Partial Fractions

INTRODUCTION

We have learnt in the previous classes how to add two or more rational fractions into a
single rational fraction. For example,
. 1 2 3x
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In this unit we shall learn how to reverse the order w (i} and (ii) that is to express a
single rational fraction as a sum of two or more gingle ratignal fractions which are
called Partial Fractions.
Expressing & rational fraction as a sum ot‘p‘artial'fmctions i8 called Partial Fraction
Resolution. It is an extremely valuable tool in the study of calculus to decompose a
complex rational fraction into a sum-of simpler fractions.
An open sentence formed byusi:;gtﬁe sign of equality ‘=" is called an equaton. The
equations can be divided into the following two kinds:
Conditlonal equation: Itis an equation in which two algebraic expressions are equal
for particular values of the variable e.g,,
(8 2x=3isaconditional equation and it is true only

; 3
if x==.
72

and (i)

For gimplicily, & conditional
equetion is callad an equation.

(b) x*+x—6=0is & conditional equation and it is
true forx =2, —3 only.

Identity: It is an equation which holds good for all valies of the variable e.g.,

(a) (a+b)x= ax+bx is an identity and its two sides are equal for all values of x.

)  (x+3Xx+4)=x"+Tx+12is also an identity which is true for all values of x.
For convenienge, the symbol “=" ghall be used both for equation and identity.




5.1 Rational Fraction

An expression of the form Z((xi , Where P{x) and O(x) are polynomials in x with real
X

coefficients and {Xx) # 0, is called a rational fraction. A rationz] fraction is of two

types.

3.1.1 Proper Rational Fraction

A rational fraction }Q_,[@x))- is called a Proper Ratlonal Fractlon if the degree of the

polynomial Px) in the numerator is less than the degree of the polynmnl {Ax) in the

denominator, For example, 3 -zx_snnd 93;3 are proper rational fractions or
x+1 x*+4 x'—1

proper fractions.
5.1.2 Improper Rational Fraction

A rational ﬂmﬂm% is called an Improper Rational Fraction if the degree of the

polynomigl P(x) in the numerator iz equal to or greater than the degree of the
polynomial O(x) in the denominator.

x  (x—2x+D -3 an!:1.:I:z'—J|.'1'L+;\:+l
2x-3 (x=D)(x+4) 3x+1 245
are improper rational fractions or improper fractions,
Any improper rational fraction can be reduced by division to a mixed form, consisting
of the sum of a polynomial and a proper rational fraction.

For example,

For example, B'ﬂ_'kl is an improper rational fraction.
=2 3x+6
-2132% +1

By long division we obtain 3x2+l=3x+ﬁ+£,ﬂ:latisau % 35

x-2 x-2 :I:3.x2—l'

Fox

improper rational fraction 3x2_;1 has been reduced to the sum 6x+1
ufapulynomial3x+6andapmperraﬁmalﬁacﬁmﬁ. 0%

When a rationsl fraction is separated into partial fractions, the result is an identity;
1.e., it 13 true for all values of the variable in the domain of the identity,




<w> amensces (1
The evaluatmn of the coefficients of the partial fractions is based on the following
theorem:
“Jf two polynomials are equal for all values of the variable, then the
polynomials have same degree and the coefficients of like powers of the
variable in both the polynomials must be equal”.
For example,
If px* +q —mx+b=2x"—3x" —4x+5, Yxthenp=2,g=3,a=4and b=5.

5,1.3 Resolution of a Rational Fraction %im Partial Fraetions
X%

P(x) .

Following are the main points of regolving a ratiomal fraction (x)mto partial

fractions:

(i) The degres of P(x) must be less than that of O(x). If not, divide and work with
the remainder theorem. . '

(ii) Factorize the denominator O(x) into its irreducible factors, write the rational
fraction into partial fractions.

(iii) Multiply the identity with the defipminator of left hand side,

(iv)  Equsate the coefficients of like terms (powers of x).

(v)  Solve the resulting equations for the coefficients.

We now discuss the following cages of partial fractions resolution.

Case I: Resolution of %lﬂtﬂ piirtial feaethim Wi 006l oily mon-

x

repeated linear factors:

The polynomial Q(x} may be written as:
Ox}=x—a){x—ay) ... (x—a), where g £a,=....#4,
PH_ A4, A v B s enidenity.
Nx) x-¢ x—a, x-a,

Where Ay, 43, ..., 4, are numbers to be found.

The method is explained by the following examples:

Tx+25 H—— :
1] Resolve ————— D into partial fractions.

75425 A B
e P~y |




— Zus —

Multiplying both sides by (z -+ 3) (e -+4), we get
Tx+25 = Ax+4)+B+3)

= Tx+25 = 4Ax+44+Bx+38
= Tx+25 = (A+Bx+44+3B
this is an identity in x.

So, equating the coefficients of like powers of x we have
7T=A+B and 25— 44+38

Solving these equations, we get 4A=4 and B=3.

Hence the partial fractions are: i+i.
r+3 x+4
Alternative method
Suppode Tx+25 A % B
{(x+3Xx+4) x+3 x+4
= Tx+25 =A(x+4)+B{x+3)

As two sides of the identity are equal for all valucs of x,
Letusputx=-3 and x=-4init
For 4, putting x + 3 =0 i.e., x = -3, weget
—21+25=4(-3+4)
= A=4
For B, putting x + 4 =0 i.e.,x=—4, we get
—28+25—=H(-4+3)
= B=3
et . 4 3
Hence the partial fractions are: ——+——
x+3 x+4
* —10x+13
e (x-1¥x* —5x+6)
EINTTT0N, The polynomisl x* — 5x + 6 in the denominator can be factorized end its
factors arex— 3and x— 2.
¥-10x+13 _  x*-10x+13
(x-x*—5x+6) (x—{x—2Xx—3)
#-10x+13 _ 4 ., B C
{(x-Dx—-2)(x-3) x-1 x-2 x-3

into partial fractions.

Suppose




U3 S ) Parial Ersctioos <u> matnecustis (1T
= -1+ 13=4(x—-2DEx-3)+Blx— 1}{x— )+ Cx—1}x—2)
which is an identity in x.
For A, pultingx —1=01¢,x=1, we get
(IP-1D+13 =4(1-2)(1 -+ B(1-1X1-3)+C(1-1}1-2)
= 1-10+ 13 =A(-1) (-2) + B(0) (— 2) + C(0) (1)
4=24
A A=2
For B, putting x — 2 = 0 ig., x = 2, we get
(2P - 10(2) + 13 =A(0) (2-3)+ B2 - 1) (2-3) +E(2 - 1) (0)
= 4—-20+13 =8(1)(-1)
= -3 =-5
B=3
For C, puiting x — 3 =0i.e.,x=13, wa get
Br-103)+13=43-2)(+B3-1D)(O)+CE-1)(3-2)

= 9—30+ 13= C2)(1)
= _8=2C
C=4

¥-10x+13 (-2 L3 4
" (x-Dx*-53+6) x-1 x-2 x-3

) WHx—x-3 : :
[A143] Resolve 2 3Ye—]) into partial fractions.

Hence

24w -3 i3 an improper fraction so, first transform it into mixed
x(2x+3)(x-1)

form.

Denominator = x(2x + 3)(x — 1)= 22 + 2 - 3x 1

. Dividing 22 +x—x—3 by 22 +x% - 3x, 20 +2*-3x)25° + 5 - x-3

we have _ngix’¢3x

Quotient=1 and Remainder = 2x—3 2x—3




<w> s (N
204+ -2-3 _ |, 23
x(2x+3¥x—-1) x(2x+3)(x-1)

2x-3 A B C

PEE x(2x+3)(x-1) x 2x+3 =x-1
= 2x—3 = A2x+ D(x- 1)+ Bx) (x— 1} + Cix) (2x + 3)
which is an identity in x,
For 4, putting x = 0 in the identity, we get A=1
For B, putting 2x+3=0 =>x=—% in the identity, we get B:.—}
For , puiting x — 1 =0 = x =1 in the identity, we get %=:2%
:-_ —
ence,le"'x -3 _,,1 B 1

#(2x+3)x-1)  x 5(2x+3) 5(x~1)
Cage TI: When O(x) has repeated linear factors:
If the polynomial (}(x) has a repeated linear factors (x — a), » 2 2 and » is a positive

Px) may be written as the following identity:

O(x)
P(x) o A + 4 o+ +7A"
Qxy (x—a) (x—a) (x—a)*
where 4, 4,, ..., 4, are numbers to be found.
The method is explained by the following examples:
[ETTTT4 Resoive % into partial fractions,
F+x-1_ 4 B c
EITITE, Suppose s = vz Gt 2 Gt 2
= FHr-1=4x+2P+BE+2)+C @
= P+x-1=4@+4x+H+Bx+2)+C (ii)
For C, putting x+ 2 =0, L.e., x=-2 in (i), we get
(-2 + (=2)— 1=A(0) + B{O) + C
= 1=

integer, then




(TR 5 Fartat ractisns <u> ssanntes (I
Equating the coefficienis of x* and x in (ii), we get 4=1
and 1=44+R8

= 1=4+8B = B=-3

X+x-1_ 1 3 1
Hence, 3 ¥ 7+ 3

(x+2) x+2 (x+2)Y (x+2)

1

Resolve ———————— into partial fractions.
[RTTa 5 | Resolve G GE D) Into parti ons

oy Here denominator = (x + 17 (o — 1)

Solution

=@+ 1PE+1)E-1) = (c+ 1P x~T1)
1

1 _
x+1D2 (-1 (x+1)(x-1

Suppose L = + “ + ¢ + 2
HPpe -Dx+17  x-1 x+1 (x+17 T (2+1)°
=  1=A@+1P+ B+ (x— 1) +C— 1)x+ 1) + D - 1) (i)

=  1=AQ"+32+3x+ 1)+ B A2 —x - IHCE - 1)+ D(x - 1)

= 1=d+B’+(B4+B+O¥(B4-B+Dx+(4d-B-C-D) (i)
For A, puttingx—1=0 = x=1 in (i), we get

o
1=42) = A=%

For D, puttingx + 1 =0 = x=—1 in(i), we get
: 1
1=DC1-1) = D=-
Equating the coefficients of x* and x* in (i), we get

3 1 : 1
and 0=34+8+C = 0=——1C = O=—7
8 8 &
Hence the partial fractions are:
i 1 1 1
8 , B, 4 . 2 b 1 g L

1 xtl GrP (it 8(x-1) 8xtD 4@+l 2xt1)
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P EXERCISE 5.1

Resolve the following into partial fractions:
y B " a-b g .
= “ ea-b P Tide-D
2 2x+3 i X +4x+5 P 45’ +5x5*-3x-2
U e+ E+D(x+3) (+ 12 +5x+6) ' -1

3% -12x+11 § (x—1)(x—2Xx-3) 9 P
D x-DE-2)x—-3) (—4¥x—5){x—6) @ +a)E +h)(F +c)
o, X+1 1 FHx 0 3 +4x—5
-1 (-1 (a1

1 4 -3z +1 12x* —48
= xx+1) e (x+D(x—1)* i o (x—2)*(x+2)*

Case III: When ((x) contains non-repeated irreducible quadratic factors
Defimition: A quadratic factorishreduci];l:ifﬁcanmtbewrittenasthepmductof
two linear factors with real coefficients. For exammple, x* + x + 1 and 2% + 3 are
irreducible quadratic factors.

If the polynomial O(x) contains non-repeated irreducible quadratic factors then %
may be written as the identity having partizl fractions of the form:
Ax+ B
ax’ +ix+c
The method is explained by the following examples:

\ Ix-11 : . 2
KE: 136 Resolve —————— into fractions.
ve e imo patl actons

w-11 _Ax+B C
| = i
A PP DG+ x2+] 343

= 3x—11=(dx+B) (x+3)+Clx*+1) (i)
= 3x-ll=(4+CP2+(B4+Bx+(3B+C) (i)
ForC,puttingx+3=0 = x=-3 in(i), we get
-8-11=0(9+1) = C=-2

where 4 and B are the mumbers to be found.
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Equating the coefficients of x* and x in (ii), we get
0=4+C = A=-C = 4=2
and 3=34d+8= B=3-34 = B=3-6=> B=-3
. 3x-11 _2x-3 2
E+D(x+3) +1 x+3

4x* +8x
|7 ei 7| Resolve ——————
s Ve 2 +2x2 49

ETIRTTR Here, donominator = x* + 22 +9 = (¢ +2x + 3) (* — 2+ 3)
4 +Bx 4x% +8x
P+ +9 (P +2x+3NP —2x+3)

4x 4 Rx _ Ax+B  Cz+D
(424 3)x*-2x+3) F+2x+3 x*-2x43
= 42+ Br=(dx+B) (F— 2+ 3)+ (Cx+ D) (@ +2x+3)
= 4+lx=(A+C)F°+(-24+B+2C+D)3

+{(34-28+3C+2D)x+3B+3D (i)

Henc

Suppose

which ir an identity in x. .

Equating the coefficients of x°, %, x, #° in (i), we have
0=A+C (i)
4=-24+RB+2C+D (ii)
8=34-2B+3C+2D (iv)
0=38+3D )

Solving (ii), (ii1), (iv) and (v), we get
A=1, B=2, C=-1 and D=-2
" dc'+8x _  x+2 . -x—2
22" +9 P +2x+3  2*-2x+3
Case IV: When (X(x) has repeated irreducible quadratic factors
If the polynomial ({x) contains a repeated irreducible quadratic factors (ax® + bx + &)",
nEZandnisaposiﬁveinﬂger,thm%mayhemittenasthefullowingidenﬁty:
x
P(x) _ Ax+B Ax+B, . Ax+B,
ox) af+bx+c (@ +bx+cf = (ar +bx+c)
where A1, B, A2, By, ..., Ay, By are numbers to be found. The method is explained
through the following example:

Heng




<> matsenncs (1
lew%mpmﬁalﬁmﬁm.
ax* _Ax+B Cx+D  E
(FC+1P(x-1) xF+1 @+ x-1
= 4 = (dx+ B+ D{x - 1) +(Cx + DYx— 1)+ E(* + 1) (i)
= 4= (A+Ex+(-A+BY P+ (A-B+C+2E)
+(-A+B-C+D)x+{-B—-D+E) (i)
ForE,putingx—1=0 =x=1 in(i), we get
4=F(1+1Y = E=1
Equating the coefficients of x*, x°, 2, x, in (ii), we get
G=A+E s A=—FE = A=-1

Solution'| K=

=-A+B = B=A = #=-1
4=A-B+C+2E ,
= C=4-A+B-2E=4+1-1=2"> C=2
and 0=-A+B-C+D
= D=A-B+C=-1+1%2=2 = D=2

Henge % ool 242 1
- (x‘+1)*(x-_1__}, L+l (P x-1
P EXERCISE5.2 _d
Resolve imq, pmunl fractions:
I 2x* +3x+3 5 2x+1 . 2x+32
C x+DP+D)  (x—2Xx* +3x+5) T (=P +2)
4 3% +3 - A 6x* + 407

JET) T P rzeal 5 G2 Ay




