Division of Polynomials

Polynomials play a fundamental role in glgebra and have wide-ranging applications
in various fields, including engineering, data science and digital communication. This
unit explores polynomial division to determine the quotient and remainder. The
remainder theorem is introduced a3 a powerful tool for evaluating polynomials
efficiently, while the factor theorem is applied to factorize cubic polynomials. These
concepts extend beyond theoretical mathematics, finding practical applications in
polynomial regression, signal processing and coding theory. By mastering these
techniques, students will develop a deeper imderstanding of polynomials and their
significance in solving real-world problems.
9.1 Polynomial Function
A polynomial in x is an expression of the form
ax +a_x ' +a " .t ax Fanta, (D
where 7 is a non-negative integer and the coefficients a,,4, .4, ;, ... @, and g are
real numbere. It can be conkidered as-a polynomial function of x, the highest power of
% in & polynomial is called the degree of the polynomial. In the expression (i) if
a, # 0 then it is a polyhiomial of degree n. The polynomials x* — 2x + 3,
3 + 2x%—5x+4 are of degree 2 and 3 respectively,
Divide the cubic polynomial 3x* —1Gx* + 13x — 6 by the linear
polynomial x — 2.'Also find quotient and remainder.
Sk 3 —4x+5
2-2) 3% 104 + 1356
W 6
—4x* + 13x
—4x’ + &
Sx—6
_Sx 10
4
Hence, we can write: 1’ — 1022+ 132 — 6= (x — 2)(3x? —4x+ 5) +4
So, quotient = 3x*— 4x + 5 and remainder =4,




<1m> mﬁmuu-
Dlvldethepolynmalx" 3 +5x%-7x+ 2 by x*—x + 1. Also find
quohentandremmnder
Solution! ¥—2x+2
Poxt+1) ¥ -3+ 58 Tx+2
e+ S
2+ 4 Tx
225" + 20 - 2x
2% —Sx+2
_Zf;iri'ﬁ

—3x

So, quotient = x* — 2r + 2 and remainder =-3x
9.1.1 Remainder Theorem
Statement: If a polynomial f(x) of degreen >1 is divided by x—a tll no x-term
exists in the remainder, then f(a)is the remainder;
Proaf: Suppose we divide the polynomial f(z)by. (x—a) . Then there exists a unique
quotient g(x) and a unique remainder R such that

J&) =@x—a)x)+R . &)
Substituting x =4 in equation (i), we-get

J(x)=(a-a)(a)+ R

fl@)=RX
Hence remainder= f(a)
BT 3 |Find the remainder without performing division when £(x) =#* +2° + 22+ 1
is divided by x+1.
Solution §:C f@=x*+2+2*+1 and x—a=x+1=>a=-1

Remainder = /(-1) (By remainder theorem)
=1+ (1P + 1P+ 1
=1+¢ED+1+1=2

Find the value of kif the polynomial x°+&x"—7x+ 6 has a remainder
—4, when divided by x+2.
Let_,"'(x)=x3+kxz—?x+6andx—a=x+2,wehave,a=—2

Remainder = f{-2) (By remainder theorem)
= (-2 +k(-2Y - T(-2)+6
=-8+4k+14+6

=4k+12
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Given that remainder = -4

45+ 12=—4
= 4k =-16
= k=-4
9.1.2 Factor Theorem

Statement: The polynomial x—ais 2 factor of the polynomial f(x)iff f(a)=0.In
other wordsx —a is a factor of f{(x)if and only if x= g i3 the root of the polynomial
equation f{x)=0.
Proof: Suppose g(x) is the quotient and R is the remainder when the polynomial f( x)
is divided by x — e, till no x-term exists in the remainder, then:

SR =G-ayqx)+R
Suppose f(a)=0 = R=0

f(x) = (x—a)g(x)

(x —a) is a factor of f{x)
Conversely, if (x — ) is a factor of f{x), then f{x) ={(x ~ a)g(x) for some polynomial g(x)
a)=0
whichprovesft'](zel::heurem.
Show that x—2 is a factorof f(x) = x’ —7x+6 without factorizing.
Here, f{x})=#—Tx+6and a=2
f(D=22<K2)+6 (By factor theorem)
=8-144+6=0

Bo, x—2is a factor of ().

To determine lfgkﬁfén lincar polynomial X—@&is a factor of £(x), we nced to check
whether f(a@)= 0. )
[ZTTT 61 %+ Land x—2 are factors of 5° + po* + gx+ 2. Find the values of p and .
'Lutf(x)=15+px=+gx+2

Note

Since, x + 1 is a factor of f(x).
8o, f(-)=0 = -1+p—g+2=0
p—q=-1 M
Similarly, x—2 is also a factor of f(x).
So, f2)=0
B+4p+2g+2=0
dp+2g=-10

prg=-5 (i)
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By adding (i) and (ii), we have
p=-2
Put  p=-2in({), we have
g=p+tl=-21+1=-1
9.1.3 Synthetic Division
There is a nice shorteut method for long division of a polynomial #x) by a
polynomial of the form x —a. Thiz process of division iz called Synthetic Division.
To divide the polynomial px’ +gx* +ex+d by x—a

P 4 ¢ d <+— firstline
@ [] [[] <«— Secondline

Y22V

‘J/ (][] [] <— thirdling?

. | /
Outine of the Method

(i) Write down the coefficients of the-dividend fix) from left to right in
decreasing order of powers of x. Insert 0 for any misging term,
(ii) To the left of the first line, write @ of the divisor (x — a).
(iii) Use the following patterns to write the second and third lines:
Vertical pattern (4)  Add terms
Diagonal pattern { A ) -Multiply by .
If (x — 2) and (5 + 2) arc factors of x%—13x2+36. Using synthetic
division, find the other two factors,
Let f(x)=x"—13x* + 36
=x*+0x* —13x* +0x+36

Hetex—a=x-2 = a=2andx—a=x+2=x-(-2) = a=-2

By ayaiihstio Division:
J et 2/1 0-130 36
z 4—13—36
i) 18
-z 0 13|L
T 0 9

. Quotient = ¥’ +0x—9= ¥*—9=(x+3)(x—3)
Therefare, other two factors are (x + 3) and (x — 3).
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P EXERCISE 9.1
. Find remainder and quotient by simplifying the following:
O G-x+2)+(x-1) (i) (& +12x"-3x+4)+ (x-2)
(i) (x*—52 -B2* +13x+12)+ (x—6) (i) (5x*—3"+2x" 1)+ (" +4)
V) (3x*—-5x+4x—6)+ (**-3x+5)
2. Use the remainder theorem to find the remaeinder when the first, l}rnomml is

divided by the second polynomial. Q)
@ F+52+6 , x—2 (ii) f+5:2+6\:.,£:.§;51
Gy &+ +x0+x+l ,x—1 (iv) I‘+rnfi=}j3}xl-l—3
v) *¥4+x742, x+2 /\‘u
: Uaeﬂlefacturﬂleoremtndetmnnelftheﬁﬁpol}mmalmnfacturufthe
second polynomial. f<\
@ x+1, £-1 </ M{ﬁ) x-2,2-55+6
(i) x+1 , 2 +x*+x-3 < (v} x=2, ¥ +x" -Tx+2

() x-3 —3x’+f .'l:--i,-,-,iN

4. Usesynﬂ:eﬂcd:vmmntq w that x is the zero of the polynomial and use the
result to factorize thqlpqhmomlal completely.

@ - ?x+6,\‘£ﬂ:2 (i) »—28x—48 x=-4
(iii) 2x"+'l;:‘)—4x’ -27x-18, x=2,x=-3
5. Use ¢ division to find the quotisst and the remainder when the

polynomml x' —10x" —2x+4 & divided by x+3.

6. Ifx+ 1 andx— 2 are factors of »° — px* | gr+2.Using synthetic division, find
the values of p and g.

7. When the polynomial 4x* + 2x° +kx” +13 is divided by x+1, the remainder is
16. Find the value of k.

8. When the polynomial x* +x”+x+ kis divided by x + 1, the reminder is 7.
Find the value of k.




9. Use factor theorem to find the values of p and ¢ if x+1 and x— 2 are the factors
of the ;}Ui'fﬂlﬂmjﬁ]f =t f‘.'ﬂj TQI':'

10. Use fector theorem to find the values of ¢ and b if-2 and 2 are the roois of the
polynomial 2° + 4x*+ax+b.

9.2 Real Life Applications of Remainder and Factor Theorems
In this article, we shall demonstrate how remainder and factor theorems are applied in
different areas such as polynomial regression (used in statistical modeling), signal
processing (used for filtering and emor detection) and coding theory (used in data
encryption and error comection in comumunication systerns), These applications
highlight the significance of polynomial analysis beyond theoretical mathematics.
Regression Analysis: It is a statistical method used to.model the relationship
between a dependent variable and one or more independent variables.

Polynomial Regression: It is a type of regressian analysis where the relationship
between the independent and dependent varisbles is modeled as an #%-degree
polynomial. It is uged when the data shows a curved (non-lineat’) relationship, but we
still want to fit a smooth, continuous fimction. Factor theorem is useful for reducing
polynomial regression degree and renmmder theorem helps in evaluating polynomials
at glven po:lms

Consider a data set of monthly sales figures. A polynomial regression
model P(x)=f+f+2x+i ig fitted to this data. If the observed sales in the 37
month are 40 units, find the percentage error.

_
'\ Error = Observed — Predicted = 40 — P(3)
Now, =¥ +3¥23)+1
=27+9+6+1
=43
Error =40—43
=3

x 100

8o, Percentage Emor= ‘%’
=7.5%
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Suppose a polynomial regression model P(x)=3x"—4x"+2x—5.If a
data point at x=—1is missing. What should be its predicted value?
By remainder theorem
P(=1)=3(=1F —4(=1)*+2(-1)-5
=-3-4-2-5
=-14
S0, the predicted value of given polynomial regression model at x =—1is —14.
Digital Signal Frocessing (DSF): It is the used in compuiers or digital devices to
analyze, change or improve signals like sound, images or sensor data. In the context
of DSP, we often deal with systems represented by transfer functions in the z-domain,
demoted as H(z). These transfer fimctions are rational functions, meaning they are
sation of two polynomials in z L, H(z)= ig;
polynomial (related to the system's zeros) and A4(z) represents the denominator
polynomial (related to the system's poles).
In zignal processing, finding the roots of the tumerator polynomial B(z) provides the
zeros of the system, If B(z) = 0, then (z — zo) is a factor of B{z). If |z.I=1, this
corresponds to a frequency that the gystem blocks.
Similarly, finding the roots of the detiominator polynomial 4(z) provides the poles of
the system. If A(ps) = 0, then(z— po) is a facior of A(z). The locations of these poles
in the complex z-plane are crucial for determining the stability of the system. For a
stable system, all poles must lic inside the unit circle (|po|<1).
A signal processing system has a transfer function with a denominator
Alz) = 22— (1,25 Use factor theorem to find the poles of the system and determine if
the system is stable.
The poles occur when A(z) =0.
7-025=0
Z—(0.57 =0
(z—-05)(z+05)=0
z—0.5=0 orz +0.5=0
z=0.5
or z=-05

,where B(z) represents the numerator




and z =—0.5. For stable system, all poles must
li¢ inside the unit circle (|zl<1), Hers, 10.5] = 0.5 <1 and |-0.5] = 0.5 < 1, Since beth
poles are inside the unit circle, the system is stable,

I’ EXERCISE 9.2 g

l. Congider a data et ai monthly sales figures, A polynomial regression model
P{x)=x"+2x"+x-3 is fitted to this data. If the observed sales in the 5%
month are 240 units, find the percentage error. \L“

2. A remiler company has developed a polynomial regression @el to predict
weekly product demand: D{w) = w® — 2w + 5w — 4, (W) represents
predicted damand(inmim)andwisih:weeknmbd& se the remainder
theorem to predict demand for 3™ week. Ifthepﬁgedemmdiszz units,
calculate the predigtion error.

3. A digital signal processing system has 8 function with a mumerator
B(z)=2"—z — 2. Use the factor theorem tgfind the zeros of the system.

' +3z+2
- i ion H(z)=———— "'~ Fi
4. A signsl process system has anuqﬁfmcnun (z) 70221009 Find the
zero(s) of the transfer fumetion 55(\ factor theorem.
; : 22 -052—05 _,
5. A gignal process systam@’&transt‘e:r function H(z)= g Find the

zero(s) of the tansfa{\%ctiun by using factor theorem.

6. A gignal p gystem has a wtansfer function with a demominator
A(z) = 2 =03z — 0.4, Use factor theorem to find the poles of the system and
determing : system is stable.

j Thﬁ‘ﬂ%&ninﬂmrnfaignalmﬂingsystem'smferfuncﬁnnequalm
A(z) = 22 + 12z +0.35 Use factor theorem to determine the location of the
corresponding poles and asgess the stability of the system,



