W Trigonometric Identities

IN TRODU(,TION

In ﬂus unit, we shall firat establish the fundamental law of trigonometry before
discussing the Trigonometric Identitles. For this we should know the formmla to find
the distance between two points in a plane.

10.1 Distance Formula: (Recall) |
LetP(x,,y,) and O(x,,y,)be two points. If “d ™ denotes the distance between them,
then d=|PQ|=f(x—xl+(1—)"

or = ee—xF+0-n)
Find distance between the followiag points:
M 438 , B(E6) N
(i) Pleosx,cosy), Qs x, sin y)
Solution ~
(i) Distance = | AB|=4/(3-5)°4(8—6)° =V4+4 =22

(i) Distance = |PQ| = (cos x—sin x)’ + (cos y—sin y)?

= -'{fbﬂé’x+ sin” x—2cos x sin ¥ +cos” y+ sin’ y—2cos y siny

+ ‘/Z—stx sinx— 2cosy sin y

= /2—2(cosx sinx+ cosy siny)
10.1.1 Fundasmental Law of Trizonometry
Let o and /4 be any two angles (real numbers), then
cos{z — ) =cosa cos f +sina sin

which is called the Fundamental Law of Trigonometry.




Proof:  For our convenience, let us assume that o> 5> 0.
Congider a umit circle with centre at
origin O.
Let termingl sides of angles a and # cut
the unit circle at 4 and B respectively.
Evidently mZAO0B=a - £
Take a point C on the unit circle such that
m/XOC=m/AOB = a—§.
Join 4,B and C.D.
Now angles @, § and @ — # are 1n standard position.
The coordinates of A are (cos o, sin a),
The coordinates of B are {cos £, sin §)
The coordinates of C are (cos &~ 4 , ginz—§ )
and the coordinates of L2 are (1, 0).

Now AAOB and ACOD are congruent. & [(SAS) theorem]
T, [A=[B] = [~ D
Using the distance formmla, we have:

(cos @ — cos B + (sin a— sin B)? = [(cos{a—F)—1F + [sin (a—F) — 02
= co® @a+cos® # — 2 cos @eos f+sin® o+ sin? f 2sin asin B
_ = cos*{a —f) + 1 — 2 cos(a — ) + sin’(z — F)
=  2-2(cos a cor -+ sin @ sin §) =2 - 2 cos{a —f)
Hence ' cos (@ —5)= cosacos f+sinasin F.
173 Although we have proved this law for @> 5> 0, it is tra for all valuss of @ snd 5. )
Buppose we know the valnes of gin and cos of two angles « and §, we can find
cos(ex — f) using this law as explained in the following example:

Find the valne of sin 2.

As % =75°=45°+30° = §+£

6
. &= g FE K . I ks T .7
gin — =gin|—+— | =sin—cos—+cos—sin—
12 [4 6) 4 6 4 6
1 3 1 1 B+
=—.—+—.—= G
2 2 22 22




10 Irigonometric Locutiiles <179 > Mathematios

10.1.2 Deductions from Fundamental Law
1. Weknow that:

cos{a — ) = cos @ cos f+ sin ¢ sin §

Putting a=%init,w:g=t

cos[%—ﬁ]= ms%cnsﬂ+singsinﬁ
. - L]
= cns(%—ﬂ)=0.cm-ﬁ+l.sinﬁ ( coé—g;ﬂ,ﬁn%ﬂ ’

mg—ﬂ]ﬂhﬂ (i)
2. Weknow that:
cos (- f) =cos a cos #+ sin‘eesin £

Putﬁngﬁ=—%init,weget

ofe (5] e Jomnn()

f JrJ .
5111|—E =—gin—=—1

= ms(a+£]=--msa.ﬂ+sincx(—l) ¥ 2
2, 1 T
: ms[——)=ms—=0
2 2
e .
SQKE+¢)=—51.I1E (ii)
3. Weknow that:
cos (g -,s] —sin [6) above]

Putﬁngﬂ=%+a in it, we get

[5-(are)=(5+9




4. Weknow that:
cos{a— ) = cos arcos f+sin @sin f
Replacing £ by —f we get

cos[a—(—f)] = cos a cos (—F) + gin & sin (— 5)
[ cos(—3) ="coaf, sin(—f) =—sing]
= cos{er+ ) = cosa cosfl —sine sin 8 (iv)

5. Welknow that:
cos{a + ) = cos & cos f - sin & sin §

Replacing a by §+a.w=get

o1} sl

= ms[%+(tz+ﬂ_)] =— gin o cos f—cos a sin §

= ~sinf{zx+ ) = —{[sin  cos § + cos a sin ]
sin{a + #) =sine cos B +cose sin g )
6. We know that:
sin{e + f) = sin @ cos F+cos @ sin § [from (v) above]

Replacing £ by — §, we get

wio-p e p-memen (¢ BHE

sin(@ — f)=sina cos —cose sinf (vi)




7.

We know that:

cos(e—f)=cosxcos f+sina- sin £

Leta=2xand f=86

8.

10.

cos(2x— @) =cos 2x. cos B+ gin 2w gin @

1008 +0-sin @ {ﬁ%:::,
= cos £ (vii)
We know that:
sin{fx— f) =sin@- cos f—cogs - sin f
sin{2z— @) =gin 24 008 §—cos 2wsin §
=0.cos @~ 1.5in @ {ﬁ‘“j’;g:f
——sin @ (wiiD)
_ sinf@+f) _ sing cos f+cosa sin
R L e p— 7 "y
ging cosfd | 0@ sin 4 Dividing
_ cosa cosf " -cosa cosff numerator and
cosa coff  mina minf denominator by
cos eof fi  cosx cosf coscx cosf
W 1-tana tanf
e _ sin(@-g) _ sina cosf—cose sing
tan(a:~5) cos(@—f) cosx cosf+sina sinf
sing cosf_ cosa sinf Dividing
_ cosa cosf cosa cosf nmumerator and
COB X cosﬂ+ sina sing denominator by
cosz cosfi cosa cosf cose cosf
lnn(a—ﬂ]:M ®)

1+tma tanf




10.2 Tngunometrlc Ratios of Allied Angles
Two angles o and § are said to be allied, ifa £+ §=n(90"), ne z
For example, + a, 90° +a, 180° + ¢, 270° + a and 360° + & are some allied angles of a.

Using fundaments] law of trigonometry, cos{o— ) =cos a@cos §+&in @ sin § and its
deductions, we derive the following identities:

ﬁn(i-a]:ma, ms(f—ﬂ)=sin 8, m(i-a]=mta

2 2 2

sin(£+ﬂ)=m59 ms(£+ﬂ) —g§in @, tan[ +9]=—cot9'
2 < 2 2 '

sin(z@)=sin & , coslr—G)=—cos 8, tan(x —G) = far'P
gin (% +8)=—sin &, cos(x+&)=—cos &, tan{z +&)=tan &

sin(ﬂ- ):-mse,m(ﬁ- ]:-sine,fm[ﬁ- J:me
2 2 i i)

m‘n(?'?”w} G, m(%+ﬂ].=.sin o, un[%w] —

sin (2% —#) =—sin @ , cos(2r —B)=cos &, tan(2r —8) =—tan @
sin(2x+8)=sin § , cos(2x+@)=cos &, tan(2w +8) = tan &

The above results also 1o the reciprocals of sine, cosine and tangent. These results
are to be applied in the sidy of trigonometry and they can be remembered
byumgﬂwﬁallwmgdume

1. If & is added to or subtracted from odd mmiltiple of right sngle, the
trigonomﬂ'iﬂmtioschmgeinlaom—nﬂm and vice versa.
ie., \gn Z—= cos, tan 2 cot, sec z—* cosec

c.g. sm[E— ]=cu59 and ms[g?’r+9]=sinﬂ

2. I.fﬂis,addedtoorsubtractedﬁ'omanevenmulﬁpleof%,ﬂ:et'igunometﬁc

ratios shall remain the same.

3. So far as the sign of the results is concemned, it is determined by the quadrant
in which the terminal arm of the angle lies.
eg sin(r— H=sin g, tan(x+@F)=tme, cos(2x— )=




+
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--yr
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(a) Insin[%— ],sin[%+9], i (—— ] mn(h+9]
mulhphesof 7 are involved.

Tlmrefore, sin will change into cos.
Moreover, the angle of measure

(i [%—H]ﬂlhavetﬁihiﬁalsideinQuad.L
D& A1 )

S0, gin [E_ ]—cosﬂ,

i) (%+'3Jwillhawterm:inalsideh()uad.ﬂ,
So, gin (%+6']= cos &;

(i) (—— ]wﬂlhavewrminalsideinQund.I[[,
So, sin (3%— ]Z—ms g;

(iv) ( )mﬂhavemnnmalmdeinQuad v,

So, sin [%r+9)=— cos 6.




() In cos(m — @), coslx + §), cosr— §) and cos(2x + ), even
multiples of %m involved.

Therefore, cos will remain as cos.
Mareover, the angle of measure
() (x— 8) will have terminal side in Quad. IL, therefore
cot(z—0) =—cos 8;
(i) (=+ &) will have termingl side in Quad. ITT, so
cos(z+&H=—cos &
(iii) (2w— &) will have terminal side in Quad. TV, so
cos(2x— 8) =cos #;
(iv) (2« + #) will have terminal side inQuad. I, so
cos(2r+ §) =cos 6.
Without vsing the tables, write down the vahues of:
(i) sin225° (i) tan 600° () cot(-225°) (iv) cosec(—420°)
1

ENTTIE () sin 225° = sin (180 +-35)° = —sin 45° = -

(i) tanﬁDﬂ“=tan(54ﬂ+60.j°=mn(6x90+60)°=m60°=1.5
(iii) cot(—225°)— —cut;ﬁ_'z:’:.i"’ =—cot{180 +45)° = —cot(2 x 90 + 45)° = —{cot 45°) =1
(iv)  cosec(—4207)=—cosec 420° = —cosec(360 + 60)° =—cosec(4 x 90+ 60)°

=—gosec 60° = =4

3

... ain(180°—8) cos(360°—8) tan(50°+-§)
L0 d] Sinplily: 2 00— 8) cos(180° +8) a2 70" ~5)

sin(1B0° —#) =ainf , cos(360°—8)=cosd
rl0 o Becanse < tan(90° +8) =-cot@, sin(S0°-&) =cosd
cos(180° +6) =—cosd , tan(270° -&) = cotd
sinf- cosd- (—cotd) _ -ging _
cos & (—cosd) cotf  —cos®

Therefore, tan &




23
H

¥ EXERCISE 10.1 _d

Without using the tables, find the values of:

() cos(—1230°) (i) tan (— 1035°) (iii) sec(1140°)

(iv) cosec{— 690%) (v) cot{1320°) (vi) cos (- 240°)
Express each of the following as a trigonometric fimection of an angle of positive
degree measure of less than 457,

@ cos168° () sin192° (i) cos 333°
(v} tan213° (v) cos(-435°) (v) sin219°
(vil) tan (— 597°) (viii) cos (~111°) (ix)- 5in (~390°)
Prove the following: LN
() sin(180° + @) sin(90° - @) =—sina cos@ .

1

(i) sin810° sin 630° + cos 135° mn225°—l—-i-

(ili) tan 150° cot 330° — 2sec 135° coses 225° = -3

(iv) sin210° +m5240°+tm225"‘ +wt225“ =1

Prove that: ;

O tan(180° +a) cot{90° o )
SIn(360° —r) cos(2T04a)

sin (:r+e:;tm(3?”+aJ

=cos

(i)

cot? {%—6] cos’(x— ) cosec(2r @)

iy 00800 +6) sec(6) 18P —6) __
560(360° —8) sin(180° +8) cot(90°—8)

Show that: s&(%—&)m[?—ﬂj (3%:- ] (;+3J =-1

If a, §, y are the angles of a tiangle ABC, then prove that

@) sin(a+f)-siny @ soo(“12 )- e

(i) coseca= (iv) tan(a+8)+tan y=0,

S
sin( 8 +7)




10.3 Further Applications of anu;: Identities
[EIUT05|  Prove that: sin(a+8) sinfa—f) = sin’ o—sin’ 8 @
28 costa (ii)
LH.S. =sin (a + B) sin(z - 5)
= (sin & cos 1 cos a sin B) (8in @ cos - cos a rin f)
= sin® o cos® B— cos® @ sin? §
= sin? a(1 — ain? f) — (1 — sin? @) sin® £
= gin? @ — gin? @ sin® f— gin® B+ sin® g §in® §
— sin? @ — sin? B )
= (1 - cog® @) — (1 — cos® f)
=1—cus?a—1+ma=ﬁ
‘B—cos’ @ (ii)
Wlﬂluutusmg tables, find the values of all trigonometric fimctions of 105°
ERTTTT, As 105° = 60° +45°
sin 105° = gin (60° +45°) = smﬁO"ces45“+msGﬂ“m4S°

et

cos 105° =cos (60° + 45°) = cos 60° cos 45° — sin 60° sin 45°

nGignE

tan 105° =ti]n(60ﬁ+45u) = tan 60° + tan 45°
1 tan 60° tan45°
= i+l _1+J§
1-43:1 1-43
cotloge = 1 _1-43
wnl05 1++3
COSEC 105“ = — 1 = 2&
sinl05®  f3+1
and soc 105° = 1 _22

cos 105° 1- 3




Enmplg Prove that cos 11 +s.m11 = tan 56°

cos 11°—gin 117
(XTI, Consider
RHS= msﬁ":m(,q,sb_l_lln): tan45° +tanll
1-tan45°tan11°
| 01T
_lrtanll® +msll° _ eo8ll®+sinll®
l—tﬂﬂlln 1_ Ei.[l]l" cm]'lo_sinllo
cosll®

=LHS

cog 11°4+8in 11°
Henge = tan 56°
cog 11° —sin 11°

]fmsa=—% t.mﬁ—— the terminal side of the angle of measure o
ishtheﬂqmd:antandthatofﬂisinﬂm]]lquadrant,ﬁndthevaluesuf.

@  sin{a+p) (W) eos (z +5)
In which quadrant does the terminal “side of the mgle of measure
(a+ B) lie? :
STt o, We know that sin® @ + cos® @ =1

z
Therefore, sine i-Jl a:=:|:1’l —— 5?

As the terminal side of the mglenfmeasmeofammﬂ:e[[quadrant,whﬂemals
positive.

: 24
S‘D. sula- s
. 25

2
Now . seefl == 1/i+tﬂnzﬁ =it 1+(%J =:I:15—3
Agy the terminal side of the angle of measure of F1n the quadrant ITL, 8o sec F1s negative

sec S ——E and msﬁ——i

'fi ’ 1
smﬂ-:l: 1 ﬁ 11— —E J;

Asﬁemrminﬂnmufthemgleofmamreﬁmmﬂlemquadmm,snnmﬁiﬂnegaﬁve

gin A __E




sin(a+ﬂ) =sina cos f+cosa sin

- (EJ[_E)J,[_I'[ 12]= -120+84 __ 36
25)\ 13 25)\ 13 325 325

and cos(a+f) =cos acosf— sinasinf

_{ 7Y 5) (24\( 12)_35+288_ 323
[ 25)[‘13)“[25,[ 13] 325 325
Ag, sin{a+ F)is—ve and cos(ex+ f)is +ve
Thuys, the terminal amm of the angle of measure (@ + £#) is in the quadrant IV,
(BTN e|  Ifa, 8, yare the angles of A ABC, prove that:
(i) tanettanf+tany =tane tanf tan y
. a B B . ¥ A
('.Ll) ME tanEHmlE I:m5+tm1£ ME—I
M e, B, v arc the angles of A ABC, therefore
a+f+y =180
atfl =180F—y
(i) tan(z+A)=tan(180° -3
tang +tanf
1—-tane tanf
tan &+ tan § =—tan y+-tan o tan 8 tan
tan g +tan f+tan y =tana tan B tan y

() As a+f+y=180- = Z+B.7 _op
2 2 2
a f '
_.|__=_=90°__
80 2_ i) D)
G fenfe)
2 2 2
& B
tani+tmi=mt£ :
Lt %l 2 @’
z 2 2
w6 il @l -1-n® wn’.
2 2 2 2 2 3
wn? wn? +1en? wn? +en? a0 =1
2 2 2 2 2 2




Enmple 0| Express 3 sin §+4 cos @ in the form » sin(§+ ), where the terminal side
of the angle of measure ¢ is in quadrant 1.
Let 3 =rcos¢ (i)
and 4=rsin ¢ (ii)

Squaring then adding (1) and (ii)

32+ 42 =72 cog? g+ P sin? ¢
Dividing (i1} by (i)

9+16 = r*(cos’d +5in% ) ;=ﬂ
25— p? : roos ¢
5=r : §=tﬂ'1¢
r=35 4
Lm”:g.

3sinf+4cosf = rcosgsin H+rsi;_r_1._ﬁm9
= r(sin & cos ¢+ cos Psin )
= rsin (F+4.

Uil

where r=35 and tan-‘.ﬁ-—

v EXERCISE 102 J

1. Without using table fitd’the vahues of the following; Hint
() sinl15° (ii) cos 15° (iii) ten 15° 15 = (45° - 3(F) and
(iv) sin 105° (v) cos 105° (vi) tan 1050 W05 =(60° +45)

2, Prove that( . (i) sin4s*+a)= J_ (sin & + cos @)

(ii) cos{a+45°)= E(ﬂﬂs & — sin a)

3

Prove that: (i) tan(45°+4)tan (45° - 4)=1

R e

ginf—cos @ tang P

i) T ol g Eafund  cosO+6)




10.

11.

12.

Shwt'nai: cos{a + £) cos(a— §) =.m1 a—sin® B=cos’ f—sin’ a
Show that: sin(a + #)+ sinf{a - &) o hila
cos{ex + f)+ cos(a — )

Show that: (i) sin*(a + %) —sin*(a —%] = gin 2q.sin §

(ii) sin’ & +sin® B + cos’ (& + B) + 2sina.sin F.cosfx + ) =1

Show that:
. oy l+tana tang wtartanﬂ
) cos{a—p) = (ii) sm(a+ﬂ) wgw
_ oot cotf +1 : tana+tmﬁ _sin(@+ f)
(i) cot(a—A) = ~ g cota ©) e g sin(a—B)
0 - 2
If s;iul:':=g and cos f= ﬂ.,w.r];u':r_{-'..‘)“;tz'f-?E and 0<f8< -
25 2" </, 2 2
Show that Biﬂ{ﬂ—ﬂ)=%, e
If sin cx——i and m,ﬂ= —E where . <g<lx mdx{ﬁ<3—g Find
17 3 2 2
@ sin(zt+p) ..-fll) cos (z + ) (i) tan (z+f)
(v} sin(e-p)\ 0 (v) cos(a-f) (v) tan (@- fB).

lnmrhichqga@imnﬁdoﬂmtwmjmlsidusofma angles of measures (@ + f) and
(a-p) lig\.
Find sin. (uf+ ﬂ'} and cos (:r-'- A), given that

43 tana—% cos f= —3 and neither the terminal side of the angle of measnre
 nor that of 8 is in the quadrant I,

@) tan @—- % and sin = — % and neither the terminal side of the angle

of measure o nor thet of § is in the quadirant IV.
¢0s 19° +-gin 19°
Prove that: = tan 64°.
Ve o8 19°—sin 19°

Prove that: cos(60° + &) cos{(60° — &) + sin{60° + &) sin(60° — &) = cos 26




Mameaates (0

cotT oot =k ekl ol
2 2 2 277z T2

14, If @+ 8 +y=180°, show that: cota cotf+cot S coty+coty cota=1

15. Express the following in the form rsin(@+ ¢)or rsin(@—¢) where torminal
gides of the angles of measures 8 and ¢ are in the first quadrant:
(i) 24sinf+7cosd (i) 12sinf-5cosd (iii) sin &#—cos &
(iv) 8sin® —6cosd (v) %sin9+§em6 (vi) 13sin 68— Bdcos 6

10.4 Double Angle Identities
We have discussed the following resulis:
sin (z + ff)=#in & cos f+ cos a sin #

_ ; . . oo Ena+teng
cos(@+4) =cosex cosf—sing sinf and tan(o-+5) I—tang tand
We can use them io obtain the double angle 1dmt1hﬂs as follows:
(i) Pat S =cinsin{at+f) =sinacosftcosasing
gin (& + @) = sin @ cos @+ cos a sinE
Hence sin2a=2sing cosa
(ii) Put J=eincos{a+f)=cosa cos f—sina sin g
cos{a+ @) = cosa cos - giNw sine
Hence cos2 o =cos® a—sin*a
cos 2 & = cog’ @ —sin® @
cog2 @ = costa=/(1— cos &) (v sin® a=1-cof )

= cosa— 1 +oos’ &
cos2 ¢ =2¢cos’ a—1
cos2 o= cos’ a—sin’ o
cos 2 a = (1—sin? a)—sin a (-~ cos’a@=1-gin? &)
cos2a=1-2sina

(i) Put ﬁ=ainmn(a+ﬁ)=%
tan e + tanex
+ e T Ty AV Rl Py B
tan(a+a) 1-tane tanc
220G

1-tan*ex




Mameaates (0

The formulas proved above can also be written in the form of half angle identities, in
the following way:

(i) cosa=2cof? T -1 =>cmzﬁ=m cox g S JLEC0E
2 2 2 2 2
@ cose=1-2am % = apE170%C _ g & [l-oosa
2 2 2 2 2
sing 1-cosa
Gi) anF=_ 23V 2 = fl-cﬂ
Z a2 1+cosa 2 1+ cosax
2 2 )
10.6 Triple Angle Identities
(i) sin3g=3sng-4sir’a (ii) cosda=4dcos’ a—3cosa
Itan z — tan’
tan 3=
@) tm3a= = e

Proof: (i) sin3a =sin(2ata)
=gin 2a cos ¢ +'cos 2 sin &
=2 gim a cos @cos a+ (1 —2 sin’ @) sin &
=2 sin @008’ @ +sin @ — 2 sin’ @
=2 sis a1 — sin? @) +sin. & — 2 sin® &
=24ma—2s5n° ¢+sna— 280
gin 3@ =3 gin @ —4 sin’ @
(i) cosdgr = =cos(2a+a)
= ¢08 2 coB @ — sin 2 sin o
=(2cosf@—1)cosr—2sin@cos rsin @
=2cos’ a—cos - 2sin ecos @
=2co8’ @a—cos —2(1 —cos @) cos @
—2co8’ad—cosr—2cos@+2cof @
cos3a =4cos’ a—3cos e
({iii) tan3e =tan 2z +a)
_ tan 2o+ fana
 1-tan 2 tana




1-tan’ @ ¢ _ 2tna +tane—tan’ z
= z 2
- 21311:’: tang 1—taR a-2tan‘e
1-tan"cx
. Itana —tan’c
1-3tan’ o
sing + sin 29 — tanf)
1+cosé +cos P
sind+2sinfcosd  sn&{l+2cosd)

tan’ @

il 11| Prove that:

Solnto LHS. = =
- 1+cosd+2cos*@—1 cosd(l+2c08d)
=ﬁ=1mlﬂ=R.H.S.
cosf
Hence i i =tan A.
1-+cos 8+cos 26
e 2teand .. 1—tan* @
({1 1112| Show that: 20 = —%—5— 28 =
ampele (@ sin 1+tan’ @ W) eos 1+tan’@
. o~ x \ 2sin& cosf  2siné cosf
(i) sin28 =2sin @ cos @ = : = oG sin’8
258 cosd 2sillﬂ
__ cos'®  _ cosé
cos’ G +sin’d  cos’d sin’d
cos” § cos’d cos’d
2tanéd
n2f=—-—
e T lranie
G kol e i g SOCNLY s Bain g
1 " cos’ @ +5in’d
cos*f—sin’d cos’d sin’d
_ cos’ =mﬂzﬂ cos® @
cos® @ +sin’d cua‘ﬂ_'_sin’ﬂ
cos’ @ cos’d cos®@
_1-tan’8

26 =2 E
e 1+tan @




Unit dﬁ» Trigenomeiric Identities i_s-_4> Mathematles

(ATTE01913| Reduce cos® @ to an expression involving only function of multiples of
8, raised to the first power.

We know that:

2co8° 8 = 1+cos28 = cos’8= Lieontd

2

cos* 8 = (cos” 8)* = [—“mm]ﬂ

2

_ 1+ 200828+ cos*28
4

[142 cos 28+ cos? 28]

o | = -h-I'—

[1+2ms29 1+ms4&]

=4 5 2+4cos29+1+cas49]

%[3+4ms29+m49]

P EXERCISE 10.3 _d

1. Find the values of sin 2 ¢or 2 and la:ﬂ 2a, when:

(i) sina=%_ (i) cﬂsa— whmﬂ{a{%
2. Prove the following identities:
i) cote—tana=2 cot2 i) ————=tan
(i) cot a cot 2ex (ii) Ep— 74
i) =252 _ g% (i) 2T _ se02 - tan2a
SINgE 2 cos@ +8ing
sinZ + cos =
) :+s1lna= i : (vi) msecﬂ+2;osec23=mt%
—gine sin——msi sec
(vil) 1+ tan & tan 2 = see 2 (vityy 2ABB a2 00 tnp

cosd +cos3d




gin3f cos3p coglf sin3if

' s =2 + —4c0s26
B enl  0sd W “wa amg e
6. .0
tan 2 + cot 2 -
(xi) H:s&:ﬂ iy SO, N3 g
cot 2 = fan™ cosd ging
3 iy
3+cosdd 1 % 2 . o 14-8in 26 2 ¥
3400880 _ 1 (1un? 9 +o0t’g —tan®( % 4.9
Gl edg T o) Gl o (4+)

(xv) cns2£+ms’3x+ms 2 5% % | cos? 1E (L
8 2 2 &

Show that: 2c08 @ =+/2+ 2+ 2c0s48

Reduce sin® @ to an expression involving only ﬁmu:iuh of multiples of &, raised
to the first power.
Find the values of sin # and eos § without using tabte or calgulator, when £ is:

=2

(i) 18 (ﬁ) s (ﬁi} T (i\"} 790
Henoe prove that: cos 36° cos 72° 005,108%cos 144° = E
Hint [7 S ESTS N Let 8 =3¢
50 =90° % 56 = 130°
gor2y =5 () 30+20 = 180°
30 =9F zai\ 36 =180°-24
8in 36 = sin(}F = 26) ot sin 36 =sin(180° — 28) ete,

10.7 Express the Product (of sines and cosines) as Sums or

Differences (of sines and cosines)

We know that:
mn(a+ﬂ) = gin @ cos # + cos @ sin g @)
gin (z— f8) =sinacos § — cos asin f (ii)
cos{a+8) =cosacosf —sinasinf (iii)
cos (@— ) =cos @cog§ +sin asin f (iv)
Adding (i) and (ii) we get
sin{er + f) + sin{fe — f)=2 sim @ cos § (V)
Subtracting (ii) from (i) we get
sin{er + f) — sin{fe— F)=2 cos a sin § {vi)
Adding (iii) and (iv) we get

cos{a+ ) +cos (g—f)=2 cos g cos (vii)




Sublmchng (iv) from (iii), we get
cos{a+f8)—cos(a— ) =— 2 gin e gin 4 {viii)

So, we get four identities as:

2sin acos § = sinfg+ ) +sin{a-f)

2 cos asinf = sinfa + ) — sin{fa— A

2cosacosf = cos(a + /) +cos(e— )

—2sinasing = cosfa + £) —cos(a—5)
Now putting & + =P and & — 5= 0, we get

a=P+Q and f _P-0
2 2
P+Q P-0
sin P+ gin @ = 2zin 3 > A

PiQ . P-g\_ p
Pigr/\r‘ o

cosP+eos(Q = 2c08——co8

cosP— le——Z Q&S 2

Examplefl] Expm552m?ﬂcm3ﬂasamurd1ﬂ'emnce.
EXITTTN, 2 sin 76 cos 36 =8in(78 + 36) + sin(76 - 36)
~ o=&in 108+ sin 46
(BT 915| Prove without using table / calculator, that
sin 199 cos 11°+sin 71° sin 11° = -
EIITTTA, LH.S =sin 19° cos 11° + sin 71° sin 11°

=%[23in19° cos11°+2 sin 71° sin 11°]

Ir . — § 6446 °o_110
=E|:{sm(19°+ll )+8in(19° - 11° ) —{ cos(71°+11°)—cos(71°-11 )}]

=%[ 3(° +sin 8 —cos 82°+cos 60°]

=%E+sins=-ms(w-sﬂ)+%]




Hence, sin1%° cos 11° 4+ sin71° sin11°=%

| BTN 16| Express gin 5x + sin 7x as a product.

gin Sx + sin Tx = ZsinSI;?xmsx;?x — 2sinBrbos(—)
=2 gin 6x cosx (' cos(— @)=cos &)

Expresz cos 81 cos 38+ cos 58 + cos 78 as a product.
cos 8+ cos 36+ cos 58 +cos 78
=(cos 36+ cos @) + (cos 76+ cos’58)
= 2m33+9m35—3+2m:19"+*59 m?ﬂ—Sﬂ
2 2 ¢ 2 2
=2 cos 20 cos 0+ 2 cos 6 cosf
=2 cos & (cos 66+ cos 28)
60+280 668-20
3 O ]
=2 cosf (2 cos 48 cos 28) =4 cos & cos 28 cos 46
Show that cos 20° 008 40 cos 80P = -

8
LH.5=cos 20° cos40° cos B(P
1

= 2@036[2005

{4 cos 20° cor 40° coa 80F)

[(2 cos 40° cos 20F) . 2 cos 80°]

[{cos 60° + cos 20P) . 2 cos 80°]

(1) ]

| et P | e |




{coz B(° + 2 cos B(® cos 2(F)

{cos B)® + cos 1({P + cos 60°)

[cos BO® + cos(180° — BO) + cos 60°]

1
4
1
a4
1
4
1
4

[mﬁ 80“—ms80‘+%] [ cos{180° —8)=—cosd ]

[1]=1 - RIS

pa—

4,2) 8

Hence, cos 20° cnsdﬂ"msﬂﬂ"=%

P’ _EXERCISE 104 4

Express the following products as sums pf differcnces:

() 2sin3P cos (iD) -2 cos 5@ sin 36

(iii) sin 58 cos 28 {iv) 2sin 78 sin 26

(v) coslx+y)sin{x—y) 0 (v1) cos(2x+ 30P) cos(Zx — 307)

(vii) sin 12° gin 46° : (viii) sin(x + 45°) sin(x — 45°)

Express the following snms or differences as produets:

(i) sin58+sn36 (ii) sin 8#—&in 48

(iii} cos 68+ cos30 (iv) cos378—cos &

) ms_,__lZ‘-'. + cos 48° (vi) sin (x+ 30°)+ sin(x — 30°)

Provehe following identities:

) #in3x—8imn x — cot 2x (i) sin8x+gin2x — tan5x
COEX—COB3X cosdx+cos2x

(i) sinA—s?nB=mA—B cm;A"'B (iv) gin 80° +sin 40° -5
sinA+gsin B 2 2 cos B0° +cos 40°

Prove that:

() cos15°+cos 105° + cos 195° +cos 160° +co3 2857 =0
) s8in 2¢ + &in 44 + 5in 67 + s &7 - tan 59
co8 26 + cos 48 + cos 68 + cos 88




10.

nnm

) sin(z—a] - [ 4+a] Lcos2s

W) ginf +8m 38 +sin 57 4+ 8in 78 — tgn 40

cosf +cos 30 +cos 58 +cos 70

Prove that:
(D) cos20° cos 40° cos 60° cos 80° = % .‘ -\:_'-2. _
(i) uin% sin2F sin® sin ¥ - 3 P

9 3 9 1§
(iii) sin10° sin30° sinS0° sin'?ﬂ“z%
Prove that: — "2 _ —ging: deduoe the yeNROF sin 15°
1+2cos 28
Prove that: fan75°—tan15° =23  \

Prove that: cnslS“—sin15°=L <Y

Prove that: — sin’a—s%zﬁ~- =tan{a +§ )
mama-_gm*ﬂmsﬂ
Prove that: D
@+ B+y\ . (r+e
siner + smﬁ+s‘inf sm{a:+,3+;r] 451:{ 3 J ( 5 Jsm[ 3 J



