Mathematical Inductions
and Binomial Theorem

INTRODUCTION

Francesco Mourolico (1494-1575) devised the method of induction and applied this
device first to prove that the sum of the first » odd positive integers equals »*. He
presented many properties of integers and proved some of these properties using the
method of mathematical induction. In theoretical computer science, 1t bears the pivotal
role of developing the appropriate cognitive skills necessary for the effective design
and implementation of algorithms, agsessing for both their correctness and complexity.
We arg aware of the fact that even one exception or case to a mathematics] formula is
enough to prove it to be false. Such a case or exeeption which fails the mathematical
formmla or statement i3 called a counter example.

The validity of a formula or statement depending on a variable belonging to & certain
set is established if it is true for each element of the set under consideration.

For example, we consider the statement S(n)=»"—n+41 is a prime number for

every natural number . The values of the expression #*> —a+41 for some first natural
numbers are given in the table a8 shown below:

" 1 2%V 3 4 5 6 7 8 9 10 | 11
S(m) 411,43 | 47 | 53 | 61 ( 71 | 83 | §7 | 113 | 131 | 151

From the table, it appears that the statement $(#) has enough chance of being true. If
we go on trying for the next natural numbers, we find » =41 as a counter example
which fails the claim of the above statement, So we conclude that to derive a general
formula without proof from some special cases is not a wise step. This example was
digcovered by Euler (1707 — 1783).

Now we consider another example and try to formulate the result. Our task is to find
the sum of the first n odd natural numbers. We write first few sums to see the pattern
of sums.




1 1=1
2 1+3=4=27
3 1+3+5=9=3
4 1+3+5+7=16=4?
5 1+3+5+7+9=25=75%
6 143+5+74+9+11=36= 6"
The sequence of sums is (1)%,(2)%,(3°.(4), ...
We see that each sum is the square of the number of terms in the sum; Sothe following

statement scema to be true.
For each natural mumber n,

1+3+5+---4+(2r-1=n* ...(Q) o “pPterm=142(n-1)
But it ig not possible to verify the statement (i} for each positive integer n, because it
involves infinitely many calculations which never end.
The method of mathematical induction is used to avoid such situations. Usually it is
used to prove the statements or formulae relating to the set {1,2,3,...} but in some cases,
it is also used to prove the statements relating to the set {0,1,2,3,...}.
Hypothesie: A hypothesis iz an educated pusss or proposed explanation for a statement
based on limited evidence. It serves as a starting point for further investigation and can
be tested through experiments and observations. In scientific research, a hypothesis is
usually framed as a statement that can be tested and cither supported or rejected by
data.
Induction of Hypothetis: Tt refers to the process of formulating & general statement
or hypothesis based on specific examples or patterns observed in particular cases. This
technique is'ofien. employed in mathemntical reasoning to propose conjectures that
can later be proven rigorously uging deductive methods.

8.1 Principle of Mathematical Induction

The principle of mathematical induction is stated as follows:

If a propositicn or statement S5(z) for each positive integer » is such that

1. Base Case: S(1) is true i.g., S(n) s true forn=1.

2. Imduction of Hypothesis: S(k+ 1) is truec whenever S(£) is true for any positive
integer k.

3. Conclugion: S(n) is true for all positive integers.
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Procedure for Indection of Hypothesis

s Substituting » = 1, show that the statement is true forn = 1.

« Aszsuming that the statement is true for any positive integer &, them show that it is
true for the next higher integer,

For the second condition, one of the following two methods can be used:

S(k + 1) is proved using S(k).

Sk + 1) is established by performing algebraic operations on. S(X).

Use mathematical induction to prove that 3+ 6-I-9-|—._+3n=@ for

every positive integer .
Let 5{(n) be the given statement, that is,

Sn): 3+6+9+_.+3n= @

Base Case: Whenn=1, S(1):3 = wﬂ. Thus (1) is true Le., The base
case is satisfied.
Induction of Hypothesis: Let us assmn:_fjjnt__ﬂn) ia true for any n = ke N, that is,

S(): 3+6+9+..+3k = —3“(’; D (A)
The statement for m = A+1 becomes
34649+ + I LIEH]) = 3(“1)[(2"”1)*1]
_ Xk+1XEk+2)
= (B)

Adding 3(£*+1) on both the sidss of (A) gives
3460+ ... +3k+3 (k) = W+3(k+l}

= 3{1;+1)(;+1)

_3E+DE+2)
- 2
Thus S(k + 1) ig true 1f $(k) 18 true,
Conclusion: Since both the conditions are gatisfied, therefore, S{n) is true for each
positive integer ».
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Use mathematical induction to prove that for any positive mteger n,

P+2*+3+..+n'= —”{“H}f# +

FIITTTE, Let S(n) be the given statement,

S@): 1P 427 43 4,452 = 22 D14
6
Base Cases 1t~ 1, S(): (07 = 7 2552 = P2 <1, which s tue. Ths

(1) is true, i.¢., The base case is satisfied.
Induction of Hypothesis: Let us assume that S(%) is true for any k< N, that is,

Sk P+22+3 +..4K = w (A)
S+ P42 43 4o+ P+ (k417 = (*+1J(*+1’;1)(2k+1+1)
_(+ 1)k +62) 2k+3) ®)

Adding (k+1) to both the sides of equation Q),.Wehwe
P+2+3 4+ +E+(+ 1= WH.EH}’

_ (R +D[k2E+ 1)+ 6(k+1)]
_{k+D(2%" +2+ 6k+6)
={k+1)(2k’j-7k+ﬁ)
=(k+1)(k-f2](2k+3)

6

Thus, formula helds for &+ 1.
Conclosion: Since both the conditions are satisfied, therefore, by mathemstical
induction, the given statement holds for all positive integers.
3
| B3I 3| Show that i ;2" represents an integer Yne N.
3

Solution BT (O Tk ;2“ e Z¥ne N
P+20) 3

3 3

Base Cage: Whenn=1, §(1)= =le Z. The base case is satisfied.
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Induction of Hypothesie: Let us assumme that S(n) is itne for any n =k € N, that is,
kK +2.E
Stk) = represents an integer.

Nowwewanitﬂ show that S(k + 1) is also an integer. Form = £ + 1, the statement
becomes

SE+T) = (F+1y + 2k +1)
3

_ B +387 +3k+1+2k+2 _ (K°+2k)+ (38 +3k+3)

3 3
3 3 i |

s (K" +2k)+3(k" +&+1) = k +2}+(k’+k+1)

3 3
k=+2k.. s ' 20 . s
As is an integer by assumption and we know that (8 + & +1)is an integer as

ke N. S(k+ 1) being sum of integers is an integer, Thus statements holds for k+ 1.
Canclusien: Since both the conditions are satisfied, therefore, we conclude by
3
" sl Tndicton thit n ;23
values of n.
LATENIT 4] Use mathematical induction to prove that

represents an integer for all positive integral

1
3435435+ 435 = 3(52 D , whenever # is non-negative integer,
EZITTTIN, Let S(n) be the given statement, that is, The dot () between two
xsﬂ-l._l) mumberer  sEnds for
S(m):3+3-5+3-5 ++.+3.5 == multiplication aymbaol.
1 — —
Base Case: Forn =0, 5(0):3-5°= w or3= = 3

Thus S{0) is true Le., The base cage is satisfied.
Induction of Hypothesis: Let us assume that S(k) is true for any ke W , that is,
35 -1

S(®):3+3-5+3-5+ 435 == (&)
Here S (k+1) becomes
S(k+1):3+3-5+3-5’+...+3.5i+3_5h1=3(5‘*"4"*1_1)
3 5&1-2 -1
_ 367 1) &)

4
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Adding 3.5""'on both sides of (A), we get
3(5h -1

34+3:5+3- 5 et Ju 5t 1 3.5%1 = A7, g g4

_ 3(5“1 —1+4.55

4
_As*a+ -1 35+ -1)
2 4

This shows that S{(% + 1) is irue when S{k) is true.
Conclugion: Since both the conditions are satisfied, therefore, by the principle of
mathematical induction, S(») in true foreach ne W.
Prove that 4" +6n — is divisible by 9 forall ne N'
Let.S‘(n)beﬂ:egiven statement,

S(r)=4"+6n-1 i divisible by 9 for all ne N
Base Case: Putn=1, S()=4"+6{1)-1=4+6-1=9"

Which is divisible by 9. Hence it istrue forn =1,

Induction of Hypethesis: Suppose the statement is true forn = k. i.e.,

S(k)=4* +6k~1 is divisible by 9 (A)
This implies S(k)=4* + 6k —1="5k for some integer &,
4 +6k—1=9%
Nowpmta=k+1,

SE+D) =" +6(k+D)-1=4-4 "+ 6 k+6-1
=4(9k, — 6k +1)+6k+6-1
=36k — 24k +4+6k+5
=36k —18%k+9
= 9(4k —2k+1) ®B)
Which is divisible by 9.
Thus 8(£) is true forn =k + 1.
Conclugion: Since both the conditions are satisfied, therefore, by the principle of
muthemsﬁcalinducﬁun,th:givmstatemmtismmfuraﬂintcgmn 2L
Use mathematical inductien to prove that
n
Z(Zk l(2k+1) 2n+1

» whenever » is a positive integer.
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LetS(n)bethe given statement, thai is,
1 .

8n); i(ﬂr—l){ﬂ:ﬂ) T 2p+1

1 1
BAERANe Forn = 1, S(1); E(z& D(2k+1) 21+1°

1 1 1 1
- = = —=—
1-3 2:1+1 3 3
Thus 5(1) is true i.e., The base case is satisfied.
Inducﬂnnufﬂypnthemrl.etuuassums that S(#) is true for n = m, thatds,

Yom: Z(ZJ: 1){2k+1) 2m+1 &
Here S(m + l) beoomes

m 1

St 1) Z(z& 1)(2k+l) zm+1+(2m+__1](m-+3)
m(2m+3)+1 2m +3m+] . (m+1)(2m+1)

T (2m+1}2m+3) (2m+1)(2Zm+3) (2m+1)(2m+3)
_ m+1 m+1 . m+1
2m+3  2m+2+1 2{m+1)+l ®)
This shows that Sk + 1) is true when S(%) is true.
Conclugion; Since both the conditions are satisfied, therefare, by the principle of
mathematical induction, $(#) intrue foreach ne N.
8.1.1 Principle of Extended Mathematical Induction
Let i be an integer. A formula or identity or statement S{n) for n > i is such that
1. Base Case: 5(i) is true and
2. Induction of Hypothesls: S(k-+1) is true whenever S(k) is true for any integer
n2i.
3. Conclogion: 5fn) is true for &l integers n2i.
[ETTTa 7| Show that 1 +3 45+ --- + 20+ 5) = (#+3)” for integral values of n 2 2.
Base Case: Let S(n) be the given statement, then for n = -2, 8(—2) becomes,
2-2)+5=(2+ 3, ie., | = (1)* which is true.
Thus S(-2) is true ie., The base case is satisfied.
Induction of Hypothesis: Let the equation be true forany # =k Z, k 22, 50 that
SE:1+3+5+ - +(2k+5) = (k+3) (A)
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S+ 1143450 H2k+5)+ QEk+1+5)=(k+1+ 3 = (k+4)® (B)

Adding (2k+1+ 5) = (2k + 7) on both sides of equation (A) we get,
1+3+5+ - +(2E+5)+Ck+7) =G+3P+(2Z%+T7
=P+6k+9+2k+7
=+ 8k+ 16 =(k+4)

The formula holds for £ + 1.
Concluzion: As both the conditions are satisfied, so we cenclude that the 5{(#) is true
for all integers n=-2.
[ATTiTil 8| Show that the inequality 4* > 3" +4is true, for integral values of n2 2.
Let S(n) represents the given statement ie., S(n): 4" > 3" +4 for integral
valuesof 222
Base Case: For n =2, $(2) becomes

S(2): 4" >3% +4,1e, 16 >13 which is true

Thus S(2) is true, i.e., The base case is safisfied,
Induction of Hypothesis: Let the statement be true for any n = k(= 2) Z, that is

S(k): 4 >3+ 4 (A)
Multiplying both sides of inequality (A) by 4, we get
44% > 43"+ 4)
ar 4" 5 (34+1)3F +16
or 44 5 38 L4303k 12
or 4" 530 1y (- 3*+12>0) B)

The inequality (B); The formula holds for £+ 1.

Concluglon: Since both the conditions are satisfied, therefore, by the principle of
extended mathematical induction, the given inequality is trus for all integers n22.
[ZTrTn8|If a, = 27 + 1, then forn > 1, show that last digit of @_ is 7.
Wewi]lprﬁve the statement by mathematical induction.

Base case: Forn=2

a,= 2% +1=2%+1 = 17. Clearly unit digit is 7.

Inductive Hypothesis: Assume thatq, = 22" + 1 = 10m + 7 where &> 1 and m is some
positive integer.,




Now, @, =2" +1=2"211

=(21*) +1=(10m+6)*+1

= 100m? + 120m + 36 + 1

=100m? + 120m + 30+ 7

=10{10m? + 12m+3) + 7
Thus, last digit of a, is 7 for all n > 1.
Conchuslon: Since both the conditions are satisfied, therefore, by the principle of
mathematical induction, the given statement is true for all integers 2 >1.
8.1.2 Real Life Application of Mathematical Induction
Mathematical induction iz a powerful method used fo prove. statements that are
formulated for natural munbets. It ig often nsed in mathermaties to justify conclusions
about sequences, series, and other constructs that involve integer values.
Faris starts a savings plan where he deposits 1,000 rupees into his bank
account every month. Using mathematical induction, prove that the total amount saved
after » months is given by:

8(n) = 1000 x n rupees

where z is a positive integer repregenting the number of months.
EfITTT\Given staternent $(x) = 1000 x »
Base Case: For #n = 1: After the first month, Faris save 1000 rupees. Therefore, the
total savings after one month is 1000 X 1 = 1000 rupees. The base case S(1) holds true.
Induction of Hypothesis: Assume the statement is true for some positive integer &,
Le., after & monihs, the total savings is §{(&) = 1000 x k rupees.
Now, prove that the statement holds for £ + 1 months; After k +1 months, you would
save an additional Rs. 1000, so the total savings becomes: §(&+ 1) = 1000 x £+ 1000
= 1000 x (& +1 Y rapees. Thus, if the statement holds for £, it also holds for £+ 1.
Jmt[ﬂcnﬂnﬂ;'hd Communication: Using mathematical induction, we prove that
gaving Rs. 1000 monthly for » months totals 1000 x mrupees.
The base case (# = 1) holds, and assuming it's true for § months, we show it for £+ 1.
Thus, the statement is valid for all natural mumbers #, making it reliable for real-life
applicafions.
LEET A1 | Al starts a daily exercise routine where each day he increases the number
of push-ups he does by 2. On the first day, he does 10 push-ups. Prove that after %
day, the total number of push-ups Ali has done is #* +97
Hate Case: For » = 1: On the first day, Ali do 10 push-ups. Total push-ups
(1 + 9(1) = 10. The base case 5{1) holds tre.
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Induction of Hypothesls: Assume the statement is true for some positive integer k,
i.e., the total mmmber of push-ups afler k days is S(k) = k> +9&.

Now, prove it for £ + 1 days: On the (£ + 1)th day, you do 10 + 2 x & push-ups. The
total after & + 1 days becomes: &+ 9k +(10+2k)=&* + 25+ 1+9%+9

= (k+ 17 +9(k+1)

The formula helds for $(X+1).

Conclusion: By mathematical induction, the total number of push-ups after » days iz
" +9n

[T 12| Suppese you aim to lose weight by reducing your celeries intake by 50

calories gach week. If you start at 2500 calorics, prove that after # weeks, your daily

mtake iz 2500—50n calories.

Base Case: Forn=1: After 1 week, your intake is 2500 — 50 = 2450 calories.
The base case S{1) holds true.

Induction of Hypothesis: Assume the statement 18 trie for some positive integer &,
i.e., after k: weeks, your intake is 8(%): 250050k calories.
Now, prove it for k + 1 weeks: Aflerk + 1 weeks, your intake will be:

2500 — 30k — 50 = 2500 — S0(k + 1) calories. The formula holds for ¥+ 1.
Conclusion: By mathematical induction, your daily intake after n weeks is 2500—50n

calories.
P EXERCISE 8.1 _J
1. Use mathematical \nduction to prove the following formulae for every positive
integer ».

(i) logx®=nlogx, where x ig positive
() 2+5+8~+..+@n—1)= %(3» +1)

(idi) 2+(2+5)+(2+5+8)+---+%(3n+1)=%(n+1)2

(iv) 2+6+18+~ +2x3"1=3"-1

(V) Ix3+2x5+3xT++ax(2ntl)= nin-+1) (4n +5)

6

1 1 i 1 1

vi + e =1-
) e 23 axd e D mel
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10.

11.

12.

Unit ) b rimiint AU saneanes (I

A=r) el

=r

(vii) 7+ +r+ 7=

(Vi) @+ (a+d)+(a+2d)+ - +[a+ (n-1)d] = {24+ (a-1)d]
(ix) a,=a@ +(n—0)d whena,a +da +24..fooman AP
(x) a,=ar" when a,qr.ar’, .. formaGpP.
@ (5 (3 (3 (37 H()
3 3 3 3 4 \\L...
O

{xii) The sum of first # odd natural numbers is #%,
Prove by mathematical induction that for all positive integg ues of &

@) #*+n is divisible by 2 (i) 5" —2"is divisible by 3
(iii) 8x 10" —2is divisible by 6 At

a ol i
Provcthaer‘zr ],whenﬂvcrnisapo" C mteger.

e o

x—yis a factor of x" — y" forall pomﬁ(éjmtbgml valugs of n, (x = ¥).

al> 2" —1 for integral values of n;)ﬁ-/;.:/

4" > 3" 4+ 2% for integral valuﬁ?f_n 22,

l+mr<(l+x) forn22and £5-1.

Aliza invests Rs. ],GUD,H(C'{I& a business thst promises & 6% return compounded
anmally. Prove by mtra@ﬁmnnsal induction that the amount of money after n years
is 1,000,000(1 .06_}”14;;.'\

A bank offers anifivéstment with an annual interest rate 7. If P rupees are invested,
ﬂ]emmnl‘q@srnye&m is given by: A(n)=P(1 +r)

Prove b{)iﬁ.ﬁnstinn that this formula holds for all » > 0.

S aves Ra. 500 in the first month and increases his savings by Rs. 500
every subsequent month, Using mathematical induction, determine whether his
total savings will reach st least Rs. 12,000 after 24 months,

Prove by mathematical induction that if Ali takes a loan of Rs. 2,000,000 and
pay Rs. 50,000 at the end of each year, the remaining balance after n years is
R = 2,000,000 — 50,000n.

If Salman start savings with Rs, 5,000 and saves an additional Rs. 1,000 at the
end of every month, derive a formula S(n) for his total savings afler » months.
Prove the comreciness of year formula using mathematical induction.




8.2 Binomial Theorem

An algebraic expresgion consisting of two terms suchas e +x, x— 2y, ax + b ete,, is
called a binomial or a binomial expression.

We know by actual multiplication that
(a+b) =a* +2ah+h* ()
(a+h) =& +3a’h+3ah® + b (i)

The right sideg of (i) and (ii) are called binomial expansions of the binomial
a + b for the indices 2 and 3 respectively.

In general, the rule or formmla for expansion of a binomial taised 1o any positive
integral power n is called the binomial theorem for positive integral index 2.

For any positive integer n,

@+ by = [;Ja" + [r}z"'lh + (;Ja"’fﬁ " ---+(: l]a’(-r-"w-l
+[:]a""h' o +[;J"”” +(:]H" (A)

or brefly (a+ /)" = i [n]a""h', where @ anil / ire real nummibers.
r

Fmi)

The rule of expansion given above is called the binomial theorem and it also helds if 2
or b is complex. :
Now we prove the binomial theorem for any positive integer n, using the principle of
mathematical induction. :
Proef: Let S(n) be the statement given above as (A).

: 1 1
Base Case: ifn=1, we obtain § (1): (a+5) = [{Jal +(1]0Hb=a+b which is true.
The base case is satisfied.
Induction of Bypothesis: Let us assume that the statement is true for any n=ke N, then

Sk (a+b) = [k] & +[k] a"“b+[kJ ol i +( X Jd“"“b"l +[kJa"" 8
0 1 2 r—1 r
k 1 k &
o+ nes +[k_l}ab‘°' +[k}b (B)
Stk+1): (a+5)™ =[k;1] "H"'(kil-l) a*xb+(k;1] alx bt 4 -

+ [k+1)a"“‘+=xb"‘ +[k+lJa"”1x b+ +[k+l)axb* +[k+1Jb”1 (C)
r—1 r k £+1
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Multlplym,g both sides of equation (B) by {(a + ), we have

N I R P
(o[} 1}_,,“[:)9]
- [[; },w +[:‘ Ja'b+[:}r“b’+ +[ ¥ Jat—wbﬂ
({2 ]
A A
+@m+...+[; ]a(*},]
(e M-
(0 e A e
s (oo M= LS Jmoeres
(a+b)m=[k;1)n’”+[k ;"]a*m[’f;l}l—lbu
. {*:‘]m[:ll - ©)
GYYEH-()=

We find that if the statement is trus for n =k, then it is

also true for n =k +1.

true for all positive integral values of ».

The following peints can be obaserved in the expansion of (g + b)*

(i) The mumber of tenms in the expangion is ome greater than its index.

(ii) The sum of exponents of @ and x in each term of the expansion is equal to its
index.

(1ii1) The exponent of g decreases from index to zero.
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(iv) Theexponentofb increases from zero to index.
(v) The coefficients of the terms equidistant from beginning and end of the expansion

RGN

"
(vi) The (r +1)® term in the expansion is ( ]a"’b’and we demote it as 7., ie,
r

(2w
r

As all the terms of the expansion can be found from it by puttingr=10, 1, 2, -+ , n, so
we call it as the general term of the expansion.

6
IB 10013 BExpand [%—3] and alzo find its general term.
a

o 5252

T, ,, the general term is given by
6V a Y7 2Y _ (6 -
T [ ](?] =] [ }F e
ol gl 2]
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14| Evaluate (9.9)° using binomial theorem.
(9-9)’ =(10-0.1)*
= (10) +5x (10)* x (~0.1)+ 10(10)° x (~0.1)% +10(10)° x (~0.1)*
+S(10X=0.1)* +(~0.1)
= 100000 — (0.5)(10000) + (10000){0.01) + 1000(~0.001)+ 50(0.0001) — 0.00001
= 100000—-5000+100—1+ 0.005—-0.00001

= 100100 .005 — 3001 .00001
= 95099 .00459

1y
T B15) Find the specified term in the expansion of [%x—%) :

(i) the term involving x° (i) the fifth texm

(iif) the gixth term fromthe end  (iv) coefficient of theterm involving x77,

11
(i) Let T, be the term involving x*in the expansion of [%x—i) , then

L) h

1l-r 1131+
- (1:] S AT = {—l)"[ , )321—1., i

zll—r
As this term involves x°, 50 the exponent of x is 5, that is,
11-2r=5-0r —2r=5-11=r=3
Thus T, involves.x’

3t 11-10-9 3°
= (—] L6 = 5
( )J[ }z‘” TN,

165- 243 40095 s
———— %' = x
256 256

21 4321 7

_11:18-3 27 , 16527 , _ 4455
1 '123”3' 64 d 54”3

- 1),{11] 3 e _ 1110-9-8 3
o 3= 11-10-9-8 3
4




(ii1) The 6th term from the end term will have (11 + 1) —6 that is, 6 terms before it,
1t will be (6 + 1) term, that is the 7™ term of the expansion.
11 312 11-10-9-8.7 37
Thus T, = (—1)° Mooy = 7 =yt
T ( ) [GJZII—Q 5.4.3.2:1 25 *

_ llxﬁx?‘ 1 1 77

1 3x32 x 16x
(iv) % is the coefficient of the term involving x~'.

8.2.1 The Middle Term in the Expansion of (a + 5)"
In the expansion of (a + b)", the total number of terms is # + 1

Case It (» is even) If »# 18 even then » + | is odd, so [%+l] “term will be the
only one middle term in the expansion. -l
CHEII:(uilndd)ifnisnddﬂmnn+1iscv=n*ﬂg["ﬂ+|] a.ndl

2

i+ 3
2

] terms of the

expansion will be the two middle terms.

12
|ZTT0l316 Find the following in the expansion of [§+%] :
&

(i) the ferm independent of x (ii) the middle term
(i) Let T, be the term independent of x in the expansion of
¥ ik
X 42 then
( 2 x

T )
T r 2 xﬂ
12~ 123 . . 1
=[f}2172_r. 2 _xﬂ =[r]22 u_xIB—S

As the term is independent of x, so exponent of x, will be zero.
Thatis, 12-3r=0=>r=4.

Therefore, the required term T_= griz o 12:110-9 4
s 4 4321

11x 45 _ 495
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- 1h
{(ii) In this case, n =12 which is even, so |IT_'H] term is the middle term.

2y = Y (2Y
T, =[6J(T} [F) Because T;is the required term,

:[12]1_‘ 2° _ 12x11x10x9x8x 7 e

6)2° X7 6% 5x4x3Ix2x1
_12x11x7 924
- & ="s

X X

8.2.2 Some Deductions from the binomial expansion of (@45 )"
We know that

(a+b)‘=[:]a"+[;']aﬂb+(;]aﬂy+...

+{:]a""bf-|'-.,..+[n: ]ab""+{:)b" (&)
(i) Ifweputa=1,in(A), then we have;

.:m,)-{;H;]b+[;]b=+...+[:]g.+...+-[nj l)y—1+[:}b» ®)

=1+nb+¥b‘+---+”(h_l}(”_2)!'"("_r+1)b'+---+nb"‘+b"
;
y l’n" ! _jz{n—l}:---:{n'—r-i-I;l[n—r}! _ aln—L)(n—r—1)

ey el (n—r)! Ll in—r)! r!

@) Putting a =1 and replacing b by—b, in (A), we get.

(a-&y ={:)+m(_b) +(:](-b)= +('3')(_;,)= s +[n'il)(_b)._. +(:) _
o2 pren()

(iii) We can find the sum of the binomial coefficients by putting ¢ = 1 and
5=1in(A).

oo o= (D)2} e (7 o)
o 2 (RO

Thus, the sum of coefficients in the binomial expansion gquals to 2°,




{iv) Puiting a=1 and /' =-1, m (A), we have

e G ety
:s[ﬂ'[z;[il'[;zm v 2 Jen (7)o

R ()

If » is even positive integer, then

(;}[;}...{:H;‘}[;}...{; 1]

Thus, sumnfuddmefﬁcwmsofahmmalexpmmnequahtothzmnnofﬂxeven
coeflicients.

Show that: [; J+z[: ]+3[; )+[ ) poa
] n n n _ aln— 1) n(n—l){n—!)
(1 J+2(2 J+3[3 }4—“-4‘”[“.] n+2 2 31 I |

= n[1+(n 1}+w+ --+1]

- Y Ly B

P~ EXERCISE 82 _J

1. Using bindmuil theorem, expand the following:

0 [3-3] @ (2] @ ({T-Z]

2. Calculate the following by means of binomial theorem:

® 97y () (2.02) (i) (9.98)° @) @1’
3. Expand and simplify the following:
@ (a+v2x)f +(a—v2x) @ (2+v3) +@-+3)

4, Expand the following in sscending power of x:
@M (@+x-x2) @ Q-x+x*)




<> Manain

1 i*md the term involving:

13
(i) x*in the expansion of (3—2x)7 (ii) x*in the expansion of [x—%)
x

g
(iii) @* in the expansion of [i—aj (iv) »°in the expansion of (x_\/;)"
x
6. Find the coefficient of;

in
() x"in the expansion of (x’ —%J (ii) x" in the expansion of [.t’ —i]
x

10
7. TFind 6™ term in the expansion of (r" - zi J .
X

8. Find the term independent of x in the following expansions;™"
’ 10 19 4
@ x-ij Gi) (JE ; i] (i) iﬂ.)f[n i]
. == 2x* x?
9. Determine the middle term in the following expafisions:

(1 2Y s o | 1Y
o (53] @ (3xa) il

o e Ch

8.3 The Binomial Theorem (When the Index » is a Negative

Integer or a Fraction)
Whﬂnnmanegnuvemtpgegoraﬁncunn,ﬁen
n(n 1) - nin— 1) (n 2) o

n(r: D(n-2) - (n r+l)xr

(l+:s)" 1+ nx+

_' rl
prmndﬂd | x|<1.
] owln—1)y . mn—1}n-2) . ]
The serica of the type 1-mx+ 2!'1’—. 3l X + - is called the
binomial series.
® The proof of this theorem ix beyond the scope of this book. 7
® Symhﬂl[:}[;).(:]mmw_euwhmqhnngguﬁveiﬁt:’germl
fraction.
» The general term in {he expmsionis 7, =!':{‘n'_1) (n-i)---(n—rﬂif_
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(5 C00018) Find the general term in the expansion of (1+ %)™~ when| x| < 1.

Solution T, = DA ) - (B-rt])
ta r!
_ -1Y-3-4-5(r+2) iy 12345042,
! 4 D 1-2-1 *
1y l"l-[r+1){r+2)_lEr =(_1),(r—!-1}(r—2)x,
2! 2

Some particular cases of the expansion of (1 +x)*%, m <0
@) Q-+ =1l-a+2 &+t (I E .
(D O+ =1-25+32 4+ A+ E+Dx"+ O
@) (27 =132+ 6% —105° + w4 (1) W’”
(iv) (-2 =l+x+2 +x" + b2+ o '

(v) (—2)"=1+2x+3"+4x" + -+ (r+ D + -

(vi) (l—x)° =1+3x+62"+10x"+ +m;r+2}x' o

Find the coefficient of x" in the expansicn of

I, 5, 2 =0- 902
=(—x+ l)[ 1+(—IL?.::¢)+—.(—.2)2:':_3\).a:2 OO . & o e s ]

r!
=+ DIL+ (D26 (1P30% + -+ (1Y % e+ 10"+ 1]
= (= + DI+ (=02 + P32 + - + 1P ™=+ PG+ Dt ]
Coefficient of x* = (=1) (<1 n+ (1P (n+1)
= (-1)a+C0)"(n+D) = )+ (r+ 1] = 7 (2r+0)
If x is 50 small that its cube and higher power can be neglected, show
1-x 1 ,

that |— " =& l-x+—x
1+x 2

I_—I =(1—x)”2 (1_,_‘.‘)—1.‘2
\1+x

- 1+%(— M(—:}’%-- 1+[—?l]x+(_%J[_li_l}x’+---

1-x
1+x)*




11 3.1 1, 1,
=1+ e+ 2+ |+ ml—xi—
(2+2)x+[8+4 s]x fe mlmt

3
For y%[i} L3 (i]‘ " 1-3-5[1) B

9 J 2211\ 9 23 9
show that 5% + 10 y—4=10
1 3
Solution y=L[iJ+£[iJ +E(i] SR {A}
2.9 42i1f 9 83\ 9
Adding 1 to both sides of (A), we obtain
2 |
1( 4 1-3( 4 1-3-5{ 4.7
1+"'l+7[7]+ﬁ[?] ¥ 3-3!'[TJ e ®)

Let the series on the right side of (B)bé identical with
n(n—l)x,_l_u i':—l)(ili,'—':!)lxEI s
2! ‘3]
which is the expansion of (1+x) for| x | < 1and » is not a positive integer.

1+ nx+

By comparing terms of both the scries, we get

=55 ®

an-1) o 013, 4Y 3
TR 4.21(?) (ii)

From (i), x =% (i

Sl =% SR

n(n—l)(2j=i_ 16 _ ap-) 4 _3 16

2 (9n

8 81 2 8l# B8 81

o 2(n—1)=6n or n—1=3n=>u=—%




or J5(1+3)=3 (i)
Squaring both the sides of (iv), we get L
51+2y+3)=9 ot 5 +10y—4=0. =D

P _EXERCISE 83 4 ~©
1. Expand the following upto 4 terms, taking the valnes ofxsuch that the expansion

in each case is valid:

@ a+x)" () (4-3x)"* @iy, L{l:})ﬂ (iv) ‘:_:"’

2. Find the coefficient of x” in the expansmn nl‘

2 1+ (1+x)*
O ey 6y
3. Ifxisso small that its s.quar_ei_a.nﬂ higher powers can be neglected, then show that:
1-x 3 O . Al+2x 3
w]l-—x" 1+ —
W a0 G =l
(9+'?x)"1-—116+3.r)"4 1 l‘? .y VA+x o 25
(ii) CB+ 52 e 4 et @ 0 24+ %

4, Ifx isgqq;_.mhll that its cube and higher power can be neglected, show that:
(i) 1}1;.1:—2.1:’ ml—ix—ix’ (ii) 15 m1+x+ix
2 8 1-x 2
5. Ifyxis very nearly equal 1, then prove that px® —gx? = (p—g)x"*?
6. Identify the following series as binomial expansion and find the sum.

i LY, B LY B 1 -
241 4 2141 4 318
1 13 1:3.5
S L —
PRTRTY Ta

7. Use binomial theorem to show that 1+
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1. 131 % 13871Y oy =
B. l[J*_ ?MPE[E’IT 3 [;)"‘ﬂ [310'-'3.]1&1}’ +T—y-—2—ﬂ.
1 . . 3. 5
g.‘ 1f 2y = L%ﬁ. _I_*& F Lq- - pmeﬁlut 43;: + 4};-1: )]

P T 8

10. Show that the coefficientof ¥'in —— s 29,
(1-pxXl-gx) p-4

8.4 Binomial Coefficients Using Pascal’s Triangle

Binamial coefficients arise in the binomial expansion of powers of a binomial
expreasion, such as {x + y}". These coefficients are denoted by:

ny_nl
[?‘J —m,“’hﬂ'ﬁﬂﬂrﬁﬂ.

Pascal'sTnangle;n‘oﬂdesauombmﬂmalmﬂmdtﬁwmpumbmmal cocfficients
without directly using factorials. The construction of Pascal's triangle follows these rules:
1. The first row (corresponding to » =0) consists of a single entry:1.
2. Each subsequent row begins and ends with 1.
3. Everymtennrentrymthesumnfthetwoenﬁlesdlrectlyabuvmtfmmﬂm
PrEVIOUS row.

0
1
2
3
4
5 s‘\(\i’
6
7

‘:; {:@a‘*’ ;

Mathematically, this is expressﬁdby Pascal': Rule.

), e

The entries in the n® row of Pascal's Triangle correspond to the binomial

s )1}

For example, the binomial coefficients comregponding to n =4 are:

AR




RS et <18> M
Expand (x + y)* using Pascal’s triangle.
The'binnmia.‘l coefficients for the expansion of correspond to the entries in
the »=4 row of Pascal’striangle: 1464 1
Thus, the binomial expansion using Pascal’s triangle is

x+ ) =1 +4y + & g + 1
()t =t + 4y + 6B +4m + 5
LS i023] Expand (x —2)" use the binomial theorem and using Pascal’s triangle.
EXITTT Expand uging Binomial Theorem:
(x-2Y=3Cox’ (-2)' +3C1 L 2) + Q-2 +5C 3= 2P
+3C 542+ 30— 2)
=x—10x"+ 405 - 80 x> + 80 x - 32.
The binomial coefficients for the expansion of correspond to the entries in the
n=>35row of Pascal’s triangle:1 5 10 10 5 1 |
(@t bY=Ca " +3C\a*H +3C, a8 P +3C: @ P +3Ca B+ 3Csa" B
Replace binomial coefficient from Pascal triangleand a=x, b =-2
=2 = 2+ D H 10522 4 10 5= 20 + S (- 2)*+ (- 2
=x"-102*+40x* - 80 x° + 80 x—32,
8.5 Applications of Binomial Theorem
8.5.1 Finding Approximate Value Using Binomial Theorem
Approximations: We have seen in the particular cases of the expansion of {1+ x)"
that the power of x goes on inereasing in each expansion. Since |x| <1, so
| x ‘r <| JE| forr=2,3,4, ...

This fact shows that terms in each expansion go on decreasing mumerically if [x <1.
Thus, some mitial terms of the binomial series are encugh for determining the
approximate values of binomial expansions having indices as negative integers or
fractions.
Sommation of imfinite series: The binpmial series are conveniently used for
summation of infinite series. The serics (Whose sum is required) is compared with
aln=1) o np=D(n=2) ;

P 3! e
to find out the values of & and x. Then the sum iz calculated by putting the values of n
and x in (1+x)".

1+ nx+




8 <164 > mﬁmuu-
Enmple 24| Expand (1— 2x)"*to four terms and apply it to evaluate (0.8)"” correct
to three places of decimal.

Thiscxpmmiunisva]idonlyifpx‘{l or 2|x| <1 or|,-.':-::% .that is
i)y, 36070
(1-2x)" = 1+—(-2x)+ 20 (-2x)"+ pT (2 *
Tu W ies .
Z_ .3\ 3 3U 3\ 3 ;
A 4
TR Fa 321 %)
2 4, 125 1
IR R T T Ll
-t A W s
37 9 8l
Putting x =.1 in the above expansion we have -
(1-20.p)" 1——(0 ) (o.lf—g(q.lj"-...
n.z 0.04 0.04 < e
R +40% 0,001=0.04)

= 1— 0.06666 —0.00444 — 0.00049 =1-0.07159=0.92841
Thus (.B)”’su- 928
Alternative method:

(08 =(1-02)%=1 “2 1(1 )(-nz;h%[%_ (%_ )(-0.2)3+...

21 3
Simplify onward by ynurself.
Evaluate 3/30 comrect to three places of decimal.

Y30= (0% = (27+3)3

3 113 1 173
= [2‘?(1+—]] =(2‘?)”3(1+—]
27 9
= 3[1+l]
9




b4 e )

& 3 [1-+0.03704—0.001372] = 3 [1.035668] =3.107004
Thus 330 =~ 3.107

8.5.2 Finding the Remsainder Using Binomial Theorem
Using binomial theotem, find the remainder when 5% is divided by 13.
I, =55 =5 (7Y°=5- 25

=5(26-1)%

el (A9 ass [ e paa  [49 B ¥ 493, o.a
5[[0J26“1 [1]261+[2J;6‘1+... 49 61
4 4 -
=5{26"—[ 9]26%( 9)26‘-“4—..-.—1]
1 2
49 45
=S-26“—5-[ g J26“+5-[ " J26“+---—5
493 4
=[5- 26% 5. [ ,'19]26“ + 5-[ ;}2@? +,..—13]+S
=13k + 8, where k is an integer
Hence, 8 is the remainder when 5% is divided by 12,
(BT i027] Using the binomial theorem, show that 11— 10 leaves a remainder 1

when divided by 100 for all positive integers n.

11" =(1+10)" = [;J o’ +[’1‘]1""ml +[:]1"'*10’ +[:]1"31o‘ + ---+(:J1°10*

1" =1+ 1nn+[:]1nn+[;]1nnu+ et 10"

n L n n L=
1 —lﬂn—1+100|I2J+[3J(10}+---+10 2]
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1I"-107=1+100x an integer
117 - 10n= 100 x an integer + 1
This show that 11"— 10» leaves a remainder 1 when divided by 100.

8.53 Finding Last Digit of a Number
Using binomial theorem, find the last two digits of the number 1172,
(11)"% =10+ 1)"

12 12 12 12
= 1012 1%+ 10111+ 101012 +. 10011+ 10%112
(o Jromse (7 v (5 Jomrna (o (]

The last two digits can be found by the last two terms, because the remaining terms
are the multiples of 100 and hence do not affect the last two digits

12 1411 l?" 12
= + 1=
[11]191 +[12}|0°1 120+ 1=121

The last two digits of 121 are 2, 1.
Hence the last two digits of 112 are 2, 1.
Divigibility Test
[T 20| Show that (15)" + (13)' is divisible by 14,
(15)13 +(1DB =14+ 1) +(4 = 1)7
= [ISC:} (14)13 + l:-lc'1 (14 12 + 1302 (14)11 o+ e BCH]
+ [P (14)2—1C (144 + PG (14)° — -+ + B 01 (14) - BC1s]
= [BC, (14)° + B¢1 (14)2 + BC2 (14) + - BCia(14) + 1
+ B0 (1Y -BC (1 + - + 0w (14 - 1]
= 14[1360 (14)1_2 o 13C1£i4)'11 + 13‘::2 (14}1D+ FR 13012
+ BG4 B¢ (14)2 + -+ B5Cu)
= 14&, where k i an integer.
Thus, 14k is divisible by 14.
Comparing Two Large Numbers
Which number is larger 512 or 492 + 507
515 = (50 + 1®

=[205](5n)“ ( 1)u+[25](50)m(1)1 ( ](53) (1) ( )(50) (l)

— (50)"* 25 (50} + 2 2'E'(su)"’ 25 il 23 2T 2 (50)7 +




R i o Tooore <67 samets G
Similarly
495 = (50— 1" = (50)° 25 (50 + 2 (50)

By subtracting, we get
51— 49% = 2[25 -(50)" + % (50)" +

[(50) 2 BADB (g5 ]}50”

= (517 - (49)® > 50 = (51)%> (49)" + 507

Hence, (5177 is preater than 4%%° + 50%°,

Emnamur Forecasting with Compound [nterest -

31| A bank offers a compound interest rate ofS%perymr Sumsira invests
Rs 100, 000for3 years. How mruch will her investment be worth at the end of 3 years?

Usingﬂm uompomdinterestfomula,ﬂ;eﬁh:revalue;&ofﬂminveﬂmﬂnt
is given by: 4= P[I-i- "'}' s

) |
Where, P = 100,000 (the principal), » = 0.05 (the interest rate), » = 1 (compounding
once per year), £ = 3 (the time in years)."
Substitute the values: A = 100000(1 + 0.05)"* = 1000(1.05)
Using the binomial expansion fm'{l 05)°:
(1+0.05° =1 + 3(0:05) + 3(0.05)” + (0.05)°
=1+0.15 + 0.0075 +0.000125
=1.157625
Now calculate the futire value: 4 = 100000 x 1.157625 = 115762.5
So, aﬂersmthemmunantmubewanhks 115762.5.

123

P EXERCISE 8.4 _d
1. Using binomial theorem find the value of the following to three places of
decimals: 5
@ V% @) (.03 (@) o @)

2. Find the remainder when 8'% is divided by 7.

Find the remainder when 2'® ig divided by 3.

4, Using the binomial theorem, find which number is larger:
(i) 19'°+20%0or210 i) 29'%+30 or31%

i




>

10.
s

12,

13.

14,

) i Bineint Toearem <ae> Leitusiims
Using the binomisl theorem, show that:

@ 57+7°is divisible by 36. (i) (ANF+(13Y is divisible by 6
(i) (21¥+(19)" is divisible by 20 (iv) (31)'+(29)® is divisible by 30
(v) (101)°+(99) is divisible by 100

Using the binomigl theorem, find the remainder when 3'" is divided by B.
Using the binomig] theorem, find the last digit of the number (32)*.

Using the binomial theorem, show that 7° — 6» leaves remainder 1 when divided
by 6 for all positive integers n.

By using Binomial Theorem show that for each ne N, 5" -1 is dﬂ?&ble by 4.
By nsing Binomial Theoram show that for each ne N, 5" -2 visible by 3.
Show that o® + (g + 2)° + (g + 4)* + 1 is divisible by 12,@1@“&” is an odd

integer. £ @
A company expects its annual revenue to grow 2l a fixed rate of 6% per year. The
revenue in year | is R = Rs. 10,000,000, Esti the company’s revenue after
4 years using the binomial theorem for sm; rates

A bank offers a compound interest “of 10% per year, Zafar invests
Rs. 2,000,000 for 4 years, How m ig invesiment be worth at the end of

4 years? %

Zaid is organizing a sports r ifion with 8 teams, Every team plays against
every other team exacly onge~How many matches will be played in total? Use
Pascal's tnangle o solve,

R
§
QY

Q\S)



