%Lumt and Continuity \

INTRODUCTION

In mathematics, the concept of limit and continuity is foundationsl in understanding
the behaviour of functions and sequences, especially when applied to real-world
scenarios. This unit will introduce and explore how to demonstrate andfmdthe]:lmlt
ofasequenceandafunchan,undmtmdcunhmmusmddmmuﬂnmus functions, and
apply these concepts in various contexts such as economics, finance, and natural
12.1 Limit of a Function

The concept of limit of a function is the basis unwﬁmh the structure of calculus rests.
Befors the definition of the limit of a finction, it is necessary to have a clear
understanding of the following phrases.

12.1.1 Meaning of the Phrase “x gpproaches zero”

Suppose a sequence x_=iz assumes a sequence of values as:
M

G111 1
B 2!‘221‘23!24 ,2".

We can see that the sequencs x,:% is becoming smeller and smaller as » increases and
can be made as small'as we please by taking “n” sufficiently large. In other words,

1 . % . . .
=F becoming closer and closer to 0 a8 » becoming large. This unending decrease

of x, is denoted by x, — 0 and read as “, approaches zero” or “x, tends to zero a8 R — 0,
That is, the limit of the sequence x. is 0.

12.1.2 Meaning of the Phrage “x approaches infinity”

Suppose a sequence x,~= 10" assumes values as 1, 10, 107, 107, ..., 107, ...

It is clear that the sequence x» is becoming larger and larger as # increases and can be
made as large as we please by taking » sufficiently large. This unending increase of the
SEqUENCE Xy, is symbolically written as *x, —oo” and is read as “x, approaches infinity”
or “x, tends to infinity” as a—> o
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12.1.3 Meaning of the Phrase “x approaches a”

Symbolically it is written as "x—a" which .. L

means that x is sufficiently close to @ but different  The symbol x — 0 ix quite diffecent
from the mumber @, from both the left and right fomx=0.

gides of a that i8 x—a becomes zmaller and x;ﬂiummgdmw
smaller as we please but x—a=0. x =0 means that x is actually zero.

12.1.4 Concept of Limit of a Function

(1) By Finding the Area of Circnmscribed Reguiar Polygon

Consider a circle of unit radius which circumseribes a square (4-sidedregu]ar polygon)
as shown in Figure 12.1. _

The side of square is J2 and its area is 2 square units. It is clear that the area of
inscribed 4-gided polygon is less than the area of the circum-circle

m=3.142(xr* =z(lY’=x=3.142).

Figare 12.1; 4-sided polygon | Figure 12.2: 8-sided polygon  Figure 12.3:16-sided polygon
Bisccting the arcs beétween the vertices of the square, we get an inscribed 8-sided
regular polygon as shown in Figure 12.2. Its area is 24/2 = 2.828 square units which is
closer to the area of circum-circle, A further similar bisection of the arcs gives an
inscribed 16-sided regular polygon as ghown in Figure 12.3 with area 3.061 square
units which is more closer to the area of circum-cirele.

It follows that as “a”, the number of sides of the inscribed polygen increazes, the area
of polygon increases and becoming neat to 3.142 which is the area of circle of unit
radius.
We express this situation by saying that the limiting value of the area of the inscribed
polygon is the area of the circle as »# approaches infinity, i¢.,

Area of inscribed polygon — Area of circleasn — o
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(i) Numerical Approach

Consider the function f () =%

The domain of £ (x) is the set of &1l real numbers.

Let us find the limit of f(x) = x> as x approaches 2.
The table of values of f(x) for different values of x as x approaches 2 from left and right

is a5 follows:

From left of 2 »2 # from right of 2
x 1| 1.5 | 1.8 | 1.9 [ 1.99 | 1999 |1.9999|2.0001 {2.001| 2.01 | 2.1 | 22| 25 |3
)= 1]3.375 | 5.832 | 6.859 [7.8806(7.8806| 7.9988 | 8.0012| 8.012 | 8.1206 9.261 _'lﬂfﬁ-‘lﬂ 15.625|27
The table shows that, a8 x geta closer and closer to 2 (sufficiently close to 2), from both
sides, /(x) gets closer and closer to 8. |
We say that 8 is the limit of f{x) when x approaches 2 smd is written as:
fix)—8asx—2 or ___l;ig_x’-=3

12.1.5 Limit of a Function

Let B function f{(x) be defined in an open interval neer the mumber “a™ (need not be at
a). If, as x approaches “g" from both left and right side of “a” f(x} approaches a specific
number “L” then “L”, is called the limit of f{x) as x approaches ¢. Symbolically it is
written as:

lim fix)=L1 read as “limit of f{x) as x — a, is L”.

It is neither desirableng_rpﬁctimble to find the limit of a fimetion by numerical

approach, Wemusth;nblcmwa]uateaﬁmitinsom:mnchmicalway.mmeomms
on limits will serve this purpose. Their proofs will be discussed in higher classes.

12.1.6 Theofems on Limits of Functions
Let fand g betwo finctions for which I;_igrf(x):Land I;i{::g(x):M, then
Theorem 1: (i) Hx":a’,whercp}ﬂ and pe R

(iiy lime=e

Theorem 2: (a) The limit of the sum of two functions is equal to the sum of their
Himits.

Lim[ f(x)+ g()]=Lim f(x} + Limg(x) =L+ M

For example, I:.iuil(x+5)=l;§|ilx+1;§ 5=1+5=6




= S

{(b) The limit of the difference of two functions is equal to the differemce of thelr
limnits.

Lim[f(x) - g(x)] =Lim f(x} - Limg(x) = L—-M

For example, Lim (x—5)=Lim (x)-Lim 5=3-5=-2

(¢) 1fkis any real mumber, then
Lim[kf(x)] = & Lim f(x) =kL

For example, Lim (3x)=3Lim (x)=3(2)=6

(d) The limit of the product of the functions is equal wiqﬁé?ﬁ&dm of their limits.
Lim[ f(x} g(x)]=Lim f(x) - Lim g{x) =LM
For example, Lim(2x)(x+4) =Lim (Zx}EJ_ggl (x+4)=2)(5)=10

(e) The limit of the gquotient of the fnncﬂnnl is equal to the quotient of thelr Hmiis
provided the limit of denumimlnur is non-zero.

Hm[f(x)]= Py A

, provided g{x)=0 in a neighborhood of

g(x) Lﬂng{x} M’
. I-"i‘l
gand M0 .
le(3x+4)
For 1& [3:+4i|_,.. _ 644 E
x+3 Lim (x+3) T2+3 5

F—r2

() Limit ef [ f(x)]", where m is an integer
Lim[ ()] =[Lim f (] =F

For example, Lim(2z-3) =(£jﬂ (2J.c-3))SI —(5)°=125

We conclude from the theoretns on limits that limits are evaluated by merely
substituting the number that x approaches into the function,
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12.2 Limits of Important Functions

If' by substituting the number that x approaches into the function, we get (g), then one

possible way to evaluate the limits is as follows:

We simplify the given function by using algebraic techniques of making factors if
possible and cancel the common factors, The method explained in the following
important limits.

122.1 Lim* —% — 4™ where n is & non-zero integernnd ¢ > 0

Case 1:  Suppose n is 8 positive integer,
By substituting x = a, we get [%Jform, 50 we make factors.as follows:
g =(x-a)x +ax P a1l d™)

- _ 1 Z, a2 »1
me" dl:[,im(x a}x* +a:l:"'._-_|-_£::x +ta )
*—=a »r—g % = _‘-_._a

=Lim(x" ' +@" * +a' ¥+ ..+ a")

X =i 2
=g +a @ 4adr " vdd + . Fa™
=a"'4+a" 11 4a" i+ @ =na" !

Case I1: Suppose 7 is a negative integer (Say 7 = -—m) where m is a positive integer.

31 d=x
Now. ..__;':.—'g" = ¥ -a” = x* a” = x"a"
" x—a x—a x-a x-a
Lim® -g" =Lm:{ -1 J[x —a]
isa X—d el x™ g" x—a
-1 i _
= i Case—
S (ma™)  (by Case-])
=_m—m—1

Ijm[x“—a')=m._1 ==




Unit €8 vl <m> mamenacis (1 T

x+e—do_ 1 , Where # i an integer and a > 0.
s

12.2.2 Lim
x-+0 X

By substituting x = Dweha.ve( ]fnm,snmnunahmngihenummtur

P x Vrta+a) 0 x(lxra+a)
| (. A ]
""“(Jx+a+JE
_ Lim 1 2 1 = 1
=S Sxrat+da Ja+rda 2a
] x =1 W |

Solntion (@) Lim ﬁ :i [%J form.

= Yx+D)
T WSS L L JEUL. 22
x31 2 _x  x-l xi;.:‘[) =2l x
1+1 2

=—T"=2-3
1 4

i -3 {J_+J_)(3{;{JJ) i _
O ter 50BN = Lim(Jx++43) =3+43=243
12.2.3 Limit at Infinity

We have studic@ e lirvits of the functions {2, 70, 2 (%) and fE ;,whenx—ro(a
number)

Let uz see what happens to the limit of the function f{x) if ¢ i8 + 0 or —c (limits at
infinity) Le., when x — +w or x — — .

{m) Limit asx—+wo
Letf(x)=—, whenx#0

This functmnhnnthepmpertylhntihevalue of f(x) can be made as close as we please
to zero when the number x is sufficiently large.

We express this phenomenon by writing L:m1 =0

X=0
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(b) Limitasx — —co
Thiz type of limits are handled in the same way as limits as x — +oo.

ig, Lim l= 0, where x # 0.

E—h—0 ¥
The following theorem is useful for evaluating limit at infinity.
Theorem: Let p be a positive rational number. If x?is defined, then

Lim % =0 and Limi=ﬂ,whm'eaisanyrealnmnber.

= 3im pF T-3-—m yf

For example, ﬂ;—ﬂmﬁlm{r

12.2.4 Limit of a Sequence
Let {a,} be a sequence, the limit of a sequence {a,} isthe value L that the terms of the
sequence approach as # — «, that is,

Lim a, = L

nrm
If such an L exists, the sequence is said to converge to L and {a_} is called
convergent sequence. If no such L exists, the sequence is said to diverge.

For example, congider the sequence {a,‘:l}: ﬁsn—rw,’—ll—rﬂ
n

So, we write Lu:na —I.aml:t].

Iﬁ]ﬂn

2u+3
n+l

IR a0 2 | Find the limit of the sequence g,
We'can simplify the sequence:
3 3
_amea (23] 242

il n[1+lJ i
] n

Asn— oo, é—»[hmdl—:»{],. so we are left with: Ijma,,:H:Z
% L Bym 1+0
Zn+3

P |

=2
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Divergent Sequences: A sequence is divergent if it is not convergent. Divergence

can oceuy in the following ways:

e  The sequence may increase or decrease without bound (2.g., &, = n® diverges to infinity).
s The sequence may oscillate between different valuss and not ssttle near any one
value {e.p., a, = (—1)" oscillates between —1 and 1, so it does not converge).

12.2.5 Methods for Evaluating the Limits at Infinity

In this caze we first divide each term of both the mumerator and the denominator by the
highest power of x that appears in the denominator and then use the theorems on limit.

Sx'—10x* +1
|5 711710% | Evaluate Lim
sot= 3% +10x*+ 50

XM, Dividing numerator and denominator by x°, wo get

5 10, 1 _
s-102+1 . T UTS w0 .
= = =—00 - lim
e 30 11027 +50 sow o 10 50 3 40+0 e
¥ i
. 4xt-8y
Example Evaluate e, .
VR L 3P
EISITETY, Dividing numerator and dénominator by »°, we get
o (D43
. 4x'-5 : =ik 0- 0
Lim— — -=TLim—* % = =
a+e 30+ 2 j e 4 21 34040
£ x
13T TiEs| o Evaluate:
) Lim 2% @) Lim—2=3
=3+ 457 P (34 4y

T () Hete VX =|x=—xasx<0

Dividing numerator and denominator by —x, we get

_2 3
2-3x _ .. “x'0 _ 043

< 3
le—: = —
Ed-w "34_4:2 H_NJ1+4 .J0+4 2

Iz




Unit €D ¥rrietm o <ue> matsenncs (1

(ii) Here Jx_z=|x‘=.r agx>0
*  Dividing nmmerator and denominator by x, we pet

2_3
L 23 e 373 _0-3 3
X b 3+4x2 4+ (] -JU'+4 2
=

R =} o0 M

By the binomial theorem, we have

(1+%]‘ =1+ u(i}« n(r;l) [%]: "("_I;F_z)(%T#
= l+l+zl![1—%J+ %(1—%)[1—%}

Whenn — + oo, l,g,i,... alltendstom,:ﬂmefore
H B A F

122.6 Lim [1-a- 1J' =

I..‘im[1+l j‘ = 1+1+l+l+i+

=m\ 2! 3141
=1+4+1+0.5 +0:166667 +0.0416667 + ... =2.718281 ....
As approximate value of e is 2.718281.
1 We can also show that
Lim(1+—]' =e |
L n

Lim (1+1]‘ =g
n-x—= H

1
Deduction: EJ_:]&(I +x)F =g

Wo kuow that m[uﬂ - i)

n—#o0

Pitn=— in@) then x=—
X n

1
When 7 —o,x—( 80, Iim[1+l].=Lim(l+x)§
T — e n

0

1
= ]'_jm(1+x); o Lim [1+1].=E
0

bl ol n

Hence [jm(l+x)% =g

x =0
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x—
1227 Lim® ~l_jop a
Y]
Put &-1 =y (@
then a=1+y
Se, x=log(1+y)
From (i) whenx — 0,y — 0
Hﬂf_l:l'%l ; =;n1;
x ot log(+y) 720D o 4y
Y
cpm Y o ' pea ( Ly =0
>3 1 log,e B gt
log, (1+3) '
. [ef=1
Deduction: Iang = log,e=1
Xt x
(a1
Weknnwihathng —_ = ]ogag (1)
X —p x J
. . [ e-1 _
Puta=em(1)weknow£,% = log, e=1
Important Resulis to Remember
@) Lime =co &) ma:m[l]=u
=) ‘ : X ——m x| g
LT o0 6 | Express each limit in terms of e.
; : i v 1
6] EH-@;[],-I-;T (i) ];:1_3:]1(1+2n)-

CITITNT, (i)* Observe the resemblance of the limit with Iim[1+1]' =¢
= n
- 16

(“%]:[[HEJ;]: g |

a(1+2] -z (12 | = b -2
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1
(ii) Observe the resemblance of the limit with I;i_{zl]:(1+x)x =e
1 17
EI_P'}(I+?.H)H = [;1_1:.51[(1+2n)2n}
put m=2n, when za >0, m—0

1. 1
%_.irnn(1+2n)n =ﬂ[(1+ m).T =
12.2.8 The Sandwich Thearem
Letf, g and k be functions such that f{x) < g(x) < A{(x) for all numbers x in some open
interval containing “c”, except possibly at c itself.
Ifl.amf(x) L and leh(x) =L, then Img(x]

Many limit problems arise that cannot be directly evaluatedbyalgebmc techniques.
They require geometric arguments, 50 we evaluate an important theorem.

12.2.9 If @ is measured in radizn, then L}m“;ﬁ »

Proof: To evaluate this limit, we apply a new technigue. Take @ be positive acute
central angle of a sector of a circle with tading » = 1, As shown in the figure, O4B
represents a sector of a circle. Join 4 and B and extend OB to D such that O4 | 1D.
Also draw BC | ()C on OA.

Given |OA|=|OB| =1 (radii of umit circle)

In the Tight AOCB, sinﬁ=¥=|3_(?|
In the right AOAD, tanf="—=| AD|
@) Areapf-wﬂﬂ=%|ﬁ||3—6| ' %(l](sin B)=%sinﬁ

@) Areaofsector DAB=%FB=%(1)(B)=%B and

i) Arexof AOAD:%|&||E|= %ﬂ)(mn B):%tanﬂ

From the figure we see that
Area of AGAR < Area of sector OAB < Area of AOAD

1 6 1
= —gin® <« — < —tan P
g LY Ty N
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Assinﬂisposiﬁve,mmdivisiunby%sinﬂ,weget

l«:_i-r:L {D-:B-:E)
gin® cos @ 2

1.8, 1>M>msﬁ or mﬂ{%ﬂql

when & —0,co8— 1

Since %ﬂjg gandwiched between 1 and a quantity
approaching 1 itself. So, by the sandwich theorem, it must also | . Cx

Lo .. 8ING N2
nppmauhlthatm,{.._tfrulT—l -
Evaluate Lim =70

-
Solution Lc_tx=79,sothatﬂ=$
when @ — O wehavex— 0
. sm78 _, simx & iinx_ _
Ly =Lim === fi = == (=7
T O\
. l—cos B
Example[f 570 Eﬂ‘. -'B

I-cos @ 1—cos 0 l+cos®  1—cos’@
8% 8  1l+cosd &(1+cosB)

_ sin8 =Bina[sinl’l) 1
1+ cos 8) 8 1+cos @
m[l'msﬂj=mma-m@-m( : J=(n)(1)(ij=o
(B ] 0 &40 &0 P =0l 14+cos B 1+1

P EXERCISE 12.1 {

1. Find the limit of the following sequences if exists:
_ 2n+3 2n43 . st n —3n+1

: ; _ _ 7=
W q, n+l @ 2, +1 ) c, 2n+3 (v) é, 2t +n+4d
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2,

5.

Evaluate each limit by vsing theorems of limits:
(i) I;iug(Zx+4) (ii) E.E?(Sf—zx+4) (iii) Li:m}r’+ x+4

2%+ 5x
1 3x-2

(iv) I;.._‘%Jx"+4 v) pﬂ(v‘x’+1-4x=+5) (vi) Lim

Evaluate each limit by using algchraic techniques:

; . X -X o v | X*=5x+6 . -8
@ I8 i (@) I;E’e-{f-zx—s] ) Iﬂ?(f--_s:w]

i) Lim Lig® = 3% + 351 ()hm[f—ﬁx’+12x—8]( )Lm[ x*—1 J

T Px 32 - e at —3x+2
) Lim x—-2 (m} JJ|:+ .J_ {ix]. Limx"—a"
x—,!m_ﬂ h ze x® _ g%
Evaluate the following limits:
sin$x o SRR vy l—COS O
O Lim™ @ L @ L=
(iv) LhEsinx—msx ) Iﬂguuiax;zmsix (vi) L].JEtanx—l
:-bz g tE ] :-.E r——
4 4
1—cos 2 x S v s COSar—coshr . g =
Lim———— L Lim———— Lim——
(Vll) x=xfl xz : (‘ml) =0 COROT— m,dx (n) .'I!-l-lxz—l
() Lil]alx —x]pgx_+31ngx—9 %0 Lmlx(z -1)
= x—3 =0 ] —cosx

Express cach Timit in terms of e,

() tﬂ(ug (if) HE';(“ T (i) Igrg[ -ﬂ.

1
n
4 2
n

R R B
s < 3 e p . € =€ i = F
(vii) I;_j:’n'}{1+2f) (viii) I;EI,} abx (ix) I'—JE{1+_:)'
@ Lm% ' x<0 (D Lm® Lr>0 i) LS 0
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12.3 Continunity and Discentinuity of Functions

12.3.1 One-Sided Limits
In defining Lili'.nf(x), we resiricted x in an open interval containing ¢ i.e., we studied

the behaviour of f on both sides of ¢. However, in some cases it is necessary to
investigate one sided limits that is, the left hand limit and the right hand limit.

() The Left Hand Limit
Limf(x)=Lisreadasﬂ:el:imitot‘f(x}isequaltol.asxapproachescﬁ‘omtheleft

1.g., Tor all x sufficiently close to ¢, but less than ¢, theva]uacff{x)mnbemadeas
¢lose as we please to L.

(i) The Right Hand Limit The rales for |
Lim f{(x)=M is read as the limit of /{x) is equal to M ag x' [ calculating the left hand
i and the right hand limits

approaches ¢ from the right i.e., for all x sufficiently close to | oo the same 5z wo studisd
¢, but greater than ¢, the value of f{x) :anbemﬂde as-close | m calcnlate Timits in the

28 we please to M. preceding section,
12.3.2 Criterion for Existence of Limit'of a Function
H}f{x}-Lﬂmdonlylan;f(x)—Lmqf(x) =L
Determinewheﬂmr_ﬁﬂf(x) and Li_ﬂf(x)exist,when
2c+1 if "0<x <2
f(X)=47—-x,9if 2<x<4
X if 4<x <6
Solution i [,_'enzlf'(:x]=1imé(2x+1)=4+1=5
' I_'m%f(x)=Liuzob(T—x)=?—2=5.

Since Lim f{(x)=Lim f{(x)=S5

=5 Eirgf(x)exiﬁtsandis'equaltos.
G)  Limf(x)=Lim(7-3)=7-4=3

Lim /(x)= Lim(x) =4

Since Lim f(x)# Lim f(x)
Therefore, I:‘EE f(x)does not exist,
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123.3 Continuity of a Function at a Poimt

(a) Continmouns Function

A function f'is said to be contimuous at a number “¢" if and only if the following three
conditions are satisfied.

() Re)is defined (i) Lim f(x)exists (i) Limf(x)=£(c)
(b) Discontinnous Function

1f one or more of these three conditions fail to hold at “¢", then the function fis said to
be discontinuous at “c”. .

Consider the funetion f(x) =%, discuss the contifwify of fat x= 1.

Hmf(l) 18 not defined.
= flx) is discontinuous at 1.
For f(x)=3x"—5x+4,discuss contimuity of fatx = 1.
BT Lim f(x)=Lim(32 —Sx +4)=3-5t4=2and f(1)=3-5+4=2
= Limf(x)=/0)
Therefore, f(x)is continuous atx= 1
IRETTIM12|  Discuss the cunt'mui_ty-.pf the functions f{x) end g(x) atx=3
259
(8) f()=1x-3
1~ 6 if x=3

if x=#3

(b) g(x)={% if x#3
Solution YNNI B

=Lim(x+3)=3+3=6
As  Lim f(x)=6=f(3)

f(x) 18 continuous at x = 3. It is noted that there is no break
in the graph. Figure 12.5
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®) g(x;=ﬂ if 243
x-3

As g(x) is not defined at x=13
= g(x) is discontinuous at x=13
It is noted that there is a break in the graph at x = 3 near
x =3 a& shown in the Figure 12.6.
(3T N13|  Discuss continuity of £(x) at x =3, when
x-1 , if x<3
i {2x+1 if x23

EFTTTTN A sketch of the graph of fis shown in the Figure 12.7, Wﬂmseethatﬂlere
is a break in the graph at a point when x = 3. .
Now f{i3)=2(3)+1=7
= Condition (1) is satizfied.
Lim f{x)=Lim(x—1)=3-1=2
=T Y

Lim f(x) = Lim(25+1) = 6.+1=
Lim f(x)# Lim f(x)

1.¢., condition (ii) is not aatlsﬁed.
: LlIn f {x)does not e-xisl:.

Hmm,ﬂx)mMGMuousatx 3

P EXERCISE 122 _{

. Determine the deft Find limit and the right hand himit and then, find limit of the
following fymelions when x — ¢.

x*-9

O fE)=2x"+x-5¢c=1 @) f)=""7 =3
@ f(H=|x-5, =5
2. Discuss the continuity of flx) atx=¢
3z-1if x<1
| 204516382 5 o o e ipret. oot
O SO prtixs2’ @ j== paiaiadi
2x if x»1

3x if x<-2
3, Hf(x)=¢x'-1 if -2<x<2 Discusscontimityatx=2andx=—
3 if =x22
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x+2 x<—1
4, 1If f(x)=
c+2 x>—1
find “c” so that Lm_*{ f(x) exists.

S, Find the values of m and », so that given fumetion f'is continuous at x =3
mx if x«<3

@ f@= n if x=3 @) f(x)={ " i’:;
_2x+9 if x>3 %
V2x+5-x+7
6. F(x)= v » XE2
k i =2

Find valoe of & so that fis contimuons x = 2.

2x+3, x<1
7. Given the function f(x)= }
wven the function f(x) {—x-'r41 x>l

Discuss the limit and continuity atx=1,~

12.4 Application of Transcendémtal Functions to Limits and
Continuity on Real World Problems

Limit and continuity of transcendental functions are fundamental concepts in calculus
with numerous real-world applications.
These concepts help us model, analyze and solve problems in vations fields such as
growth and decay, finance; economics, surveying and predicting long-term stock
prices.
| Fn 14| Growth and Decay (Radioactive Decay)
The radioactive decay of a substance is given by the function 4(2) = A2, where 4, is
the initial ameunt of the substance, & is the decay constant, and ¢ is the time in years.
Find the limit of the amount of substance as 1 —» .
Solntion
We need to compute the limit: Lim 4(9)= I;iEAoe'h

As 5,6 50, 50 I;i_EAoe'”=Aﬂx0=ﬂ

Thus, the amount of radioactive substance approaches 0 as time increases indefinitely.
Finance (Compound Interest)

The value of an investment grows according fo the formula for conmtinuous
compounding A(f) = P_¢”, where P, is the initial principal, r is the annual interest rats,
and ¢ is the time in years. What happens to the value of the investment a8 # 3?7
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We need to compute the Limit: EEA(:) = Iég::ﬂe"

Since &® —»o0as ¢ —» oo for any positive #, the valus of the investment grows without
bound:

LimPe" =c0
P—gen

Thus, the value of the investment increases indefinitely as time approaches infinity.
5111516 Economics (Supply and Demand)

In economics, the demand function D(p) decreases as the price p increases. Suppose
thademandﬁmcﬁonisgivenbyﬂ(p)=%,wherep1slhepncemduﬂm Find the

limit of the demand as the price becomes very large, Le., Lim D{p).
FET IS

7SR, Lim D(p)=Lim -

Frw = ptl
As p—»oo, the denominator becomes very large, m}mL'fl 0
. —ep

Thus,asthepncebecumeﬁvcrylarge,thcdﬂnandappmmhﬁﬂ

i CL0E1T| Astronomy

The apparent brightness B(d) of a star'clecrmes as the distance from Earth increases
fnﬂomnglhemvemesquarelnwﬂ@)= » Where L is the star's luminosity. Find the
limit of the brightness as d—)oﬁ;

Lim B(d) < Lim

As d - o the denominator becomes very large, so:
¥ I B
d—:-uedz

Thus, as the. distance increases indefinitely, the apparent brightness of the star
approaches 0.

P EXERCISE 123 4

1. A substance decays exponentially following the formmla A(f) = 4, ™", where 4,
is the initial amount. Find the limit of A(f) a8 1 - w.
160, 000
2. A town’s population is modsled by P(6)= T . What is the long-tcrm

population as 1 — 0.
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3. A company’s weekly sales (in thousands) follow the functiem §(f) = %
ig the limit of S{f) as ¢t - = and what does it represent?
mnn

4, Signal strength S(d) st & distance 4 from a tower is modeled as S(d)= e

() Whatis the signal strength at d= 107
(i) ‘What happens to signal strength a8 2 —><0 ?
5. A stock price grows according to the function P{f)= 50" L
(i) Find the limit of P(#) 8 ¢ — 0. ~O
(i) Caloulate the price after 10 years. Q-
6. The factory’s cost function is given as: . O ™~
10x+500 H#  x<100
12x+300  if x:»»m,@"' '
Is the cost function continuous at x = 1011'? N\
7. Inflation is modeled by I{f) = I, c"w wh::re I, is the initial price index and ? is
the number of years :
(1) Find the inflation rate nﬂm',iym if Iy =100.
(ii) What is the expected.;_mpc index after 10 years?
8. The cost to produce x ﬂﬁ;s
5x+20 if x<10

(x} 16x+10 if =x>10

Is the ooqtﬁﬁéuon continmous at x = 107



