Vectors in Space

In this unit, we will look into the rectangular coordinate system in three-(limensional
space and explore the fundamental mathematical operations involving vectors in space.
We will begin by umnderstanding the dot product (or scalar product) and the cross product
(or vector product) of two vectors and leam about their geometric interpretation. Further,
we emphagize their practical applications. For example, we will see how these concepts
can be used to calculate the area of a triangle and the area of a parallelogram. Finally, we
will explore the extensive use of vectors in three-dimensiongl space, particularly in
physics, where they play an important role in determining forees, velocities, and other
egsential physical quantities. For example, determining the work done by 2 constant force
when moving an object along a specified vector.

14.1 Vectors (Recall)

In previous classes, we leamed about two fundamental quantities: scalars and vectors.
A scalar is a quantity that has only magnitude or gize, such as mass, time, density,
temperature, length, volume, speed, work ete. On the other hand, a vector is a quantity
that has both magnitude -end direction, for example displacement, velocity,
acceleration, weight, farce, momentum, electric and magnetic fislds, ete.
Geometrically, awector is represented as a directed line segrment Hﬂ&thd as its initial
point and B as the terminal point.

In two-dimension (R?) & vector has components that can be represented by an ordered pair
[x, ¥] of real mumbers. For the vector 4 = [x, ¥], x and y represent the components of g,
Addition of Vectors: For amy two vectors g =[x, ;] and ¥ = [x,, ¥;], we have

ut+y= o, p]+ Pl =k 00t
Sealar Multiplication of a Vector: For u =[x, y] and g€ R, we have
aw=d[x, y|={ax,ay]
Equal Vectors: Two vectors 1 =[x, 3] and v=[x,, ,]of R*are said to be equal
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if and only if they have the same components, That 1s,

[%, n]=[%, »,] if and only if x,=x, and y =y,and

we write u =y \ D\
In other words, two vectors i and vy are said to be equal, if

they have same magnitude and same direction,

Parallel Vectors: Two vectors are parallel if and only if they are non-zero scalar
multiple of each other.

— 3 —
For example, vectors AB; — AB and 2 AB are parallel.

Magnitude of 8 Vector

The magnitude (or norm or length) of a vector in 2D
represents the length of the vector from the origin to the'
point represented by the vector. For any vector & =[x, y] »¥
in R*, we define the magnitude, &5 the distance of the
point P(x, y)from the origin O, iy

Magnitude of OP =|OP| = |u{=4{2* +
Now, we will leamm some mathematical operations
involving vectors in three- dimensional space.
14.1.1 Rectangular Coordinate System in Space
In space a rectangular coordinate system is constructed =
using three nmtually orthogonal (perpendicnlar) axes,
which have origin as their common point of
intersection. When- sketching figures, we follow the  y-e-eeeeey :
convention that the positive x-axis peints towards the
reader, the positive y-axis to the right and the positive
z-axis points upwards,
These axes are also labeled in accordance with the right-
hand rule. The fingers of the right hand, pointing in the direction
of the positive x-axis, curled images toward the positive y-axis,
and the thumb will point in the direction of the positive z-axis.
A point P in space has three coordinates, one along x-axis

N-.-z -
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directed «istances aslong x-axis, y-axis and z-axis z Ha bc)

respectively are q, b and ¢, then the point P is written with a E
unique triple of real numbers as P (g, &, ¢) (sce figure). éc
14.1.2 Concept of a Vector in Space 5 -
The set B® = {(x, , z): x, ¥, z € R} is called 3-dimensional / ______ e
space. An element (x, y, z) of R® represents a point P(x, , 2), #

which is mniquely determined by its coordinates x, y z Px,v.2)
andz.Giwnavecturginspace,theree_m;stsauniquepnim
Pz, y, z) in space such that the vector OF is equal to u (see
figure). Now cach element (x, y, z) € R® is associated with a
umquaorderedtnple(x,y,z),whmhrapresentsthavector
u=0P = [x,7.2].

14.1.3 Fundamental Mathematical Operations for Vectors in Space
We define addition and scalar multiplication in R by:
(i) Addition of Vectors: Foranytwuvectumu'=[x,y,z] and v =[x, 3, £'] we have
(ii) Scalar Multiplication of a Vectors For g =[x, y, z] and a € R, we have
au = alx, y, z] = [ax, ay, az] _
The set of all ordered triples [, y, 2] of real numbers, together with the rules of addition
and scalar multiplication is called the set of vectors im B°. For the vector
% =[x, », Z], %, y and z arc called the components of . The definition of vectors in B®
states that vector addition and scalar multiplication are to be canried out also for vectors
in space just as for vectors in the plane. Similarly, we define in £
{a) The negative of the vector u =[x, ¥, z] a8 ~g =(-1)u {—x,— y,— 2]
(b) The difference of two vectors v =[x’ ¥', 2] and w = [x", y",2z"] as
v—w=v+(-W) ¥ —-a",y - .2 2"
(v) The zero vector as 0= [0, 0, 0]
{(d) Equality of twp vectors: Two vectors y=[x} y, 2"] and w=[x", ¥", z"] are ¢qual
that is v = w if and only if x’=x", p'=y" and z"'=z".
(e) Position Vector
For any point P (x, , 2) in ", a voctor 4 = [, y, z] is represented by a directed line
segment OF, whose initial peint ig at origin. Such vectors are called position
vectors in &2,

e

1--'- -




14.1.4 Magnitude of a Vector in Space
We define the magnitude, norm, or length of a vector « = [x, 3, z] in space by the distance
of the point P(x, y, z) from the origin O.

O - -7 + 7
EZTT0T 1] For the vectors, s =[1,-2, 3], = [2, 1, 3] and
w=[-1, 4, 0], find the following:

(i vtw (i) 2w (i) |u]
(v) [v-2w]| () [2n-y+3w|
EMTTTAG p+w=[2-1,1+4,3+0]=[15,3]
ﬁi) 2!=2[_ 1: 4: ﬂ] = [_2: 85 0]
(i) [u|=[L-23] =P+ (27 + @ =1+4+9 =414
(iv) lv—2w[=[[2+2,1-8,3-0]=]|[4,-7,3]|
= J@ +( T+ = fle+ 9 +9 =74
V) ‘23_;—1_.r+3}_vi=‘2[1,—2,3]—[2,1,3]+3[—1,4,0]'=|[2,—4,6]—[2,1,3]+[—3,12,0]
=[-3,7,3] = (37 +(TP +OF =B+ 49+9 =67
14.1.5 Components of a Vector,
As in plane, we introduce three special vectorsi=[1, 0, 0], z
j=[0,1,0] and & =[0,0,1]in&*

As magnitude of § = Y + 0* + 0* =1

magnitade 0f j = /0 + 1> + (* =1 and

magnitude of k= /0* +0* +1* =1, 8o, i , |
and & are ¢elled unit vectors elong x-axis, y-axis and z-axis respectively. Using the
definition of addition and scalar multiplication, the vector [x, y, z] can be written as:

u=[x, y,z]1=[x,0,01+[0, y, 01 +[0, 0, z]
=x[1, 0,01+ »[0,1,0] + {0, 0, ]]=xi + y ] + zk

Thus,&uchvacter[x,y,z]hﬂmhemiquelympmmtedhyx_i+_ﬁ+zﬁ.
Unidt Veetor
A wmit vector is defined as a vector whose magnitude is unity. In three-dimensional

space the unit vector of the vector w = xi+ yi+zl_ciswrittenas; (read as u hat) and
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x y j+ z
../Jr’+y‘+5z2 Jx’+y +z Jx’+y’+z‘_
Intarmsoflmitvectorg,bandgthasumg+zoftwovectors
g=[xl,yl,zl] and 1v=[x,,y2,zz]isw1ittcnas:
E+!=[I1+125J"1+yzazl+32]

=(x +x)i+( +J"z)i+(zl+zz)£
BT 1132 | Find the unit vector of u=2i+ 5 —%.
(XTI, Given vector u =24+ 57—k, to find the unit vector

= =@+ G+ =430

The unit vector is:
n i 2!+5j_£ 1 " i u
= et o z - 2i+5j-k
] Jso B LT

Thus, # = (2:+5_J.T k)lsﬂmmqmmdumtvactnr

Ifg=2£+3£+§, g—4§_+6_:1__+2i_c and w=—6i—9j—3k, then show that
u,v and ware parallel to each other.
y=4+6]+2%=2(2+3]+E)

L2 =2 _
=> wuand v are parallel vectors.

w=—6{-97-3k
==32i+3j+8) .. w=-3u

= 4 and ware parallel vectors,
Hence u, vand w are pacallel to each other.
14.1.6 Properties of Vectors
Let u, v and w be vectory in the plane or in space and let a, b € R, then they have the
following properties:

(i) wutv=v+u (Commmtative property)

(i) @E+rN+w=p+E+w (Associative property)

(i) u+o=wu (Additive Identity)

iv) ut+t(-lDu=u- (Inverse for vector addition)
(v) alptwl= az+ aﬂ (Distributive property)

() a(bu) = (abu (Scalar multiplication)
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Proof: (i) Since for any two real mmbers e, b €R, a + 5=5 + a, it follows that for
any two vectors ¥ = [x, v, z] and v = [/, ¥/, 2] in R*, where components of wand v
belong to .

We have ity =[xy zH[x. )y, 2]

=[x+x,y+¥,2+Z]
=[x'+x,)y +yz+z] =t a+h=hp+ag
=[x, 21+Ix » 2]
=y-+u
So, addition of vectors in B iz commutative.
(ii) Since for any three real numbers @, b, c € R, (a + b) + c =g+ (5 + ¢), it follows
that for any three vectors, ¥ =[x, y, z], v = [x, ¥/, 2] Il.lld.ﬂ" [=", ", 2"] in A,
Where components of u, v and w belong to R.
We have Rty +w=[x+x,y+y,z+z7+[x" " 2"
=[x +x)+a", (p +y) tye +2) + 2]
=[x+ +x)y+ Py, 2+ + 2]
{a+h_}+c=a+(b+c)
=xpz] Iy ¥, 2+ 27
=u+(r+w)
So, addition of vectors.in R? iz sssocistive,
(iii) Since for any real mumber a-and 0
a + 0= g, it follows that
for any vectors, g = [x, y, z], and o = [0, 0, 0], where g is the zero vector in R,
We have g+'g=[x,» z]+[0,0,0]
=x+0,y+0z+0]
=x»zl=u
ut o=y

Thus, p is the'additive identity in R

(iv) Since for any real mumber g, there exist —a such that
a+{(—g)=a—-a=0 , it follows that
for any vector, =[x, y, z], there exists —« = [-x, -y, —z] in #*
Such that ut{g)=ppzl+ -y =x+{=),y+{32+(Z)]
=lx-xy-yz-z]
= [0, 0, 0] = g, where g is the additive identity
ut(u)=e
Thus —« is the additive inverse of u in R>
The proofk of the other parts are left a5 an exercizse for the students.
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14.1.7 Distance Between Two Paints in Space
If EP:nndaP; are the position vectors of the
points E(xuyuzl ) and P:(xz!yzszz)
—

The vector AP, is given by

—_— — —n

BB =O0R-OR{%- %, - 3.5~ 4]

—_—

Distance between B and F, = |BB)|

= J(m-x) +(n-n) +(z-2)’
This is called distance formula between two points £ and B in B,
Suppose a8 butterfly's flight path pessed through points (2, 4, 7) and
{6, 1,3), where each unit represents & metre. What is the magnitude of the displacement
the butterfly experienced in traveling between these two points?

EXTITTETT, Distance between two points in three-dimensionsl space is given by the
formula

1-3 ) Px(xnynzw)

d=fx-x) +(n-3n) (5 ~=7)

Substitute the coordinates of the given points info the formmla:
d=qf(6-2) +(1-4) +(3-7)
d=J16+9+16 =41 = 6.40

The magnitude of the displacement the butterfly experienced in traveling between
these two points is approximately 6.40 metres.

14.1.B Dirgtfion Angles and Direction Cosines of a Vector
Let 5=al':'=xj+yi'+z§ be a non-zero vector, lst @, Aand y

denote the angles formed between r and the uait coordinate
vectors #, jand k respectively,

where O0<a <z, 0<sf<mand 0<ys=m
) The angles a, § and y are called the direction
angles of the vector 7.

(ii) The numbers cos &, cos § and cos y are called direction cosings of the
vector r.
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Important Revult:
Prove that cos’ @ +cos® f+cos’ y=1
Proof: Let

z=[x,y,2]=:r§'+yj+2£

|g|=~.f;|c’+y‘+z2 =

mmé[

[l

:f:]lsthﬂumtwctmmﬂmdmhnnufﬂmvmtorr oP

It can be visualized that the triangle OAP is a right P

triangle with m .24 =50°.
Therefore, in right irangle OAP,
O4d «x

cos @ = — = —, fimilarly
OoP r

cosp=2, cory == 4

The numbers coso =— ,maﬂ yandms;r_—i are called the direction cosines
ofOP '

cos’ @ +cos” f+cos” y =+
L

W EXERCISE 14.1 4
1. Let w=3i+2j-5kpp=i—5j—kandw=—4i— j+7k Find the following:
@) wkdvew S () v-3w (it)) [u-+w).
2. Find ﬂ:_f-.nﬁguihnienflhewclmgand write the direction cosines of v.
(i) w=3-2j+6k (i) v=—4i+4j+2k (iii) v=-6i+8;
3. Find{,so that [2i+(t—1)j+tk|=
4. Find a unit vector in the direction of v=—{+4/-8%
I u=2+ -3k v=—i+4/+2k and w=3{-2j+k, Find 8 unit vector pareliel
to du—3v-+2w.
6. TFind a vector whose
(i) magnitude is 5 and is parallel to 3i+4j-k
{il) magnitude is 7 and is parallel to —i+ j+£.
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If u=xi+2j+3k, v=i+yj—3k and w=—2{—3; represent the sides of a
triangle. Find the values of x and y.

8. The position vectors ofthe points 4, 5, Cand Dare u =i+2j+k, v=7i+8]+4£,

10.

12,

w=—i+k and z=i+2+2k respectively. Show thﬁtﬁiﬂ parallel toa';.

We say that two vectors v and w in space are parallel if there is a scalar ¢ such

that v = cw.The vectors point in the same direction if ¢ > 0 and the vectors point

in the opposile direction if ¢ <0 N

(a) Find two vectors of length 2 paralle] to the vector v =2¢~ 4+ 4k.

(®) Find the constant aso that the vectors v=i—3;+4k: a0d w=ai+9-12k
are parallel. ’

(c) Findavectoroflengthi:‘inthedimﬁonopppgitdlhutufg=i—2£+3]_c.

(d) Find @ and & so that the vectors 3;—£+4kand ai+bj—2k are parallel.

A spacecraft moves from point (120, 240, 350} to point (136, 210, 80) in
kilometres, What is the mag:nimdg.e{ the displacement vector in kilometreg?

. Find the direction cosines for thuﬁircn vecton

@ u=-6i+3j+26 (i) v=4i+2j-5k

(iif) PQ, where (9,3,13) and (X11,6,19).
Which of the folllnwil:jlg'h‘iplc can be the direction angles of a single vector?
() 45°45°,60° (i) 30° 45° 60° (iii) 45°,60°, 60°

Product of ectors: Multiplication of two vectors is an important algebraic
opetation i algebre. This slgebraic operation plays a fundamental role for
nderstanding various physical snd mathematical real-life situation. Unlike the
multiplication of numbers, product of vector can be performed in two distinct ways.
The two primery types of vector multiplication sre the dot product and the cross
produet. The dot product is a scalar number while cross product is a vector quantity.
14.2 Dot or Scalar Product
14,2.1 Dot or Scalar Product of Two Vectors and Its Geomefrical Interpretation
We shall now consider products of two vectors that originated in the study of physics
and engineering. The concept of angle between two vectors is expressed in terms of &
scalar product of two vectors,




Definition 1:  Let two non-zero vectors g and v, in the plane or in space, have same
initial point, The det product of  and v, written as u- v, is defined by
u-v=|u||y/cos@

Where 0 in the angle between g and vand 0 <0 <x
Definition 2:
(8) If u=ai+hjand g=a,i+bzimtwonon-mvectomintﬁeplanc. The dot

product u- vis defined by:

u-y=aa,+bb,
(t) I u=ai+hj+ek and v=a,i+h, ]+ c,kare two non-zero vectors in space.
The dot product - vis defined by
u-v=a,8 tbib + ¢
(25 The dot product is also referred as the sealar produst or the inner product.
Prove the equivalende of sbove twa definitions of dot product of twa
vectors:

(i) Ify =[x,y ]mmdw={x),y,] are two vectors in the plang, then v w=x,x, +, ¥,
(ii) If v and w are two noh-zero vectors in the plane, thenv- w=|y | lw| cos &, where
f is the angle between v and wand 0 < A < .,
Proof: Lctg_aﬁdﬂbethe sides of a triangle then the
third side opposite to the angle 8, has length |y —w|

Bylawofodsines,

»

|¥—w P =¥+ w?—2|v| bl cos & (1) ¥
if ¥ =[x, y]andw=[x,y,] then The lawr of cosine:
Y—w =y -, %~ ¥l Esainswon

So, equation (1) becomes;

(m—nY+ -yl =x+y+5+y;-2|v||w|cos 8
—2x%, — 2y y,=—2|¥||w|cos @
=  xxtyyv=|v||w|cosb=v-w
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14.2.2 Deduction of the Important Results
By applying the definition of dot product to unit vectors i, j and &, we have

k. k= |k||k|costP=1
®)  1j=i]J]cos90°=0
J-k=|||K|cos90°=0
k.i= |K}[i|c0890°=0

14.2.3 Projection of a Vector along Another ¥ éclor
In many physical applications, it is required to know “how much” of a vector is applied
along s given direction. For this purpose, we find the projection of one vector along
the other vector.

———
Let O4 = g and OB=v
Let € be the angle between them, such that0 <9 <=x.
Draw BM L OA.Then OM is called the projection of
v along u.

Yiom e figire: 8= @) Wuak i,

OB
OM =|ORB|cos 0 =|v|cos@ (1)
Now, #(v=|u||v|cosd =ul|(|v|cosd) =|x|(OM)

= {magnituds of ). (projection of v along u)
Thus, geometrically, the dot product of two vectors represents the product of the
magnitude of one vector and the projection of the other vector onto it. In other words,
the dot product of two vectors shows how much one vector extends in the direction of

4

¥ i o ISR ko

Now, by definition, cosf = — 2)
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| ]

- it _ u.v
Similarly, projection of galongy ===
¥l

14.2.4 Properties of Dot Product
Let u, v and w be vectors and let ¢ be any real number, then
@ uv=0=2u=0orv=0oruly

@  wy=vu (Commustative property)
(i) w.(+w)=w.v+u.w  (Distributive property)
) (cuw)v=c(u.y) (c is scalar)

®  wu=

14.2.5 Dot Product of Vectors in terms of thefr components
Letu=aji+bj+ohkandv=ai+hj+ c,kbetwonun-zmmtors
From distributive law we can write:
u-v= (gi+hj+ek) (ai+h j+eck)
=aa,(i- D+ab(i- H+aci- B b, (i - D+ (i - +be, (- B
+ ey (k- D+ebyk- N+ecilk: J
= wv=am+hb +gc : H‘-i'

Henceﬂ:edotproductofthWmthsmoftﬂnpmduntofthmmmpmdmg
components.

Example[] Show that the components of a vector are the projections of that vector
along i, j and Erespectively.

Proof: Letv=ai+bj+ ck,then

Projection of y along ¢ =

I*E:

4

=(@i+b)+ck) i=a

Id:
H-...—

Projection of v along j =

| =(ai+bj+ck) j=b

|1:
I:n- ]

Projection of v along k= —(a;_'+bJ_i+c§)-5=c

| &

Hence components a, & and ¢ of vector g—a;+bi'+c§ are projections of vector v
along i, j and k respectively.
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Prove that in any triangle ABC

(i) a=b+c*2becos A {Cosine Law)

(i) a=bcos C+ccoe B (Projection Law)
Proaf: Let the vectom a, b and ¢ be along the sides BC, C4 and AB of the triangle
ABC as shown in the figure.

) atbte=0

= g=—(+g
Now gra=(b+c)-(&+o)
= =b-bth-gteg-bte-¢

= @=P+2%-c+Z (- bc=c'b
= &=+ +2bccos(a—A)
=+ —2bccos d
(i) a+bte=0
= =b—¢
Taksdotpmductmﬂlg
g-a=—a-b-g-¢
=—gb cos{rx — C) —ac cos(r — 5)
=—ab{—cos C)— ac{—cos B)
a* =abcos C+accos B
= a=bcos C+ccos B
vaeﬂmt c08 (o —f) = 008 & 008§+ sin 4 sin 4
Proof: | LatOAnndOBbeﬂlemtvectnrsmthe 5
xy —plane making angles @ and § with the positive x-axis. 4 A
Sothat mZAOB=a—#
Nowa=msai+aimi B
J—
and OB =cos i + sin 8 ‘a—f

—r —P

OA - OB = (cos aii-+sinex j)- (cos Bi+sin 8)
= |0A4]||OB|cos{z—F) =cosa cos § +sing sin § N
oos(a — B) = cos & cos f+sime sin 8 (- |CA|=|0B|=1

L J
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14.2.6 Orthogonality of Two Vectors

Definition: Two non-zero vectors 4 and v are orthogonal (perpendicular) if and only if
u-v=0.

The dot product of two vectors u and v becomes [l N
The zero vector o is orthogonal to
zerowhen u Lv,8=90"or %mdius. every vectnr because:

I -u‘q’
u-v =|ulL|ycos 90°=0 GIATEE

Thus, g-vy=0 & ylvw

BTl oM u=3{— j—2k and v=i+2j -k, then find u-v.

EIIOET, - = G3XD) + @) + (2)-D) =3 X

If u=2i—4;+5k and v=4i-3j-4k, thenprove that wand v sre
orthogonal.

4 v=02}4) + () + HH=0

=> u and y are perpendicular
Find a scalar a so that the veotors 2i+aj+ 5k and 3i+j + akare

orthogonal.
e OO, Let u=2i+a j+5k and v=3i+ j+ ek
1t is given that u and'gare orthogonal
uy

— (2.;+-le'+ 50).Gi+ j+ak)=0

= _ 6+o+5x=0

G a=-1
14.2.7 Angle Eetween Two Vectors
The angle between two vectors u and v is determined from the definition of dot product,
that is

(a) u.v=|u||v|cos 6, where 0<8<x
= cosf=—2%
||| ]

) FHu=aithjtgk and y=ait+hjt+ck, then
uv=aa,+bh+ o0,
lu|=J@+8+3 and |v|=@+B+c




aa, + b +ee
NGB+ &+l +c
IFTTIM12] Find the angle between the vectors.
u=2—j+k and y=-i+j

SOV wov=(2- J+E)-(H+ j+ 0F)
= Q1)+ (1Y) + (1) =3
and  |u|=|2-j4+k| = J@E P =6
|vl=| =i+ j+0k| = YU + O + (0 =2
1]

cosB=

Now cosf= ¥
o] |3

T T
V62

__B

2

B=E

6

—

[ETTTI13| Show that the vectors AR = 2/ — J + k, BC=i
AC = 3i — 4 — 4k are the'sides of a right triangle.
TN, Given 4B =20 — j + k, BC=i-3] - 5k and
AC— 3 4 — 4k
—_— — -
Now  AB+BC= (2i-j+ k) +(-3j-5k)
= 3i— 4j— 4k=AC (third side)

—_— — —r

AB, BC and AC form a triangle ABC.
Further we prove that A4BC is a right triangle

—s —

AB-BC= (%-j+B)-G-3]-50

=2X1D) +(-1-3) +H{1)(5)=2+3-5=0
.. ABLBC
Hence, AABC is a right triangle.

—3j — Skand
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14.2.8 Work Done By a Constant
Force

If a constant force F, applied to a body, acts

at an angle 9 to the direction of motion,
then the work done by I is defined to be the

product of the component of F in the
direction of the displacement and the
distance that the body moves,
In figure, a constant force F acting on a
body, displaces it from 4 to 3.
Work done = (component ofFalongAB)(dmﬂ]mmem;
=(Fcos Q) AB)=F-AB=F d (
Z 14| The constant forces 2§ + 5+ 6k a.ml =i — 2_; kact on a body
displaced from position F(4, -3, -2) to 06, 1, —3_)..;__]5",__1pﬂﬂ:|emmlwoerk done.
Total force = (20 + 57 + 66)+ (Si = 2j - &)
= F=i+3j+5k .
The displacement of the body = PO = (6= )i + (1+3)) + (-3+2)k
=  d=2i+4j -k
Work done =F- &'
—(;+3_;+5g) (2 +4j - B)=2+12—5 =" units

\JPEXERCISE 14.2

1. Find the cosfugs of the angle & between wand ¥ :

() w=2Fj+k v=—is2j+2 () 2=[-32 5], v=[1,6-2]

If a+b+c=0 and |a|=3, |5|=5 and |¢|=7. Find the angle between a and b.
If |a|=3, |b|=4 and |a+5 =5. Find the angle between g and b.

Calculate the projection of g along b and projection of b along g when:
() @=2i43j-k b=i-2j+4k (i) a=4-2j+3Kk, b=i+j+k

5. Find a real number a so that the vectors # and v are perpendicular:

b2

=

() w=aitdjt+k, v=i-2jtak (i) wu=ait2aj-k v=itaji+3k
6. Find the number z so that the triangle with vertices A(3, 0, —2),8(0,3,1) and
C(L, 1, z)ins & right trinngle with right angle at C.
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7. If & and bare unit vectors and 24 is the angle between them, show that

L

2
If |@+8| =|a—&]|, then show that g and bare perpendicular.

9. () Show thatthe vectors 3i—2j+k, i-3j+5k and 2i+ j—4k form a right

:’i—b‘.

triangle.
(if) Show that the set of points #(4,—1, 2),0(1,3,—1)and R(-2, 4, 6)form a
right triangle. p\:*i‘
10. Prove that the cos{ea + £) = cosa cosf —sing sin g {}f
11. Prove that in any triangle ABC. 2 )
(i) b=ccosd tacosC (i) c=acosd + mﬁ\ﬂ

(i) B = +a’ —2eacosB (V) @ =a’+ ‘f:iabmsc

12, Show that for any vectors @ and 5, |§|_|ﬁﬂ§1§‘”—"5|ﬁ‘+|§!

13. Find the work dong, if the point at which/he Constant force F=2i+5,+3kis
applied to an object, moves it from Ié:(/%(ﬂ&l)m B(7, 5 3).

14. A particle, acted by constant ﬁ&rﬁ& =3i+4j-3kand Fy=i+4j-k, is
displaced from  A(2,1, 3)m3£s,44) Fmdmewmkdm

15, Apartmlcmdmplacedfmnrﬂmpmnt A(5,—5,—7) to the point B(6,2,—2) under
the action of mnsmt-:]'mces defined by 10i—j+11k, 4i+57+9% and
~2i+ j-9k. Shqvg:ﬁ:.t‘)thctoml work done by the force is 102 units,

16, A force ofmaﬁ}.deamumﬂgpmnem 4j+3j—kdisplace the point of

phcmgq"&o%n A(2,-1,3) to B(7,3,2). Find the work done,
oy
14.3 Cross Product or Vector Product
143.1 The Cross Product or Vector Product of Two Vectors and iis

Geomeirical Interpretation
One of the key multiplication operations involving vectors in space is the cross product,
Unlike the dot product, which results ig a scalar, the cross product of two vectors yields
a vector quantity. The vector product of two vectors is widely used in Physics,
particularly in fields of mechanics and electricity. It is only defined for vectors in space.
Let 4 and v be two non-zero vectors. The cross or vector product of g and y gives a
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vector that is perpendicular to both the vectors 4 and v, written a8 u X v, is defined by
uxy=(ul|v|sind)n

where 0 iz the angle between the vectors, such that 0 < 8 < w and nis a unit vector

perpendicular to the plane of 1 and v with direction given by the right-hand rule.

Right hand ;

Figure {(3) Figure (b)
Right hend rule

4] If'the fingers of the right hand point along the vector u and then curl towerds
the vector v, then the thumb will give the ditection of n whichis u x v. It is
ghown in the figure (a).
(i) In figure (b), the right hand rule shows the direction of v X u.
14.3.2 Parallel Vectors
If u and y are parallel vectors, then (8:=0 =>sin 0 =0).

uxv=0 o O uxy=0
And if ux v=0,theneither gin®=0 or |u|=0 o |v[=0

(i) Ifsind=0 =>@=0° or 180°. Which shows that the vectors u and v are parallel,
(i) Ifg=0orp=0 then since the zero vector has no specific direction, we adopt the
canvention that the zero vector is parallel to every vector.

Zew, vesior is both parallel and papediculsr © cvery veclor, This apparcmt
contradiction will cause no troubls, since the angle between two vectors is never applied
when one of them is zero vector.

14.3.3 Derivation of Usefil Resunlis of Cross Producis

By spplying the definition of cross product to unit vectors
i, j and k, we have:

(@) ixi=|i||i|sin0°n=0

Fxj =1jllilsin0° n =

kxk = |k||k|sin(®zn =

0
0
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i =|i|]j|sin90°k=k [ The cross product of )

b ixj=| ot .
ixkE=|/||k|an90%i=i i, J and k arc writien
kxi=|

k i=i k
 =|k||i|sin90° j=j | fe celic pamm @
= = | Te given figure is ' )

=

() wuxu=|u||lulsin0n=0 helpfil in remembering

14.3.4 Properties of Cross Product
The cross product possesses the following propetties:

() uxy=0ilu=0o0or v=0 (i) uxv=—vxu
(i) ux (vtw)=uxv+uxw (@) ux (@)= (ku)xv=Kuxv)
(v) uxu=0 '

The proofs of these properties are left a8 an exercise for the students,
14.3.5 Analytical Expressions of g % y (Determiftant formula for & x v)
Let u=ai+h j+ck and v= a,;‘+b2,_f+c.‘,_,g, then
ux v={(ait+hj+ck)x{(ait+hj+eck) |
=aa,(ixD+ab(ix j}+ac,(ixk) (by distributive property)
+ Ba,(xD+hb( x D+heGxB) | ix j=k=—jxi,
+ e (kx)+ebEx ))tecExk) | jxk=i=-kxj,

= abk—ac, ]~ Bak + besitas ) — o
= uxv={(he, —eh)i-(ac, - qa,)) + (ah — ha)k @
The expression of 3 % 3 dsterminant
i jok
=g b o|={a—ab)i—(ac, —ca,)j +(ah —ba)k
a b g

The terms on RH.S of equation (i) ate the same as the terms in the expansion of the
above determinant.

(ii}

TR

which iz known ag determinant formula for u x v.
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The expression on B_H. 8. of equation (ii) is not an actuzl determinant, since its eniries ars

not all acalars. It ia zimply & way of remembering the complicated exprezsion on BLHS of
eguation (i},

Find a vector perpendicular to each of the vectors. Also verify that g
andbare L toaxh
a=2—j+k and b=4+2j-k

Avectnrperpendiculartobo&thevectnrsgandéiagxg.

i j ok
axh = 2 -1 1/=—i+6j+8k
4 2 =

Verification:
aaxb=(A-j+ k) H+6j+85)=Q)D+N6)+(OXS) =0
and & axb=(4+2j—k)(H+6/+88) = (DD +(2K6)+(-1(B) =0
Hmsegxginperpmdiclﬂarmbuthﬂ]ﬂvectomg_aﬁdlg.
14.3.6 Angle Between Two Vectors(Cross Product)
The sing of the angle between two vectors g and b is determined from the definition of
cross product.
If  is the sine of the angle between@and b, then |ax b| =|a|| b | sind
sin 6= 12%21
|al |8}
(ST0016| If g =di+3) +k and b= 2i— j +2k. Find a unit vector perpendicular
mboﬂlgmdg.mspﬁﬁdthesine of the angle between the vectors g and .
t j ok
Solution axb=4 3 1=7-6j-10k
2 -1 2

and  |ax B = (D) +(-6)* +(-10)" =185
axd Ti-bj-10k

A umit vector perpendicularto aand b= =

axp B

=

Now |a| =&+ +{1) =+26
B = @ + (1D +(2)* =3
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If 8 is the angle between g and b, then |a x b =|a||b| sin®

= sin g8l 185
la||B] 3426

Prove that sin (z + ) = sin @ cos § + cos a sin §
Proof: Let OA and OB be two wnit vectors in the xp-plane making angles o and 8
with the positive x-axis respectively.

So that m2AOB = a+

Now 0.4 cos @i+ sine j
and GB cos (—@)i+sin(-£)j
—cosﬂ;—smﬁj )
O.BxOA {cos i —sin 8 /)x (cosaxi -+ sine 7} 4
i R
—_— — s
= |OB| |04 | sin{fe+ H)k = |cos 8 —sinB. O e i
cosg _sing O \fl\‘

= sin{ex + B)k =(sine cos F+cos ¢ sin fik B
sin{e + B) =sina cos §+cos o 5in §
In any triangle ABC, prove that

8 e - € (aw of Sines)
sind" sinB sinC
Proof:  Suppose vectors g, b and ¢ are along the sides BC, CA and AB respectively

of the triangle ABC.
a+btc=0
= bte=-a (i)
Take cross product with ¢

bxct+exe=—axe
bxe=cxa (. cxc=0)
=  |bxe|=|exal
|5 || sin(z — 4)=| ¢| | a| sin{z — B)
= besindA=casinB = bsind=ggink
.4 )

ginB sin 4




Similarly, by taking cross product of (i) with b, we have
a ¢

S 7 o (iii)

gind sinC
From (ii} and (iii), we get 2 = b =-£
gind ginB gn(C

Ifu=2—j+k and v=4i+2 j—k, find by determinant formmla

D uxu (i) axy (i) vxu
i), E=2A-j+E and v=4i+2 -k
By determinant formula
i j k
) wuxu=2 -1 1/=0 (+ Two rows are same)
2 -1 1
i j k |
() wxv=12 -1 1|=(1-2)i~(2-49j+@+Dk=—i16j+8k
4 2 -1
i J &
(i) wxu=4 2 —1=(2-1)i-(4+2)j+(4—-4)k=i—6j-8k
2 -1 1

143.7 Real World Applications on Cross or Vector Product
(0) Area of Parallelogram
Suppose & and v are two non-zero vectors
and # is the angle between them, and
suppose that |§| and |g| represent the length
of the adjacent sides of & parallelogram, (see
figure). We know that:
Ares of parallelogram = Base * Height
 @use) ()~ |u{pfsing

. Area of parallelogram = |gxy\
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(b) Area of Triangle
From figure it is clear that

Area of triangle = % (Ares of parallelogram) ;

Area of triangle = %\gxﬂ ]

where u and v are vectors along two adjacent sides of the triangle.

Find erea of the parallelogram whose vertices are
F0,0,0), g-1,2,4), R(Z -1, 4) and (1, 1, 8).

Area of paraﬂelogram PO x PR

Where LPQl and |PR| are two adjacent sides of the parallelogram

PQ DQ OP= 1-0)%+(2-0)] +{4-0k=—i -2)+4k
PR=GR—OP=(2—0};+(—1—0)£+(4—D)£=2;—i+4,1:

i jk

Now POxPR=|-1 2 4=(8+4)i<(4-8)j+(1-4k
2 -1 4
—12+12j-3k

—_— —
+ Area of parallclogram = |PQ x PR)= [12i+12, —3k|

_ = v/144+144 +9 = /297 square units
Find the area of the triangle with vertices 4(1,—1,1), B(2,1, ~1)and
C(—1,1,2). Also find a umit vector perpendicular to the plane of triangle ABC.
AB =0B—0Ad =2~ 1)i+(1+1)] + (- Dk=i +2j-2k
AC=0C—0A=(1-Di+(1+1)j +@- Dk=—24+2j+k

i J k

—_— — T £ R

ABxAC=|1 2 -2|=Q2+)i—(-4)j+(2+4k=6I+3j+6k
-2 2 1

The area of the parallelogram with sdjacent sides [4B| and [4C| and is given by
— —>
|[ABx AC|=[6i+3)+6k|=+/36+9+36 =JR1=9
Ares of mangle = %|Ex.4_c‘:| —1|ﬁi+3j+ﬁk|=%squam unity

AumtvectorJ_totheplaneABC—M 16: 35 +6k)=—(2g‘+j+2k)

4Bx AC| 9°




<> e (N

{c) Moment i’, Force
Let a force F(FP()) act at a point P, as shown in the figure, The
moment of F about O

—_—
= Product of force F and the perpendicular distance ON in the
di:ectionofn

= (PQ)(ON}(;) (PYOP) 5in 8 (a)
~OPxPO=pxF

Find the moment about the point M (2, 4, ~6) of the force represented
by..iﬂ' whﬂecoordmatesofpomtsdandﬂm(l 2, —3) and (3, —4, 2) respectively,

AB OB OA (3—-Di+{—4- 2)_;+(2+3)Ic _f€£.+5£
M.i=(1+2);+(2—4)£+(—3+6)§=3;—2i+3§
Moment of AR sbout M{(—2, 4, —6) =r X E=_EE-:¢I§

Pk
=3 2 3
W2 6 5
= (-10+18)i-(15-6)/+ (—18+4)k
=8i—9,j-14k
Magnitude of the moment =./(8)" +(-9)* +(-14)* =341
\|F EXERCISE 14.3

1. Computy them product gxb and bxg. Check your answer by showing that
each w Afid b are perpendicular to axb and bxa.

@ a=2+j-k,b=i-j+k () a=i+3j+2k b=2i-j+k
(i) g=2-2j+k , b=—i+j+3k (v) a=—4i+j-2k b=2i+j+k
Al

2. Find a unit vector perpendicular to the plane containing @ and 5.
of the angle between them:

() a=it+6j-3k, b=2i+jBk (i) a=—i—j-k b=2-3j+4k
(i) ga=i+j+k, b=i-j-k (iv) a=5i+j-3k b=—2i+4j+k




10.

11.
12

15.

14.

} &

16.

Find the area of the riangle, formed by the points P, Q and R,

@ P23,5;0(,2,0;R4,1,2 @ A00,1);002,-1,2);R-L32)

Find the arca of a parallelogram, whose vertices are:

i) A4(1,1,1);584.2,3); ((5,6,7).D2,3,5)

(i) 4(4,5,6);B8(1,3,2); C(2,0,1);0(1,2,5)

If the cross product of the vectors u=7i—4j+5kand v=ai-5bj+3k is zero,

then find the values of ¢ and b. L

Which vectors, if any, are perpendicular or paraliel 0(3\
w=51—j+k;v=j-5k;w=-15i+3;-3k

(@) w=Si-j+kv=j J g::)

Umﬂmdcﬁniﬁunufcmsspmdmthawmo?mzmandwﬂartmthﬂ
() wx-w=0 (ii) g{gw yXu

(i) wx (Fv)=(hu)x v="hiuxv) (p,v} $<(1'+_} (uxv) + (@x w)

Prove that: ax (b+c _}--bx(c_:+a)\ @’+z_,) 0.

If g+ &+ ¢=0 , then prove . b=bxc=cxa

Prove that: sin(a—f)= sm\amﬁ+msamn,&

Show that |gxb| éﬁﬂ —{ e b]
Use the defini cross product, prove that for any vectors x and v
(2 + V)% (—4) = —2uxv) .

Find \momentabuutthepomtjﬂl & 3)ofthefoercerepresentedbyd.ﬂ
where the coordinates of points A(4, 3, —1) and B(—1, 3, 7) are given.

A foree F=6;‘+4j—4£ is applied at the point 4(1,—12). Find the moment of
the force about the point B(3,—2.3).

Give a force F=2i+ j—3k acting at a point 4(1,—2,1). Find the moment of:'t'"
about the point B(2, 0,—2).

A foree F=—2i+ j—3k is applied at P(~1,-3, 2). Find its moment about the
point (X4, 2, 2),
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14,4 Scalar Triple Product
The scalar triple product is a key concept in vector caleulus with wide-ranging
applications covering various fields., In three-dimensicnal space, it provides a
significant role in calenlating the volume of geometric shapes such as parallelepipeds
and tetrahedrons, defined by three vectors, which we will learn later in this chapter.
Additionally, it plays as a vifal tool for determining the coplanarity of vectors,
providing a condition to verify whether three vectors lie within the same plane.
There are two types of triple product of vectors:

(8) Scalar Triple Product: u- (v * w)

(b) Vector Triple Product: ux(yx w)
In this section we shall study the scalar triple product only.
Let u, v and w be three non-zero vectors
The scaler triple product of vector u, v and w is defined by

u-(vxw) or wv-(wxu) or w-(uxy)
The scalar triple product u- (vxw) is written as
e (v wy=[u v ]

14.4.1 The Volume of the Parallelepiped
The triple scalar product (g % V) - w

represents the volume of the parallelepiped =
having &, v and w as its conterminous edges.
As it ig seen from the formula that: s 2
x vpw=luxv||wicos® o S s
Hense, (), (@X|=area of the e

parallelogram with two adjacent sides ¢ and v.
(ii) |w|cos 6= height of the parallelepiped
(e x V) w=|uxv|| w|oos 8 =(Area of Parallclogram) (height)

= Vohime of the parallelepiped

Similarly, be taking the base plane formed by v and w, we have

The volume of the parallelepiped = (v X w) - &
And by taking the base plang formed by w and ¥, we have
The volume of the parallelepiped = (w X %) v
So, wehave: (ux¥) - w=(@E*w) - u=(wxu)-»




14.4.2 The Volume of the Tetrahedron
Volume of the tetrahedron ABCD =% (arca of AABC)(height
of D above the place ABC)

(Area of parallelogram with AR and AC as adjacent sides) (/)

Rl | Oy |

(Velume of the parallelepiped with g, v, w as edges)

e negative sign if

ag
Thus, volume of tetrahedron = % >y w= % [y W] | (wxp) wis negative.

14.4.3 Scalar Triple Product of Vectors in Terms of Components
Let u=aithj+tok, v=ai+h j+c,kand weai+h j+ck
i j &k |
Now, vxw=la, b ¢
a by ¢
= vx w=(be,~bg)i=(a,0,-a,c,)j +{@h - ab)k
u.(vx W) = o (b -be)-b(a0 - a0 )+ alah —ah)
o b g
= wxwW=a b q
o & b g
Which is called the determinant formula for scalar triple product of u, ¥ and w in

Prove that dot and cross product are interchangeable in scalar triple
product.
EFIETY, Consider ¥=ai+hjtokv=ai+hj+ek and w=ai+hj+ck
are the arbitrary vectors.
The determinant formula for scalar triple product of vectors g, v and w is given by:
% B g
u-(vxw=a, b ¢
a b q
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a b o

=-|a b ¢| Interchanging R,andR,
a b ¢

Interchanging R, andR,

[
N
o
S

=w-@xy)=uxy-w (v a-b=b-a
Hence, u- (vx w)=(uxy) w
Thus, the position of dot and cross can be interchanged in scalar triple product.
T TI024) Assuming i, j and k are unit vectors in & cartesian coordinate system.
Prove that I jXx k= j.kxi=k-ix.j
Giveni,iandﬁmlmitvector,
So, we can write i=i+0j+ 0k j=0i + j+0k k=0i+ 0j+kthen determinant
formforscalaru'ipleprodmtofunitwcm;,jandkcmhewrittenas:

100
i.jxk=0 1 0=1("0)—00—1)+0{0-0)=1
00 1
010 | 00 1
j.Exi=[0 0 L=0(0-0)-10-1)+0(0-0)=land k.ix j=|l 0 0|=1
1 00 010

Therefore £ j% E= j. kx =k .ix j

Find the volume of the parallelepiped determined by
u=i+2j-k v=i-2j+3k w=i-7j-4k

1. 2 -1
Solution’ Volume of the parallelepiped = #.vx w=|l -2 3
1 =7 4
=  Volume = 1{(8+21) - 2(-4-3)-1(-7+2)=29+ 14 +5

= 48 cubic units
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Find the volume of the tetrahedron whose vertices are A(2, 1, 8),

B(3,2,9), C(2, 1, 4) and D(3, 3, 0).

XN\ 48 = OB — 04 = (3- i+ @2-1)j+(O-B)k =i+ j+k
=0;

AC=0C-0A=(2-Di+(-Dj+(@-Bk  =0i-0j-4k
AD=0D— 0d= (+3—2);'+(3—1)ii+ (0-8)k =i+ zi_gj_;

1 —_— e —p
Volume of the tetrahedron = E[AJ!':‘ AC AD]

11 1

=% 00 —4 =;—[1(0+3)—1(o+4)+.1__(0-—ﬂj]
1 2 -8

=1[8—4]=E=Embiclmim

6 6 3

14,44 Coplansr Vectors and Condition for Cpplanarity of Three Veciors
Vectars are coplanar if they lie in the same plane or can be
combined in the same plane.
Consider the three coplanar vectors y, v and win & plane as
shown in & figure, -'
The cross product vx w gives a vector that is perpendicular
to both the vectors vand w, As wvand ware coplaner, so
vx wis also perpendicularto y
Thus, the dot product of u'and vxw is zero. Le.,
# (wxw)=0" - If vectars g and b are perpndicular then g-5=0
Thus, we conclude. that if the three vectors u, v end w 8re coplanar then their scalar
triple proguct is Zeto.
Properties of Scalar Triple Prodoet
1. If &, v and w are coplanar, then the volume of the parallelepiped so formed is zero
that is (& * ¥) - w =0 and hence the vectors u, v, w are coplanar ¢ (g %X v)- w=10
2. If any two vectors of scalar triple product are equal, then its value is zero ie.,
[egw]=[uyyv]=[uww]=0

1EeT 027 Prove that four points
A(-3,5,—4), B(-1,1, 1), C(-1, 2, 2) and IX=3, 4, —5) are coplanar,

—_— —p —
Proof: AB=0B-04 = (-1+3)i+(1-5)j+(1+4Dk =2-4j+5k

—_— — —b

AC=0C 04 = (—1+)i+(2-5)j+ 2+ )k =21-3j+ 6k

—_— — —p
AD=0D-04= (3+2)i+(4-5)j+ (5+Dk =0i— j—k=—j—k
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— —
Volume of the parallelepiped formed A8, ACand.AD:s
2 4 5
— — —p
[AB AC AD] =2 -3 6|=2(3+6)+4-2-0)+5(-2-0)
0 -1 -l
=18—-8-10
=0

As the volume is zero, so the points 4, B, C and D are coplaner.

BriT28| Find the value of @, go that @i+ j, i+ j+3k and 28+ j—2k are
coplanar,

CIOTT, Let » = @i+ j+0k , v=i+j+3k and w= j 2k be three pgiven

vectors, Scalar triple product of given vectors is

e 1 0
myw] =1 1 3
21 -2
= a(-2—-3)-1{(-2—-6)+0(1—2).
=—5a+8
The vectors will be coplanar if -S¢+8=0 = a=§

14.4.5 Applications @f Vectors in Real World

A plumber exerts a force of 30
pounds along the negative y-axis on a lever Torque quentifics the
: : A rotational offisct of a fors i un o}

mnnm.:ted toammhinc The pivot peint of th'e m‘mmnhmhm
levm: is attheMIgm (0, 0, 0), and the fnrce.m fio vt et F o polilon veilke: £
applied at thepoint (1.2 f, 0.5 1, 0 ). Delermine ¢y sxenis fom o pivet it ® the
the torque produced by this force about the pivot ~ pohitswhem the farce Is appliad) and the force
point. veetr I itaclf, e
[FIITTE The position vector » from the origin g
t0 the point (1.2, 0.5, 0) is given by
r=12i+0.5j+0k

The force Fisexermddownwardalongnsgaﬁve
y-axis with a magnitnde of 30 pounds is
F =0i-30j +0k




Torgue T produced by the force = rx F
Using determinant formula of cross product

i j ok

=12 05 o

0 30 0

= 0i—0j—36k
£ = —36k pound-feet

Thus, the torque is 36 feet-pounds in the negative z-direction

T E36| During & building construction, & crane exerts a force to pull a concrete
block, represented by the vector F = [4500, 3300, 2140] Newton. Each component
corresponds to the force exerted along the x, y, and z axes, mpecﬁvely. ‘What is the
magnitude of this force?

Using the formula for the magnitude of a véctor in three-dimensional space

F|=yF 42
= /45007 + 33007 +2140°
=/20250000-+10890000 + 4579600
=+/35719600,

= 5976.59

The magnitude of the ﬁmm‘: exeried by the crane is approximately 5976.59 Newton,
The. components of #=300i + 250, +180k represent the respective
number of J&ckem, shoes, and handbagsgold st a store. The components of
v=3500; + 4200 + 6840k represent the respective prices (in rupees) per unit for
each product. Find ». v and explain what the result tells ug in real life.
EXTTTEETA, The dot product of 1 and y =u-v

=(3001 + 250/ +180k): (3500i + 4200 + 6840k)

= 1,050,000 + 1,050,000 + 1,231,200

=3,331,200
The result x- v= 3,331,200 tellz us that total revenue generated from selling all the
three product is Rs. 3,331,200.




10.

11.

Unit LR <> st (1

P EXERCISE 14.4 4
Find the velume of parallelepiped for which the given vectors are three edges
(0 wu=3i+2k; v=i+2j+k; w=—j+dk
() w=i-4j-k v=i-j-2k; w=2-3j+k
i w=j+k

ol
“
=]
]
“
I
i,
+
L
L~

Prove that the vectors i—2j+3k, —2i+3j—4k and g‘—3}+@(;remplmar.
Find&ecmsﬁntasuch&gl&evechmmwphw. .,WSO
() i-j+k, i-2j-3kand 3i-aj+5k /\Q‘;.'
() i-2aj-k, i-2j+2kand @i-2j+k .
Prove thet the points whose pas%cﬁh ectors  are A(-6i+3j+ 2k),
B(3i—-2j+4k), C(5i+7j+3k), D(—ngiI‘-‘y_—l_c) are coplanar.
(a) Find the value of : O

O 22k @ ki @) [Eif] @ (i)
(b) Prove that u- (vx w)+y- (W) + w (uxv) = 3w (vx W)

Find volume of ith the vertices

ﬁ) (0! 1!2)3 (3! 25}}! (1: 2: 1) and (5, 5! 6)

i ,1,8) '2,9), (2,1,4) and (3,3,10)

Frove that the whose position vectors are A(3i+2j—Fk), B(i—-2j-+k),

C(6i+ 4*@, D(9i+6j—3k) are coplanar.
vae@for any three non-zero vector ¥, vand w

@+¥) [ (+wx (w+u)]=2[u v w|
Comsider a parallelepiped determined by the vector ¥ = 2i+ 47 -3k,
v=>5i—3;+6k and w=4i-7j—2k. If the base of the parallelepiped is
define by the vectors u and y then find the height of the parallelepiped.
A mechanic applies a force of 50 pounds along the positive x-axis on a wrench
connected to a bolt, The pivot point of the wrench is at the origin (0, ¢, 0), and

the force i applied st the peint (0 ft, 2 ft, 3 ft). Determine the torque produced
by this force sbout the pivot point




13.

15.

12,

A drone flies from point (1, 2, 5) to point (4, 6, 9), with each unit representing a
meter. What i8 the magnitude of the displacement the drone experienced during
this flight?

The vector u=350{+757+65k shows how meny belis, pants, and shirts were
seld al & store. The vector w=1500i +3500 + 3000k shows the price (in rupees)
of each item, Find u- w and explain what the result tells us in real life,

A force F= (20,10, 30)N is applied at a point P(2, —1, 4) in 3D space. The
pivot point is at M(1, 2, —3). Calculate the torque produced by His' force about
the pivot point M.

An electric shop sells thres types of sppliances: Fans, H_@ and Ovens. The
monthly sales quantities are 500 units of Fans, 300 gg@ Heaters and 200 units
of Ovens. The profit per unit for each appliance is Kb 500 for Fans, Rs 400 for
Heaters, and Rs 2,000 for Ovens. 0%2*

(a) Represent the monthly sales qmﬂﬁ EE the profit per unit a5 vectors.
(b) Caleulate the total monthly profit using vector operations,

R

S

O
&
\\@

Q\S)



W seen

ary
L]

V EXERCISE11 J

{i)[;‘—;%] @(2E way 20 Z-He 2k

(i) +— (1)ﬁ”7f 5. 0.8y 5 @) il ) VI (i) V34

25 13 13
(iv) ION‘I_ 8. 2

V EXERCISE12 J
) x=-19,y=22 (i) x=9,y=6 (i)x=—1l,y=28 2. ‘z=14,y=9
@ x=35, y=25 wx=-35, p=-25 @ x=62, p=NZ ox +=-6:2, y=-22

(i) * =046, y=0.95 or x=-046,y=-095 4 tz=—; 5 x=8y=3 a=2,b=1

(@ I-—dior-3+48 (i) I—for-3+1 (i) 243 =3810r-243 +3.f31 (iv) 12+ Sior—12 54
-57 ) 5

:(5—2@) 9, x=%,y e M=—tp=" 1l a=—Kv=13 12 a=7

V EXERCISE13 J

- () (e+2bNa—i2B (i) (3a+ilB)(32 —i4B) (i) 3(x+)(x —) (V)9(4x+5y)(4x ~iSy)

) (z—Nz—7) (vi}l{z__-r—._;’g_—'ﬂ)(z+3+2a‘} (i) (z+2—){z+ 2¢4)

(vii) z(z_”;?"-][z “;3’]

M {z+2}(ﬂr—1+hﬁ)(z—1 w'_) {ii) (z+3)[ —§+£I : @]
(@) (z-2)(z—M){z+4) @) (z-2)(z+2)(z-5)(z+5)

) (z—2)(z+2)(z—2)(z+2) (v}  (z2+1{z-1){z+2i){z—2i)
("ﬁ}(’_@)(’+@)(5—ﬁi)(z+q’§i) (viil) (== 9)z +9¥==TiN=+T7i)

Roots: 3, 3,4}, 41 Linsaractrs (z+3)(z-3)(z+ #)(z—41) 4. @@ z= 250D

(i) =3+ &/21 (iii) z—3t?‘ () z=—2+3i () z=—%:t%i (vi) z _s;th_g:

) 2,-2,24,-2 () 0,3,-3,3,-3% @) 0,1,-L,4+ (v 50

{"’) 'Jis _ﬁs ?:_@ (\'1) —1, i

2




. = S—

6 x=-224+62-8z424 T. x=10z'+302—40 B x= —3z*+62" +422* —06z+96

¥V EXERCISE 1.4 J

1. 9 {22020 i) {2,-2o,-2a} iii) {3,-3a-3a} V) {4 40,40}
V) {5, -Se,—S5a8) 2 O 2,-2,2,-2i (i) 3,-3,3 ¥
Gi) 5,-535, -5 4 @ -1 G 32 7 0

¥V EXERCISE 15 J
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19.

1.

D 5(cos36.87 +isin3687) iD -Ji[coa%+isin£]_ iif) 1-[m§+fmi]

¥y
W

e
z

4 3

w fmiom) o s{={ 53]

v) 1-(@!![—%]”“[-’%)] (vi) 1_[@“[#,1%},,-&(@4%))

@ 2-28 @) —%—%i (i) 676181  (iv) —10.62-2.85

) 086432l (vi) 1.68-1.09 4. () —3.86-2.0% (ii) —8.86-10.69

. 19 . 19 - 1l . 1lx
(i) 4S[MEH!m_1T] (iv) s[m 12 +isin 12}

() —3.86+1.08i (i) 17.38—4.65 (i) —6668+3851 (i) —%+m
2cosl20 +7ain120°), —1+iy3 8 10(cos150 +isinl50),, —5/3 +51

|z|=2ﬁ.atg{z}=%+2m 0. y=Er-2541 13 y=—=x 14, y=—;x—%

1 F "
=— +_ l w l .l. ] l — = i T
y=—x 3 7 8 Zﬂ(mlz unnu]

Rectangular form: 2+ 14, Polar From: 10v2{cos81.87 +1sin81.87 )
¥V EXERCISE2.1 4

@ O 8 (-1 i) *—4x+3 iv) x*+6x°+8

moHV-3 a3 i) v2r—1 @) V2549




= <o> i GO

. @ 4 @ Ems[a+£}iﬂ(g] Gk +3ah+ h+32 *+ 20

k 2
ginh P
3 A=" C=2Jx4 S=6V""
69 heosacos{a+ h) ® 16 ®) * ()

4. (@ Domaing =(—0,x),Range g=(—0,)
(i) Domain g =[-2,00),Range g=[0,)
(i) Domain g = (—o0,00), Range g = (—0,10)
(W) Dmg == (_m#m)lRﬂnEB E= [ﬂ,m)
(v) Domaing= R—{3} Rangeg=R—{-1}
5. a=2,b=-22
6 @ (@ 30m @ 17.5m © 11m (i) x=2sec
7. @ Domain f=(—=,cc),Range f=(—o0,)
@) Yes, the fnction is one-to-ane, because cqual gufpats implics equal inputs.
(iil) Yes, the fmnetion is onto when the codomain ig all real mumbers,

8. () Domain f= R—{-1},Range f = R~ {2}
(ii) f(x)is not onto.
10, gix) is surjective.

FCEXERCISE2.2 J
L (@ {id) !

5 (i)

[
B R

04

¥
8 6430 4 6 8 "2-15-1-050
i

-4
-5
- o8l

14013
L] "
1.

=5




i 051152
.2 | SFEES |

L

(i)

(iid)

2. ®

2 4 6 8




{vii)

)

[
246 3810127

(@)

10

e ]

ia

2 46 81012

(i)




o <w7>

(iv)

(vi)

¥
15
X
a0 1 2 3.5 67 &8 910
-03 R !
il ‘wa?
15 I=ista
e | i |
¥
.ihy
fz-3
'—12—19—8—&—4—‘._':1/4 6 8 10
1[I _ R .
i -2
r-""'

() ldmonths (i) 3732metres 6 25 gramg
¥ EXERCISE3.1 J

(0 Minimumvalucatx=—3i54 (i) Minimum valoe st x=—2is—4

(i) Mixinmmn valieabg 4529 (%) Maximmm vlise st x = '?3 & 'T”

(v) Minimnm valieatx= —1is—16 (vi) Mm:innnnvalunatx=i is %

(i) Minirwom value a1 x =2 is —4; Domain f= (—o, w); Range f= [ 4, )

(i) Minimum valoe st x = % is _Tl:Domninf=(—w,uo);nguf= [_TI,WJ
(iii) Maximum value at x = 1 is — 7; Domain f= (0, oo); Range f= (o~ 7]

(iv) Minimum vatue gt x =2 is 0; Domain f= (-0, oo); Range /= [(,00)

{(¥) Minimum value at x= - 1 is—9.3; Domain f= {0, oc}; Range = [~ 9.3.x)
E]
4

{vi) Maximum value &t x = _Tl is %;Dmuinf- {00, @); Renge f=(—mx,

@ £ )= vx+3 ; Domainf!=[-3, «); Range f = (~wo,0]




o <ww> atienatos (T

(i /'@ =—3—+5+x ; Domain /1= (-5, «); Range /= (- 3, )
4+.2 3+
(i) )= g ; Domain f~'=[-3, w}; Range f~'=[2, )

@@= 2TV pmain 1= [71, o) Range £ =[5, )

3
® £ '.*,+1’J"'T‘l : Domain /= [1, ); Range /=3, =)

(7469 = —4— |- Domain= -8 Renge 1= 4]
4,
0 22 @ F1L-4 @ E-V5,3+45)
3 T 13344 _. l'_ma ﬁ‘ 3+417 ml
(11r} + 72 !E:E: 2 ‘ {V) {{_ 3, 3)]’ {“) ] 2 .LI 2 p- ‘
et Fr3E) o | 0T l...["'l_";*a.s‘
¥ _EXERCISE32 J
: 1 ; : -3 ats 2
Loyl @Ean @y (S
@ 0 (v [%_—;6 (vid) {4} it} {4,209
{ix} {2} {x) {4} 2. 15sheep 3. 97 dozeneggs 4. & hours
5 20days @i 0 <5 <4756 km/h 7. [0.586sec, 3414 soc]
¥ _EXERCISE4.1 J
(=2 -2 3 1 1 1 -3 -2 5
2@ (2 0 -3 |z -3 4| @3 -5 -3
0 -2 3 4 -2 2 -3 -6 4
-1 2 1
|1 5 -3
3 2 2




o <> mamsenntics (T

2 3 0 01 6 14 5 22
5. A+A£=|3 0 7|, 4-A=|-1 0 3|, 4#=|5 5 3|,
0 76 % 3 0 22 3 43
11 -17 -10 -1 2 3
A’A=[—l? 29 21 ] (A’)"=l] 0 2]
10 21 2 3 5 3
i R, (S
6 |-1 -3 -10
5 4 2

¥ _EXERCISE42 4

1L, @ -21 () 9z () 4oz
4 @ A;=-10,4,=-2,4,=-54=-5G) B,=-3,B,=5B,=-1|B=-1

5 0 x=% (i x=—ler2 (@) x=20r3

6 () 147,0 (i) 0,96 9, J_:%,ﬂ, =4

V _EXERCISE43 J

U
4

=

L@ (0 — i)

1
{iit)

AL |k i

2
1
6

4 | ek

1
|3
2. (i) Rank=3 (@) Rank=

1
5
coin o {558) w{is])
{[ 10 11

o @ {(LLo)} @

g [E_EE) . (El__“] ) (ﬂ-_lﬁj
LR PTHETR Y il TR HEY el ST AET:




== o> e (N

6 ) {(0.0,0)} G xm=2x=—tx=1 (i)x=—3x=20x5=1
6|21
43 [26
49 || 15

16
7. AFADBERICO B 6 A-6-41) o 3‘2' Y (y-20¢ 10 [zz

15

11. HOLD FIRE

V EXERCISE5S.1 4

1 1 1 1 1 1
L ——— 2. ———— I

x-1 x+1 x—a x-b x-1 x+1
1 1 3 1 1 1 N 1
+ - 5, -+ . 4x-
2({x+1) x+2 2(x+3) x+1 x+2 x+3 -1l x+l
1 1 1 3 24 30
+ + 81+ - +
x-1 x-2 x-3 x4 x-3 x-6
a + b & c
(a—bc—aXx*+a) (a—dYb—clz"+8) (c-a)b—o)(x® +¢)

2 1 1 1
5y  IL- + + .
(-1 4x+1). 4(x-1) 2(x-1)

1
. —+
x—1

3 10 2 1 1 1 1
+ + P —
x-1 (=1 -0 ‘x x+1 (x+1? {(x+1)°
2 2 1 g 3 3
+ + =18, -
x+l x-1 (=17 x—2 x+2

V EXERCISE5S.2 J

1 x+42 1 x—1
—t+ 1 =

x+1 x*+1 Hx—2) 3(x*+3x+5)

1 x+2  2(3x+5) " 2 & x+1

=2 42 (F+2®  x+l ¥-x+1

2 1 1 1 2 8

1- + 6. + - = 5
241 (P +1F 2-x 24x r+4 (*+4)

12,

14,

¥ _EXERCISEG6.1 J

1. (i)24,28,32,36 (i)-3,-5.-7,-9 2. (811,14 @i)3,5, 13 (ii)—d,-3,0 (iv}—l,i!,%




== <ooi> e (N

(v}3.4,% (vi) 1,25,5929  (vii) 4,16,36 (vit) —7,28,-63 3 120

4 @ o (@ 1+2+34+..+n G ab, @) ny W a+(n-1)d

—1 v THE
D @r (v be (i) =LY

¥ _EXERCISEé62 4
1. @d=T;3037 Wd=vZ;5+N2.5+42 2. ® 21528 @ 12,-1,-14
3. 3m+74+6m 40 M@ 47T 575 &No 7.5 825 9 62 1071217, ..:502

Tn—4\°
12, 128 13. 14 14.T :No 15,13 22, 3:4:5

F EXERCISE63 J

1 (@2 (@ L2+¥ 2 1,21 3 %%%%% & 59095 7.0

¥ _EXERCISE64 J
1. (630 ﬁi}ﬂgf 2. (D1300 () 230 (i) 1932 3. 22 4, 14,51

5 9cm, 120m 15em 6 (i}m(!n—Z}(ii)g{gn-.g'lﬁ]_ 7. 650 6. 385

5. 200000 10 3+7+11+... 1. 7312 58 11orlL85 13.32
14. 5,7,9,110r11,9,7,5 15, 3,4,5,6, 70 7,6,5,4,3 17. 11
EXERCISE 6.5

-3 , e =579 579 =579 579
L Iz % 6561 3.5 A4 \()243,8,27,9,3 @579~ .71 . g g

5. 64 6. 2,618,523 B.4fmn 2. 2,6,180r186,2 10. 8-

. |
i2. 2,7,120r10,7,4 13, 1,2,30r17,2,-13 15, %

¥ EXERCISE6.6 4

1. (DHor—a(H)dor—4 () eor—3J6 2 6,12 24,48 4.% 5. 4,160 16,4
6 2B80r8,2

¥ _EXERCISE6.7 4

1 :},:ﬁg 2. 4,172 3 {i)%{ﬂ-%[l-L)] (ﬁ)%[t;—u(lﬂ"—l)-ﬂ]

10"

o a(l—B)1—a") - B(1—a) (1 - F*) i {1_,-'_1{1-9#)}
0 (@ BY1—a)1_b) U

151 -9
5. s




F_EXERCISE6S 4
1. 14080 L An-13 3 (e+3N=3Y-195 4 D6+ (@r-6)n
(i %[1—{n+1}3"+n-3'+1] (iii)4—§&]’1—§{3n—l)&j
e O O S O O
L O @y & 2_(”:112;2”"1 N WL

2 31—z Gn-lp® 2+tx
1-x  (1-=xP 1-x *(1-xpP

EXERCISE 69 J

(A 121 3.3 133XV
L3 @y 2 0Layes @ »pu'n'a > o

4. -10 3. 67 6. -1 & 3,6o0r63 9 2, 8o0r82 17. 19

V' EXERCISE 6,104

11,

1. w {ii) w {ﬁl} D) (iv) nin+1¥n : H(n+5)
- nin+1Xn 1+2 2X9n+7) ) 2u(n+1§_[2n~h1) wid 3u(u+1;(21|+1)
(viid) n(n+ 198" +13a + 2) @) _y_{n'-'n)(dﬂs) ) nin+1) (n+2)
12 , 8 12
% ()-n(@n+) (G +;;”+m 3, @ n(n+4n+5)
@ n{2n +:n—11) 00  Infdn’-8n45) @ 4n(2n :3.1—2}

¥ _EXERCISE6.11 J

1. Ra.65 2.Rs, 23907750 3.5% 4.Rs 173596 5. (5) 900 Litres, (b) 200 weeks,

(c) 400 weeks 6, () 23. 8 million (b} 7+ L4n  (c)21 7, () 100, 80, 64,512, ...

(b) 482.4 (c)'500 8. Yes,Rs. BOO0 9. Rs. 946822 10. 17hours 11. 25days  12. 1088
13. 7.2 seconds 14, 410.4md

V EXERCISE7.1 4

1. @ 9 (@) 220 () 20 (iv) m+2 2 () DI @@ = 3 5
(n-2)| (n—r)l

4. Bl 6. (+Difm+r+4) 7 ¢
{r+2)!
¥ _EXERCISE7.2 4

1. (D 30240 (i) 20 (i) 5040 (iv) 720 2. (i) 9 (i) 5 ()10 4. () 720
() 5040 (i) 40320 5.30 6 325 7. 120 B 100,36 O 408
18. () 48 (i) 72 1L 600, 120 12, 24 13, 30240 14, 1440  15. 2880




== <Lo> ssnenats (R
¥V EXERCISE73 J

() 20160 (i) 151200 (i) 9979200 2. 10 3. 907200 4. 1260
5. ())S040 (b)) 720 (o) 120 6 2880 7. 90 B 12612600
9. 725760 10, 13! 11, 967680 12, 2880 13. 60 14, 60

F _EXERCISE 7.4 J

@1 @)l @i Wi 2 @2 (@3 3 @ 83 ()62
56 7. 120 B.560 9. 171028000 10, (D 1176 (i) 280 (iid) 490 (iv) 56

. 90,455 12 16 13435 14, 11760 15 56 16 12376, 8008

17. () B840 (i) 1016 (iii) 1016 18. 108 19. (a) 940583496 (h) 4838400
28. () 518400 (i) 14400 :

[y
L]

e

EXERCISE 8.2 J

(i} 1284" 4484"x | 6724"5" S560ar’ | 230% 845—_ | 14% i
a
a 6a 152 15 6z x'

{)? ?lT 20|T ?|F 2, (D051267 (ii) 1664966416

(iii) 9920.23968016 (iv) 4084101 3. () 26'+ 245+ 8" (i) 724
4, (D 16+ 32x— B — 400° +x* + 2005 + 2xf — dx” + 2P
(i) 1 —4r+ 1022 — 16 + 182 — 1625 + 105 do? + 2 & (1) 151202 (i) — 41184x2

(ﬁi}mszﬂ (i) 46255 6 (@ 15309 (i) (—1)*(3@: q —03
x 8 (=D B
5 (-8064 (ii)E @3 % ® g @) Tred
(i) 2(-15" m‘-’.:iiii'. e
¥ EXERCISES3 J
L@ 1-Sr+ 2 AT i validif < 1
(ﬁ)z_%__%_%’— invaldif o)< (D124 2026 +...lovalidif [ <1

(if) 1 —x+ 22— 2 + o+ g valid if || < 1
(iv}l+2.r+%f+2r"+---iuvalidif|1‘|{_j% 2, @1yrx2a (Ddn 6 %

b
F EXERCISES4 J

L (09950 (i)1.010 (@)0331 (v)0935 2. Remainder=1 3. Remainder=1
4. (D219>190420"°  (§315>2094+30' 6§ Romainder=3 7. 6
1Z. Rs. 12,616,000 13, Rs.2,928200 14, 28 matches

V EXERCISES.1 J

1. () Quotiermt=3x+2,Remainder=4 (i) Quotient=3*+ 14x+ 25, Remainder = 54




== <> rensces (L

(iif) Quotient = x* +x* — 2x+ 1, Remainder = 18 (iv) Quotient = 5x*—3x— 18,
Remeinder = 12x+ 71 {v) Quotiemt =32+ 4x—3, Remzinder=-25x+9 2. (i) 20
(i) 10 i) 5 (iv) 91 (v) 10 3. () x+1lisafactorofs®—1

(i) x—2isafctorof ¥ -Sx+6 (i) x+lisnctafectosof®+x*+x-3

(ivi x-2isafactorofx+x22-7xr+2 (v} x-3isnotafoctorofat—32+x22—r+1
i (x—2Xx— 1 x+3) () +4(x—6)x+2) (i) c—2Ax+3Nx+ 13 {2x+3)
Quotient =x* - 37 —x+ |, Remainder =1 6, p=2,¢=-1 7. k=1 & k=8

"

5 p _—s,q — 10. a=-8,b=-16

2 2
V' EXERCISE9.2 J

1. 2625% 2 20wnits,2unitk 3. z=2,—1 4 z=-2,—1 5 z=—05,1
6 z=—0.5,0.8, the system is stable. 7. z=—0.5,—0.7, the system is gtable.

¥V EXERCISE 10.1 J

L. ® —% @1 @2 w2z W % (i) '?'z. (i) —con 12° (i) —sin 12°

(iii) cos27" (iv)tan33° (v) sin 15" (vi) — sin 39° (vii) —cot33" (viil) —sin21° (ix) — sin 30°

¥ _EXERCISE102 J

1@ 423_\'_51 i) “Ej—; G 2—v3 () ‘% W) ‘—;‘rzﬁ i) 243
T "R R AN "R
0 e @ e @) @) g O g 0D

The: termitia] sy of angles of measure and e+ £ and e— Fare in 1T and 11 quadrania
regpectively,
16 (i) D = {il) _E,E 15. (i) 25sin(f +§},m§=l (i) 13 sin (&— @),
65°° 65 Y7 435" 475 24 ¥

Eng = % i) V2 ein(@—¢), g =1 @) 10sn(@—g) tng =%
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4, wn'g= 22 8"“” 5 () sin13°=‘ET, con 18° = :J‘
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(iv) gin 72% = .WEW‘T

¥ EXERCISE 104 J

1 () sindg+sin2¢ (i)sinBH—win2d (i) %(sin’?ﬂ+uin3€j (iv) cos 50— cos 5@

(v) 3 (oin2x—in25) (vi) 5 (oos dx -+ cow 60) (vii) & foos 34° — cos SW°) (vilD (008 90°— cos 21)

2. () 2sindfcosd (i) Zcos60sin28 (i) 2005%“%& (v) ~2sin40sin 39

(v} 2co830°cos 18" (vi) 2sinxcos3f®
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I, () evem (ii) neitherevennorodd (i) even (iv)oeitherevennooredd (v) odd
o) otd (i) even i) even 2. @ = i) Z @)L @20 ) 40 (D) 5w

o) i) 2 () 30 () o) 30w

F EXERCISE11.2




(iv)

e e . e e e e

S e T

oD

IS ———

-

)

- - R -
L T L L]

R, =4

y=tin 5z



2 P A
19 1
(v) Max=4, Min=—2 (vi) Max=3, Min=—1 (vii) Mn-%,Min-% (vii) Mu-%, Min=
(ix) M'n-l.M.in- 1 2. (8) Max. temperature = 21.5 °C, Min. temperature = 8.5 °C

2 8
{b) Temperature at 9 a.m,=8,89°C 3. distance=36.78m 4. height=130.92m

@ ﬁ{t)=—30m(%r]+35 (D) 66 feet (c) 6322feet 6. (1) 27m () O3m
© %mond (@ 0.05second 7. (8) in(¢)'=2&—20m(%r) (b) 28 foet
(©) 3I7875and82.13s B (2) 6607TF (b) l4hr orZ2pm (c) RRF

. () 65000 (b) 30000
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L) 2 (D O (i) divergent (i\r}% L@ 10 G)S Giys GO @0

(i) % i@ 2 (ﬁ)% (i) —12(v) 0 () 0 (vi)—4 (vil) 2

b -2

(vil) ;j; (ix) 5«“‘ 4 @ 5 (@) % G o @ V2w
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- : - 3 ,
oG 2 ()2 (i) g () 2 (x) 6-log3 (xi) 2log2
] p—
M & @ e (i) % v) & (V) & (vi) & (vi)e® (viiD) %
1
(ix) . -1 (x) 1 &) &
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1. () —2 (i) 0 o 2. (i) fis continuous at x = 2 (ii) f'is discontinuous at x = 1
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3. (i) fiscontinuons atx=2 (ii) fis discomtinnons atx=-2 4. c=-1

E (D m=1Ln=3 (i) m=4 6 k=% 7. f{x)is discontimeous at x=1.
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. 0 2 100000 3 500 4 (@10 GO 5 @) o (@844
& yes 7. ) 16.18% (i) 13499 8. yes
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1. (D4x (ﬁ)% {iii}—%;l:_m(iv)lx—B 2 (i)q:ﬁ('ﬁ}—”—;am 3. (1}';' (ii) 2x+ 2

4. (i}(g;_ﬁz}s (@ 10(2t+3)* (i) Talaw+b) 5 B y=8x+13 6 y=TxrH4

7. {L,0,y=x-1 & 8 9% % Jp=x+9 10. (i) 28km/k’ (i) 13 kmih
11. 0 12. 8°c/kr 13. ()not differentisble (i) notdifferentiable
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1. (D&d+62+% ("ﬂ':’(%erLﬂ)ﬁﬁlEiT)‘ (iv}%x () 1 =242+ 92

(v 3-2x {vii) E‘—H’z—]"; i 1)5_ 2 (vii) —w_ﬂ)z (ix) —(,f : ﬁm

) —a () —2x % o250 - t2 £-3¢+3x-1
‘\ia—x(a+x)m ‘\l‘___iz'f"l(xz—l}m T Ak aE-1pP T a3 -anp
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1. v=15f—6t+1 - 2 Maximum Stress = 100, Rats of change =0

3. (DPE)=-10F+700x-2000 (H)Rs.400 4. (2940 (i) 27440
5. (@) 152mis (i) %6mi 6. (@) 72wk (@) 12k 7. 292Pa/m N 191686.6 units/ne
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1. ®i-9F @131-2j-2k G@Gi)y273 2 @ 7;%,'—:,2.2 (i) 6: '?%%
-3 4 1+4/17 1 4 8 174-12j- 16%
5 ., 20 . 5 , .- 7 . .7 .. 7 N 2.4, 4
‘\- (i)ﬁ l+€ﬁj— Zﬁ_k (]1) 'Ji_.!'l'\“ij'i'.di_i 741 3.}' 5 9. (ﬂ) 3_1 31+3
2. 4. 4 si 10f 15k 3 1
ked3 itgj—3 &k (B) a=-3 () =45 () a="g5.b=5
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1Z, Only the triple (iif) 45°, 60°, 60° satisfies the condition for direction angles of a single vector.
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Z =60 3 =%

-qI'I-n

10, 10179 kilometers  11. (i) —g%-% (i) %E —3[ (i)

~a|a«

2 -l
OE® on
4. (@ Projeciion of aaleng b: —%g :Hnjmﬁmnfénhlsg:—%f_r

(i) Projection of a slong b: %g; Projection of b akong gg 5 M3 @ Lo

6 20r-3 13, SGumiis 14, Runi 15 102umis 16 %Euuiu
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L. @ gxb=-3]-3k;Lbxg=3/+3k (i) gxb=5i+3)-Tk; ;bxg=-5i-3]+7k
(i) axb=-71-7] ;dxag=7i+7] (iv) axb=31-6k ;bxa=-3i+6k
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2 @ @ ,mﬂ-@ (ﬁ) ,d.?—s -me'm (it _\&.mﬂ' 3
13i+j+22k @ 3~ ﬂ

. el . .. 52 )
{iv) \’E‘I rain = s | 7 aguere units  (ii) 3 AqUACE ity

4 O VBisuemis @ VOuquemis 5 a=a b=

6. (i) Parullel vectors: g and 'w ; Perpendicular vectors: No
(ii) Parallsl vectors: & and w ; Perpendicular vectors: ¢ and v ; vand w
13, 487-47+30k id, —14j-14F

1% 3i+3/%3k 16. 154—15j—15%
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1. ()25 cublcunits (if) 14 cubjcunite (iii) 10 cubicunits 4. (i)

kol

(i) +1
@ @4 @3 G WO T @ 3wubicunits ()3 cubicunits

301
10 Ji6% 11. 150j— 10D k (in pound feet) 12, /41 meters

13. Rs. 532500, which iz the total revenne from the sales of all items.
14. -204+110/+50kNm 15 (a) [500,300,200], [S00,400,2000] (b) Rs. 770000




