside the satellite experiences weightlessness ri and of agﬂdad N during
because the zatellita is accelerating towards the cantre of the rest of the ride when that

the Earth as a fraaly falling body. velocity ls constant.
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Consider a satellite of mass M revolving in its orbit of
radius raround the Earth. A bady of mass minside the
satellite suspehdad by a spring balanca fram tha
ceiling of the satellite is under the action of two forces.
That is, its waeight mg acting downward, whils the
supporting force, called normal forca F, or tanslon In
the spring acting upward, as shown in Fig. 3.13. Their
resultant forca is aqual to the cantripetal force required
by the mass m which is acting towards the centre of the

Earth, andis expressed as: [ Can yourdetir B
FE =mg-F ... {3.18) Whan a buckalfull of watar is
. rapidly_whitled in a verlical
where F = A ciraular path, water does not
* r fell oul even il lhe buckel is
mv Invartad at tha maximum
Hence o =MG—F, e (3.16-a) height, Why is it sn?

It may be noted that the centripetal force responsikle for the revalution of the satellite of
masas M around the Earth is provided by ihe gravitational force of attraction betwaen the
Earth and the satallite. -

F,=F.
My = M v
vz
g= -
Hence, Eqg. 1.16(a)bacomes:
mg=myg—=§ S
ar F.=0 Astronaut fioating Insida the cabln of a spaceship.

This shows that the supporting force which is acting on a body inside the satellite is zero.
Tharefore, the bodies a5 wall a5 tha astranauts in a satallite find themaslves ina state of
apparentwaightlagsness.

Artificial Gravity

In a gravity frea space, thare will ba no force that will push anybady to any side of the
spacecraft. Ifthis epacecraft is to stay in the orbit over an extended period of ime, the
weightlessness may affect the performance of the astronauts presenlin that spacecrafl.
To overcome this difficulty, an artificial gravity can be crested in the spacecraft. This
could enable the crew of the space ships to function in an almost nomal manner. For
this situalion to prevail, the spaceship is set into rolalion around its own axis. The
astronaul then is pressed towards the outer im and exerts a farce on the “floor of the
spacaship in much the same way as on the Earth,

Consider a spacecraft of the shape as shown in Fig. 3.14. The outer radius of the
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spacaship is R and it rotates around i own central axis
with angular spaed w, then [ts angular acceleraticn a, |s

a, =Rm®

Bt - % where £ Is the perlod of revolution of spaceship

2xf _ 40 Fig. 3.14

£ £ ﬁ Dhts yowun lerscnm® E

As frequency £ = 14, therefore,

Hancz g, =R

a, -R4n’f
1 /&g
or -2 F=—e -2
dr? " YR

As described above, the force of gravity provides the
required centripstal sccaleration, thersfore,

=g
_1 (= e R Tha surf=ce of the motating
50 f_2ilt e (3:47] anaerhi it o et

with which It ks In contact and

. : ; thenabyy prnvidae 1ha canlripatal

When the spaceship rolates with this fraquincy, the R Bt O et
artificial gravity like the Earth is provided.-to the inhabitants meying on 2 dmuler path,

of the spaceship.

34 MOMENT OF INERTIA

Conslder a mass m attached tothe end of amassless rod as
ghown in Fig. 3.15. Assume that the bearing at the pivat
paint G is frictionless. Letthe system bein 2 horizontal plane.
Adorce F is acting on theémass perpendicular to the rod and
hance, this will accelsrate tha mass according to;

F=ma

In dging 50 tha force will cause the mass o rotate about O, Fig 345
Since tangential acceleration ar is related to angular g fome F causes a torque

accelerationo by the eguation. sbout the axiz O srd gives
a =ra the masa m an angular
acceleration . about the pivot

Sa F=mrq point.

As turning effect is produced by torque <, it would, therefore, be better to writa the
equaticn for rotation in lerms of torque. This can be dane by multiplying both sides of the
abova equation by r. Thus,

rf = T=torque = mri
which is rotational analegue of the Newton's secend law of motion, F = ma.
Here F is replaced by 1, a by« and m by mr’. Tha quantity mv* is known as the momant
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b
ofinertia and is reprasanted by £. The momeant of inertia plays .': Da you kmew?
the same rcle in anguler motion a3 the masa in linear motion,

It may ba noted that mameant of Inertla depands nat only on

massmbutalsoon r*. l w

Mpst rigid bodies have different mass concentration at
diferent dietancas from tha axis of rotation, which means tha
mass distribution is not uniform. As shown in Fig, 3.15(a), the
rigid hody is made up of 7 s3mall piaces of masses m, Mz,.... H v ]
atdistances .. f.en from the axiz of rotation ©. Letthe g eylinders of equel mass.
body be rotating with the angular acceleration ¢, 50 the The ane with:tha larger

: : ; diameter has) the greater
magnitude of thetorgue acting on s S

2
Ty =Mooy o

R § il | Fox, pour Fﬂ:'.ﬂ.'-.-;.:s. .*t‘l.*.#ﬁ'-:-.?.-l
Similarly, the torque on 2 is e -
Marmarts of Inere of vadaus

2
To =Ml G Eatrcdims abwourt aocis AK
A
G
€ T >
A
Thin Red
] =11I mi®
A
Fig. 3.1 ) = —
Each amall piece of mass within alarge, rigid body undemoes the ""—m—u—""

zame engular accelerstion about thephvot. point.
Thin ring or Hoop

Since the body is rigid. so allthe masses arerolaling with the
same angular aceeleration c.

Total terque Teeis then given by

F= o™
iz}
2 2 i
Tital = A + Ml + .. HB i) a P

n ) Bolk dise or eyclindor
= _1
=( ¥mrm plEg !
i=1

or T = [ (3.18} i)

where ! i5 the moment of inertia of the boedy and is
expressed as

J=im, i (3.19)

2 .
|=1 t=— A
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3.5 ANGULAR MOMENTUM

We have already saan that (Inear momantum plays an Important rola In trangiational
motion of bodies. Similady, another quantity known as angular momentum has
important role in the shudy of rotafional motion.

A particle Is sald to possess an angular momentum about a reference axls If It
a0 moves that its angular position changes relativa to that reference axis.

The angular momenturn L of a particle of mass m moving
with valocity v and mornantum p (Fig. 3.17] relative to the
originQ is defined a5

CErxp. oo {3.20)

where r is the pesition vector of the particle at that instant
relative to the origin O. Angular mementum is a vector
qQuantity. lts magnitude is:

L = rp &inB = m rv 5inB [

Figy 317

Far' yemar invfoerrgdisen _ﬂl

B
- S S, SR |

where 3 is the angle betwesn r and p. The direction.of Lis
perpendicular to the plane forrmed by rand p and its sense L
i& given by the right hand rule of vector product. 31 unit of I
angularmomentumiskgm’s ' orls. [
If tha particla is moving in a circle of radius » with unifarm
angular velocity @, then angle batween rand tangential L
velocity is 90°. Hence,
L=mrvaing0*=mrv {8) (b}
The sphera in (a) is rotaling in
Bul ¥=Era HEHCE L=ml'=m iha EansE g|vm b}r tha gm

; ' . . arrcy, [L6 angular velocily and
MNow censider a symmetric rigid body rotating about a fixed e ri e e Tl

axis through the centre of mass as shown in Fig 3.18. Each 15 be upward along the
particle of the rigid body rotates about the same axis in a  rotalional axis, a3 ahown by
gircle with an angular velocity . The magnitude of the e fghthand misln(e).
angular momentum of the particle of mass m.is m.v rabout
the origin Q. The direction of L is tha same as that of m.
Since v, = r, o, the angular mormentum of the th particla is
m, rim. Summing this over all particles gives the total
angular memantum of the rigid body.

n
L={}mr’) o=lo
-1
whera f is tha momant of inartia of tha rigid body about the
axis of rotation.
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Exempie 5.5 | The mass of Earth is 6.00 x 10* kg. The distance r from Earth to the
Sunis 1.50 x 10" m. As seen from the direction of the North Star, the Earth revolves
counter-clockwise arcund the Sun. Determine the orbital angular mementum of the
Earth about the Sun, assuming thal it traversas a circular arbit about tha Sun onge a
year(3.16x107s),

Sotution| | Tofind the Earth'a arbital angularmaomentum, we must first know its orbital
spaad from tha glven data. Whan thg Earth moves around a clrcle of radius r, lttravels a

distance of 2rrinone year. Its orbital speed v, is thus, v - Iﬂ
Orbital angular momentum of the Earth = [ = mner

_ 2nt’m

Tt

_ 2r{1.50 X10"'m}* X(6.00 X10"kg}
2.16X10's

L=267%210"%kgm? s’
The sign is positive because the revolution is counter.clockwise.

3.6 LAW OF CONSERVATION OF ANGULAR MOMENTUM

The law of conservation of angular momentum states [0 Co youknow? Bl
that H no extemnal torque acts on a’aystem, the total Fyoutryisiton abikeat rest, &

angularmomentum of the system remains constant. falls. But if the bike is moving,
the anguler momentum of the

L.,.=LtL t+.  =constant spinning wheal resists any
, 5 tendency to change and helpa
The law of conservation of angularmomentum is one of the |, kesp he bie uprighl ard

fundamental principles of Physics. It has been verified from  #keble.

the cosmological to the suly microscapic level, The effect of

the law of conservatien, of angular momentum is readily l Do you Know? jl
apparent if a single isolated spinning body alters its moment
ofingrtia.

If a body of moment of inertia §, spinning with angular speed
oy, alters-its momant of inertia to /., than ite angular speed o,
also changes so that its angular momentum remains
constant.

L

Hence fey=hw,
The angular momentum is @ veotor quantity with direotion WA
along the axis of rotalion. Henes, the direction of angular [ ™. {d i
mamentum along the axis of ratation also remains fived.
This Is llustratad by tha fact given below:
The ball's speed incresses as

The axis of rotation of an object will not change its s sting wraps around the
orantation unless an extornal torque causas ltto do &0. finger.
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This fact is of great importance for the Earth as it moves around the Sun. No other
sizegkle torque is experienced by the Earth. because the major force acting on ilis the
pull of the Sun. The Earth's axds of rotation, therefore, remalns fixed In one direction with
referencetothe universe around us.

Examples of conservation of angular momentum
Aman diving from adiving board

ﬁ .
A diver jumping from a springboard has to take a few ,5;
somersaulls in air before louching the water surfaca, as

shown in Fig.3.19. After leaving the springboard, he ji %n:r”
curls his body by rolling arms and legs in. Due Lo this, . .{

his mameant of inartia dectessas, and ha spins in midair

with a large angular velocily. When he is about to touch %‘v}
the water surface, he stretches out his amns and legs.

He anters the water at a gentla spead and gets a ?_L._
smooth dive. This is an example of the law of [F ]
corservalion of angular romerturm. Fig. 318 i
The splnnlng lce skater Aoman diving from a diving board,
An ice skater as shown in Fig.3.20 can increase his i large ! emall

it — Al o— karge

angular velodty by folding arms and brnging the
stretched leg close to the other leg. By.doing so, he
decraases his momant of inertia. A8 a result, angular
gpeed incragsez. Whan he streichaes his hands and a
leg outward, the moment ofineria increases and hence
angularvalocity dacreazes.

A person holding somé'welght In his hands

standing on a turntable. Angular I:hmmantuf Anguiar
i : y momarl’a.lm ) (wkx:t:.r
A parson is standing nn a tumtable with heavy mass i

{dumb-ball} in his hands stretched out on both sides as  Fg. 220
shown in Fig. 3.21. As he draws his hands inward, his  An loe ekater using angular momanturm

- For yoar information| _-

It hias bean noticad thet when ice on the
polarcapsof Earth melts and water flows
away in the farm of mar, the moment of

Y L inertia of water and hanes that of Earth
b about ita axis of mtation increeses due to

{a} (k) :
consarvation of angular momantum.
Py 431 Hannca, the angular valocity of Earth wil
Man with masszes in hiz hands on a turntable, decreasze, thersfore, the duration of day

Caonservation of angular momantum raquines that as the

man pulls his amms in, the angular velocity increases. increases slightty.
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angular speed at once increases. This is because the moment of inertia decreases on
drawing the hands inwards, which incresses theangular spead.

Flywheel Paoint to pondsr!
Flywheel is a mechanical device which consisls of a heavy
wheal with an axde (Fig. 3.22). It is usad to store rotational
energy, smooath out cutput fluctuations and provides
stabilily in a wide range of applications such as bicycles
and qther vehicles, industial machinery, gyroscopes,
ships and spacecrafts.

m Do you HHow? “

The fiywheel celled the bslance
whesl regulates the thme keeping
mechanism In rmechanical cooks
and waiches by rmalntalning
controlied ceodlstions meito.

¥Why does the cossling rotating
ayatem alow down aawater dripa
Fig 3.22: Afywhesl inlatha beakar?
When a fly wheel sping, it angular mementum
resigls changes to its erigntations, maintaining
stabilily. This is useful in systems that nead pracisa
control over their orientalion withoot external
Intarferanca.
The Gyroscope
Agyroscope is a device which isused to maintain its
orlentadon relative to the Earth's axis or resists
changes in its crientation: |t consists of a mounted
fiywheel pivoted in_supporting rings as shown in
Fig. 3.23. It works on the basis of law of
conservation of angular momentum dug to its large
mament of inartia. Whan the gyroscops apins at a
large angular speed, it gains large angular
momentumn. It is then dificult to change the
orientation of the gyroscope's rotationsl axis dus to
its large moment of inertis. A change in crientation
requires a change in its angular momerntun. To
change the direction of a large angular momentum,
a corresponding larga torqua is requirad. Even if
gyroscope is tlbad {Fig. 3.24), it afill keeps levitated
withaut falling. Henge, it is a reason why a
gyroscape can be usad to maintain oriantation. The

Fig. 324
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main applications of gyrascope are | E-'.'-Ih"’ﬂ'-l'llwllunﬂ:ui! ;'.:
in the guiding system of aeroplanas, - : 8

Planets mave anound the Sun in eliptical orbits with Sun

SUhmari"ES_ an_d spac:e_ \_"Ehﬁcles_ in situsted at one of its foci, thus, distence of a planet from
order to maintain a spacific direction  the Sun is notconstant when il is nearer the Sun. Its orbital
in space to keep steady course. velocity increases automatically, Why?

Lk

T cvsshons PR

Tigk {~'} the correct answar.

31

3.2

3.3

34

3.6

36

3.7

The ratio of angularspead of minute's hand and hour's hand ofa watch Is:

@ 1:6 it} B:1

< 1:12 (d} 12:1

A body travellingin a circle at constant apeed.

(a) has constant velocity {8} . hasaninward radial acceleration
ic) i3 not accelerated {d} . hasan oubward radial acceleration

A slone at the end of long string is whirled in vertical circle at a constant speed.
The tenaion in tha string will be mitimuUm when tha stona is:

(a) atthe top of the circle (=] halfway down

() atthe bottom of circle (d} anywhere inthe circle
Every pointof rotating rigid .budy has:

(&) same angular yelocity ()] same linear velocity

() same linear dcceleration {d} sams lineardistancs
The minimum ¥sldcity necessary to pula satellite into the orbit is called:
() terminal velocity {t) critical velocity

ch artifclal veloc/ty (d) angular valoclty

Andstronaut is orbiting around the Earth in alarge capsule. Then,

(a) hew!l be In a stale of welghtlessness with respect to capsule

(b) he is freely falling towards the Earth

(c) g ball projectad atan amnkle has a streight line path as observad by him
(d) sl tha above

An object in uniferm circular mofion makes 10 revolutions in 2 seconds. Which of
the following staterment is true?

(&) Its pariod is 205 (k) Its perivd is 20 s
(4] Itafraquancyls S Hz2 ) Its fraquancy 15 Q.2 Hz




9. Physles 1) (= ehwgter (3 Gircular and Rutational Motion]

348

3.8

3.10

31
32
33
34

3.5
3.6

3.7

3.8

38

3.1

3.2

A man inside the artificial sateliite feels weightleszness because the force of
attraction duseto the Earthis:

(a) zeroatpole

{b) balancad by the force of attraction due to the moon

(c) equaltothe centripatal forca

{cl) non-2ffective dus to some particular design of the sated lite

A bottle of soda water is grasped from the neck and swung briskly in a vertical
cirgla. Nearwhich portion of the bottle do the bubblas collact?

(a) Near the battorn (b} In the middle of bottle

e}  Bubbles remain disiributed throughout the volume of the botile.
(d) MNear the nack of the bottla

The moment of inertia of body depends upon:

{a) mass of the body and its distribution about axig of rotaticn

fb)  volume of the body

{c) kinetic #nergy of the body

(d) angular momentum of the body

Short Answer Qulestions

State second law of motion in case of rotation.
What is the effect of changing the position of a diver while diving in the pool?
How do we get butter from the milk by using centriuge?

Mass Iz a measure of Inertlz In [Inear meton. Whal Is lt2 analogue In rotatlonal
mation’? Dascribe briafly:

Why is it harder far a car Lo take lurn at higher speed than at lower speed?
What are the bensfits of using rear whasls of heavy vahlcles conslated of double
tyres?

When a-meving car tums arcund a cemer to the left, in what direction da the
actugants tend to fall? Explain briefly.

Whyis the acceleration of a body moving uniformily in a circle, directed
towarde the canbrs?

How does en astronaut feel weightlessness while orbiting from the Earth ina
spaceship?

Constructed Response Questions

If angular velocity of diffarent paricles of a rigid body is constant, will the linsar
velocity ofthesa particles be alzo constant?

A loaf of bread I3 lying on rotating plate. A crow takes away the loaf of bread and
the rotation of the plate increases. Why?
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a2
3.4

3.5
3.6
3.7
3.8
3.8

310

3.1

32
3.3

3.4

3.5
38

3.7

3.1

3.2

3.2

Why do we umble when we take the sharp turn with large speed?

What will ba time period of a simple pendulum in an artificial satellite at a certain
height?

Is the motion of a satellite inits orbit, uniform or accelerated?
What ara the advantages that radian has been prefarred a5 Sl unit to degrea?

In uniform circular motion, what are the average velocity and average
acceleration for one revolution? Explain.

In a rainstarm with a strong wind, what determines the best position to hold an
umbrella’?

A ball is just supported by a string without breaking. If it is whided in a vertical
circla, it bragks. Explainwhy.

Howris the centripetal forca supplied in thefollowing cases:

(a] a salellite orbiting around the Earth?

b acartakingaturngnalgvel road?

Comprehenslve Queastions

What |s meant by angular momentum? Explain the law of congarvation of
angular momentum with daily life examples.

Shon that orbital angular momentumiis; L = e

Defilne mement of Ingrtla. Prove that torque acting on retating rigld body ks
equal to the product of its moment of inertia and angular acceleration.

\VWhat are artificial satellites? Galculate the minimum fime pericd necaszary to
put a satellite into the orkit near the sudace of the Earth.

Defing prhital velocity and derve an expression fortha sama.

Write & note on artificial gravity. Derive an expression for fraquancy with which
the spaceship rotates to provide artificial gravity.

Provethat { v=re and (I} a=rui

Numerical Problems

Alaser beam is directed from the Earth to the moon. The beam spreads over a
diameter of 2.50 m atthe moon surface. What is divergenca angla of the beam?

The distance of moon from the Earth is 3.8 x 10°m. {Ans: 6.6x107 rad)
Acaris moving with a spesd of 108 km h™. [ its wheel hag a diametar of 80 cm,
findits angularspeedinrad 5™ and revs™. {Ans: 100 rads”, 16revs)

An electric motar ig running at 1800 rev min™, On switching off, it comes to rast in
20 s_ If angular retardalion is uniform, find the number of revolutions it makes
befora stopping. {Ans: 300rav)
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3.4

35

3.8

3.7

2.8

g

310

A string 0.5 mlong holding a stone gan withstand maximum tension of 35.6 N.
Find the maximum spsaad atwhich a stone of 0.5 kg mass can be whired with itin
avertical circle. (Ans:55ms")

Tha flywhsel of an englne ks rotating at 2100 rev min™ when ths power source |s
shut off. What torqueis required 1o stop itin 3 minutes? The moment ofinertia of

tha fiywheel is 36 kg m’. (Ans: 44 N m)
What is the moment of inertiz of 2 200 kg sphere whose diameteris 80 cm?
(Ans: 7.2 kgm?)

A satellite is orbiting the Earth at an altitude of 200 km. Assuming the Earlh's
radiusis 6400 km, calculats the orbital spsed of the salellite.  {ArS:7.77kms")
A space slation has a radius of 20 m and retates al an angular velocity of
0.5 rad 5. What is the artificial gravity axpariencad by-the astronauts on the

space station? (Ans:5ms”)
A bicyche wheal has an angular momentum of 10kg.m’ 2 and angular velocity of
Zrad 5. Find the valua af its momeant of inertia; (Ans: 5 kgm?®)

A diver comez off @ board with arms straight up and legs straight down, giving
him a mament of inerlia of 18 kg m? about his rotalion axis. Then tucks into a
small ball, dacreasing his moment.of inertia to 3.6 kg m°. While tucked, ha
makes two complete rotations in 1.0'second. If he had not tucked at zll, how
many revolutions would he have made in 1.5 & from board to water?

(Ans: 0.6 rav)




