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Complex Numbers

INTRODUCTION

Complex numbers are an extengion of the real numbers degigned to solve equations
that have no solutions within the realm of real numbers, The history of mathematics
shows that man has been developing and enlarging his concept of number according
to the saying that “Necessity is the mother of invention”. In the remote past they started
with the set of counting numbers and invented, by stages, the negative numbers,
rational mumbers, irrational numbers etc. Since square of a positive as well as negative
number i a posifive number, the square root of a negative number does not exist in the
realm of real numbers. Therefore, square roots of negative numbers were given no
attention for centuries together, However, recently, properties of numbers involving
square roots of negative numbers have also been discussed in detail and such numbers
have been found useful and have been applied in many branches of pure, applied,
financial and computational mathematics.

1.1 Complex Numbers
The numbers of the form z=a +ib ,where a,be R and i=\f—_1, are called complex

nambers. For example, 3 + 4_#,--,?.—2 1, —7—2i etc. are complex mumbers and the set of
all complex mumbers is denmaed by C.

1.1.1 Recognition vl Real and Imaginary Parts
Let us start with considering the following equation:

%% +1 =ﬂ = r’=-1 = x=:|:\{—_l :
71 does ot belong to the set of real mumbers. We, | rumses with 0 s it Insgiary

therefore, for convenience call it imaginary number | part.

and denote it by i {read as iota).

In the complex rumber z=a+ib, 4 is called real part and b is called imaginary part

of the complex number, For convenient, real part i8 denoted by Re z and imaginary part

by Im z of a complex number z. For example, if z= 3 + 44, then
Rez=3andImz=4.

The product of a non-zero real number and 7 is also an imaginary number.

For example, 2;:‘,—3:‘,4'5:',—1—21:'51'3 all imaginary numbers.
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Conjugate of Complex Numbers: Let z = a+ibbe a complex mumber, then a — ib is
called the complex conjugate of @ + ib. It is denoted by z . Thus § — 4 is complex
conjugate of 5 + 44 and -2 —3; iz complex
conjugate of -2 + 3i T A read rumber is seif-conjugate. |
1.1.2 Operations on Complex Numbers
With a view to develop algebra of complex nambers, we state a few definitions,
The symhols a, b, ¢, d, k, where used, represent real numbers.
(i) Addition: (a+ib)+{c+id)=(a+c)+ib+d)
(i) K(a+ib)=ka+ikb
(1ii) Subtraction: (@+ib)—(c+id) = (a+ib)+[{c+id)] i
=g +ib+(—e—id) =(a—e)+i{(b—d)
(iv) Multiplication: (g + ibMc + id ) =ac + iad + ibe+ i*bd = (ac — bd) + i(ad + bc)
1.1.3 Complex Numbers as Ordered Paire'of Real Numbers
We can define complex numbers also by using ordered pairs.
Let C be the set of ordered pairs belonging to B x R which are subject to the
following properties:
@ @d)=(c,d)Sa=cab=d
(@) (ad)+{c,d)=(atc,b+d)
(i) {(a, b)(c, d) = (ac— bd,ad -+ bc)
(iv) If&is any real number, then &(a,b)= (ka,&b)
Then C is called the set of complex nmmbers. It is casy to sec that
(a,b)—(c,d)=(a—c,b-d)
Properties (i), (ii) and (iii) respectively define equality, sum and product of two
complex numbers. Property (iv) defines the product of a real number and a complex
number,
Find the sum, difference and product of the complex numbers (8, 9) and
(3.-6)
FRTIT Sum = (8+ 5,9 - 6) =(13,3)
Difference = (8 —5,9— (- 6)) =3, 15)
Product = (8-5 -%-6), B(-6) + 9-5)
= (40 + 54, -48 +45) = (94, -3)
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1.1.4 Pmperties of the Fundamental Operations on Complex Numbers
It can be easily verified that the set C satisfies all the field axioms i.¢., it possesses the

properties of real numbers,

By way of explanation of soms points we observe as follows:

(i) The additive identity in s (0, 0).

(ii) Evety complex number (a, b) has the additive inverse (—a, ) i.e.,

(@ B)+ (= -5)=(0,0)
{iii) The mmltiplicative identity is (1, 0) L.e.,
(@ 5¥(1,0)=(a1-50,b1+al)=(a, b)
=(1,0)}(s b)
(iv) Every non-zero complex number {i.e., mumber
not equal to (0,0)} has a multiplicative inverse.
The multiplicative inverse of (a, b) is

e
a+b ' a® +b

b

The set C of complex
mmhm&ae&nhfsahsfyﬂm
order exioms, In fact, there
'mmmfﬁlsaymgﬂmtunﬁ
complex mumber is greater

or less than the other. )

0.8) 2 ) = (1,0, e ity slemens

()

) (@ b) (e d) t{e.f)]=(a,b)c;d) *(a, E)e.f)

[T 2] IF 2 =(4, 2) and 2, =(3,~1), then find -,
2

Given zl—(d- 2), z,=(3,-1)
{4,2) 442
(3 1) 3—i

Now,

Multiply the-:mmamtur and denominator by the complex canjugate of z, =3-1.

z _4+2 4+2: 3+i

z, 3-i 313+:

_ () (AN + D3+ (2D 12+ 48 +6i+ %7
- @GP -G T 9-p
12410 -2 104104 . i
= = =1+i i‘==1
9-(-1) 10

Thus, 2 =1+
Z,
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1.1.5 Argand Diagram
Every complex number 15 represented by one and only one point of the coordinate plane and
every point of the plane represents one and only one complex mumber. The components of

the complex mumber are be the coordinates of the point A5
representing it. In this represeniation the x-axis is called 4T

the real axis and the y-axis is called the imaginary axig. E(_sz"‘ 40,2
The coordinate plane itself is called the complex plane 24 .

or z — plane, The figure representing one or tore 14

complex numbers on the complex plane is called an fm—i—n—}—n
Argend diagram, The Argend diagram is & way of R
representing one or more complex mumbers on the qz,'_z')_i"" .
complex plane. Points on the x-axis represent real TAeY 54 P
mumbers whereas the points on the i

i) ' points y-ex15 represernt _4.-)" @

In an Argand diagram, the complex mumber x+iy isuniquely represented by the order
pair (x, ¥). In Figure (i), the complex numbers 3 +21, -2+ 2/, -3 —2iand 2 — 2i
correspond to the order pairs (3, 2), (-2, 2), (_.—'3, ~2) and (2, —2) respectively have been
represented geometrically by the point A, 8, Cand D. o
Moduolus of a8 Complexr Number: The real number s
¥+ 37 is called the moduls of the complex mumber é“
x+iy and it is denoted by |x-+iy|. In Figure (i), |a| = :
represents the modulus of £+iy . In other words, the o = M
modulus of a complex tumber is the distance fiom the

(12
Example Kl S Al

—1
Lo (42) 1+4i404? 3448 240 —6-3i+8i+4i’

Az y)

¥

then evaluate [z| v Hgemedh

Solution

Z—3 2-3 2—i 24§ 22—
_ —6+35i-4 -10+5i
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and  |z/=|-2-1 =-\/(—2)2 +(-1)" =a+1

= |7=+5
P EXERCISE 1.1 _d

1. Find the multiplicative inverse of each of the following complex numbers:
® 47 @) 2,5 @ (.0
2. Separsie into real and imaginary paris (write as a simple complex gumber):
. 2-Ti o {=2+38 L (4+30)°
O s ® 5 ) 4-3i
3. Provethat z=z iff z is real.
4. For ze C, show that:

TS "_"Zﬁ*)

1+1 =

O Hi-e(r) @ r-mm(a) @) | xz

5. 16 5,=2+i,2,=3— 2z, =1+3, thétzpress 2 in the form of a-+ib.

23
6. 1f z=2+T7iand z,=-5+3i, thien evaluate the following:
® P2z-4z @ Pa+2z @) F75+2 @) [(@+n)
7. Show that: !+ P34+ P +4 =0 forallpe N.

8. Find the loast positive value of n, if ('i] =

1-i
9. Show thht,ﬂm value of ©* for n € Nand n> 4 is i, where 7 is the remainder when
n is diviged by 4.

1.2 Egquality of Two Complex Numbers
The two complex numbers z, =a+ 5 and z, =c+df are said to be equal iff their real
and imaginary parts are equal i.e., a+bi =c+di & a=candb=4d.
[T 4| I (3+ 28)(x+#)=5+12i , where x, ye R, then find the values of x and y.
UL Giventhat (3+2)(x+iy) =5+12i

=  3x+3iy2ix+ 2%y =5+12i

= (-2 +(2x+3)i=5+12%




Ix—2y=35 (i
2x+3y=12 (ii)
Multiply equation (i) by 3 and equation (i1) by 2, we have
Ix— Gy =15
4x+6y=24
Add the equations
Ix—6Gy+4Ax+6y=15+24
13x =39
x=3
Substitute x =3 in equation (i), we have
3(3)—2y=5
Q—2y=5
=2y =—4
yp=2
Thusx=3,y=2
1.2.1 Square Root of a Complex Number
The square root of a complex mumber is another complex number that, when squared,
pives the original complex mimber.
Let w= p+igis a square root of & complex number z=x+iy, where p,q,x,yeR,
then w=+/z ...(3), taking square on both sides, we get
w =z
(p+ig) =x+1iy
PHpgi~gxtiy
Equating real and imaginary parts, we have
x=p-¢ (i)

y=2pg (iii)
Wekaow that (72 + £ = (oA~ F + 4P
Substitute x = p® —g*, y =2pq in the sbove equation, we get
(P +@y=x+y
= P+r@=J+y (iv)
From equations (i) and (iv), we have x= p* —g*and p*+¢* ={x*+3* . Solving for
the values p and q, we have

N e N
2 2
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From equation (iii): y=2pg, we have

o« y>0,if pand g have the same sign
» y<0,ifpand g have opposite signs
w y=0,ifp=00rg=0
Therefore, the square root of the complex number z=x+{y is given by

Vz= x+iy=:|:[,|’£x2+y:+"‘ ‘iy‘ Nty —x J
' 2 y 2

or Jz= i[,}"” ﬁ lo]—= ]--(v}.wherez|= ¥ +y* 208 modulus of z

Equation (v} is the required formmla for square root of the complex mumber x + iy

Find the square root of complex
number 5 + 12§ and also represent the square

root on an Argand diagram.

EEITTTON, Let x+ 38 =5+12
= x=Sandy=12>0

2| =|5+124|= 57 +122 =13,

Applymg the square root formula for complex =5
numbers, w2 get ® . 2P

=
g - i( {13+5 |11:,; 3= s) )
=(+9 +iJ3 )=£(3+24)

'Ihus,thesqufnm:botufﬂmmmplexnumbers+ 12i are 3 + 2é and —3 — 2 a& shown

- P EXERCISE 1.2

1. Find the real values of x and y in each of the following:
D) x+ip+2-A=i(5-D(3+4)

(i (x+iy){l—vj={2—3:)(—5+5t)(—i%)

¥y

3+2i
0

(S = B T
1 3 3 H It
L | 1 ]

F Y.

L

Y
—+—_4+Sl
(i) 24§ 3-i
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X lfz.——13+zﬂz and z, = x+ yi, find the real values of x and y such that
z — 2z, ==27 +15i

3. Find the real values of x and y ift

@ (x+ip) =25+60i (i) (x+ip) =64+480 (i) (x+iy) = 2;:’

4. 1If z=2+3i and 2z, =1—a, find the real value of ¢z such that In(z,z,)=7.
Ifz, =x+yiand z, =a + bi, find x, y, 2 and b such that z, +z, = 10+ 4i and
z, =% =612 ;
6. Showthat ¥z,2,€C,z2z =2z,
Find the square root of the following complex numbers:
i) —7-24 @iy 8—6 () -15-36f . (iv) 119+ 120
8. Find the square root of 13- 20:/3i and represent iFom an Argand dipgram.,
9. Find the real values of x and y if (=7 +i}e&dA+(—1-5)=i(11-i)
10. Find the real values of x and y if (5— 2} i)+ 3=4(11-1)—4

11. Find fhe real values ofy and v if @2 Y > 44
_2-!-: 2—1i

12. If z,=4+5] and z, = —2j, Fioll the real values of @ such that Re(z,z,) =20,

1.3 Complex Polynomials as a Product of Linear Factors
A complex pnlynomnli‘(x)ls a pohynomial function of the complex variable z with
complex coefficients. It 1s expressed in the general form as:

P(z)=az +a, z"" +..+az+a,
where a,.a,,...,4,,0, are complex numbers (2,#0), and 720 is sn integer
representing the degree of the polynomial,
For examples B(z)=(1-0z + 3i, BE@) =0 -4 + 2 + Hz + (3 - 4)and
B{z)=(2-Dz’+22% +(5+3i) are the examples of linear, quadratic and cubic
complex polynomials respectively. If » = 0, then P(z) becomes a constant polynomial.
A fundamental property of complex polynomials is that they can always be factored
into & product of linear factors.
According to the Fundamental theorem of algebra, a polynomial of degree 21 has
exactly » roots in complex nymber system C,
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Amﬂnrymthmﬂlmmsmtmﬂmtmypnlynomlﬂl’(z)nfdsgmeucanbefachned
completely into a constant ¢ and # linear factor over C in the form

P(Z)=a(z—zXz—z,).(z—z,) (1)
where z,, 2,,...,2, are¢ complex roots of the polynomial exuation P(z)= 0. Once we know
the roots of a polynomial equation F(z) = 0 we can apply equation (1) to factored the
polynomial P(z) into » linear factors. Specifically, if z and z, are roots of the
polynomial equation F(z) = 0, then the equation must be P{z)=(z—z Xz—2z,). For
examples, the polynomial P(x)=x"+4 consists of real cocfficient has no real roots, so
it cannot be factored into linear polynomials with real coefficients, However, if we
considered the polynomial P(z)=z*+4 as a complex polynomial, we can easily be
factored into two linear factors as:

22 +4=(z+2)(z—2)

where 2i and —2i are the complex roots of 2% +4=0

mﬁﬂz)mammﬂﬁmmmamnfzﬂntMP(z} ﬂmml]nd.ﬂnm]
of the fimnction P(z) and roots of the polynomisl equation P(z)= 0,
Factorize the polynomial P(z) =22+ (i — 3)z— 3i.
P(z}=z-"+(i—3)z—3:'

=2+zi—3z-3i

=2z +1)—-3@E+i)

=(z+i}z-3)
[FTTTI 7] Pactorize the polynomial P(z) =22 — 4iz+ 12,
EIEIN, P(z) =2 —4iz 12

— 2 = diz=(-12)

=7 —diz— 12 v P=—1

=22 —6iz + 2z — £12

=2(z— 6i) + 2i(z —6i)

=(z— 6}z + 21}
[FTTTIT 8| Factorize the polynomial Az)=2"+ (1 +i ) +iz.
T, PE) =2 +(1 + 2 +i

=z +({1+z+i]

=zZ+z+iz+i]

=zlz{z + 1) +i(z + 1)]

=zl(z + 1)z + ]

=p(z+ 1)z +i)
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polynomial equation with integer coefficients. According to rational root thecrem:
If & polynomisl P(x}=a.x"+a_x" +..+ax+a, has Wmtepe coclficients, then every rational
foot % {in the simplest terms) satisfies:
. () pisafectorof the constant iam & () g i3 8 factor of the leading cocfficient a,.
[ETTTIT 0| Factorize the polynomial P(z)=2" — 322 +z + 5.
Amdimtomﬁonalmntthmmmthspmsiblcmotoﬂhcqggaﬁonmtl
and +5, On checking, we see that  z=—1 is the root of (z) = 0 becanse

P =(-1P - 3(-1F+{-1)+5=0.
8o z+ 1 is a factor of the P(z). Using synthetic division
-1|1 3 1 5

1 4-5
T4 5 0

Therefore, 2°—32° + 2+ 5=(z+1)(2* - 42+35) )
Next find the factors of 2* — 4z + Susing quadratic formula
Z2—4z+5=0, here a=1,b=—4,c=5§

z= Dt \'(_4)2_4{1)(5j s 4+ 16-20 _ 4+ 4 _ A+
2

2(1) 2 2

&

= z=2%i _
The quadratic factors of 2% ~ 4 z+5=(z—(2+i))(z—(2—1)) =(z—2—i)(z—- 2+i)
Substituting in equation (i), we have the
2 =32+ z+5=(z+1)(z—2-i)(z-2+i)

1.3.1 Sclution of Quadratic Equation by Completing the Square

As we learned in previous classes, completing the square is a powerful and systematic
methed for solving quadretic equations. This technique involves rewriting a quadratic
equation in the form ax 2+ bx + ¢ = 0 into a perfect square trinomial, which can then be
solved by taking the square root of both gides, This method is especially valuable when
the quadratic equation does not factor easily. By completing the square, we can solve
any quadratic equation, even those with irrational er complex roots, maldng it 2 more
effective technique in algebra.

Solve the equation 22* — 12z + 50 =0 by completing square method and
hence express it ag a product of its linear factors.




2221224+ 50 =0

Dividing both sides by 2
Z2—pz+25=10

= 2—23)z=-25

Add 3% on both sides
23+ =—25+%
(z—3P =_16
= z-3=1J-16
= g=3x4i

Therefore, z=23+4ior 2=3—4iare the required complex rocts,

Using the corollary of Fundamental theorem of Algebra the emmuﬂncanbe factorized
using the roots 3 +4i and 3 — 47 as:

22— 122+ 50 =22 - 6z + 25)=2(z—(3+4)))(z—(3—4))=2(z—3—4)(z— 3+ 4)

Hence, 27° —12z+50=2(z—3—4i)(z—3+4i)

F EXERCISE 1.3 _d
1. Factorize the following: v
L) & +4p () 92+168 = (ili) 3¥*+37 (iv) 1442+ 225
(W) z2-2&—1  (vi) 2+62+13 (vii) 2+42+5 (vii]) 22*-222+65
2. Factonize the following polynomials into itz linear factors:
@ 2+8 () 2+27 (@) 2-22+16-32 (iv) z'+2122-100
) 2-16 (vi) 2*437-4 (i) 2*+52+6 (viii) 2*— 327 3969
3. Find the roots of '\z%4! 722 — 144 =0 and henee express it as a product of linear
factors.
4, Solve the follgwing complex quadratic equations by completing square method:
(i) 2z2°-3z+4=0 (i) z*-6z+30=0 (iii) 32" -18z+50=0
(iv) 2 +4z+13=0 (v) 22°+6z+9=0 (vi} 32"-5z+7=0
5. Solve the following equations:
M 22*-32=0 (i) 327243z =0 (i) 52°-5z=10
(iv) 2-52+z—5=0 (v) 4z'-257-21=0 (vi) Z+z"+z+1=0
6. Find a polynomial P(z) of degree 3 with zeros 3, —2i, 27 and satislying F{1) =20.
7. Find s polynomial P(z) of degree 4 with zeros 2i, —24, 1, —1, and satisfying
P(2)=240,
8. Find a polynomial 7(z) of degree 4 with zeros 4, —4, 1+, 1 — 7 and satisfying
P(2)="T2.




1.4 Thme Cube Roots of Umty (Note

Let x be a cube root of unity W know that this finbers comtelrik
X { are called imaginary swmbers. So
x =(1)3
= 2=1 TR £ G
=S £-1=0 e o
=  @-1D@+x+1) =0 sty acaohetmy,
Either x-1=0= x=1
ar L+x+1=0
_ —1++1-4
2
= x= _1:';_“6’ ¢ J-1=1)
Thus, the three cube roots of unity are:

1’ —1-;'\!5! and Tl—.z\fil

1.4.1 Properties of Cube Roots of Unity
(i) Each complex cube root of unity is square of the other

oo L a3, then e @,
2 2
and if _1_2@ = m,'thm"ﬁ= @” [ is read a5 omega]

(ii) The sum of all the three cube roots of unity is zero ie, 1+ @+ @*=0
(iii) The product of all the three cube roots of unity is unity ie., l-o-a*=a’=1,
as a consequence of which, each imaginary cube root of unity is the reciprocal
1

cfﬂlecﬂaer,thatis,m=iz,mz=—.
@ »

1.4.2 Four Fourth Roots of Unity
Let x be a fourth root of unity

1
x = (1)* — =1 = F-1=0 = F-DEF+1)=0
= P£-1=0 = 2£=1= x=%1
and X +1=0 =2x*=-1=x=1%i.
Hence four fourth roots of unity are: 1, -1, i, —1i.
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1.4.3 Properties of four Fourth Roots of Unity
We have found that the four fourth roots of unity are: 1,1, +4, -1
() Sum of all the four fourth roots of unity is zero
1+ (D) +i+H=0
(ii) The real fourth roots of unity are additive inverses of each other.
1 and -1 are the real fourth roots of unity and 1 + (-1)=0=(-1)+1
(ili) Both the imaginary fourth roots of wity are conjugate of each other,
imd4mimaginaqrfomthrumsufunity,whinhmubﬁously¢miugmes
of each other.
(iv) Product of all the fourth roots of unity is —1 i.e., lx(—l)x:x{—i)——l
[EZTTI ] Prove that(P + ) = (e +3)(x + ap)x + ) -
Proof: RHS =(x+y){x+ ay)x+ary)

=(x + )’ +(w + opx + &) -
=(x+ P -xp+)) =@ +y' =LHS, { & =1, e+0"=-1}
Hence proved.
Vv EXERCISE 1 A d

1. Find the three cube roots of

@ 8 (i) -8 (iii)" —2? (iv) &4 (v) -125
2. Find the four fourth roots of 164 El ©235. Also show that their sum is zero in each

CRSS.
3. 1If 1, @ & are the cubs rﬁ}lﬂ of unity, show that 14 &" +@&""= 3where n is &

multiple of 3 reap-ecuvely.
4, Evaluate:

0 [—1+2J—_3 ]’ _I_'[—I—ZJ—_B } @) (1+vBY +(1-vF

5. Shnw_thét.(l'—m-i-af}(l—m"+m‘){l—m"+m"}(l—azf‘+a:-”}...in?,ufactom=25"“
i+43 ) [i-—\@T
2

|+
) 2

=1,

6. Prove that [

5
7. Evaluate Em” , where o is an imaginary cube root of umity.

a+bo’ tew

aw® +bo+c
24 b 4 co’

aw'* +bo® +co™®

8. If wis enimagimary cube roots of unity, prove that

9. If @is a cube root of unity, prove that




Polar coordinates are often more convenient than
Cariegian coordinates in situations involving
circular or rotational symmetry, or when a
problem depends ondistance from a fxed
point and angle relative to a reference direction.
Just as the Cartesian coordinate system uses an
ordered pair (x, y) to describe the position of a
point, the polar coordinate system determines the
position of a point vsing a directed distance r from
a fixed origin O (called the pole) and an
angle & that the line cannecting the origin to the
point makes with the polar axis (typically aligned
with the pogitive x-axis).

180°% ¢

In polar coordinate gystem the location of a peiut P can be described by polar
coordinates in the form (r, &), where » and & are real numbers.

¥4 Rectangylsr coordinsts T Polar coordinate
P )
---------- 1P6Y)
i r
i - & i
o * o Polar axis

While 7 13 typically considered non-negative (r 2 0), it is also possible for #to be

negative (r < 0). The value of r changes depending on
its sign, and this affects the position of the point in the
plane.

When r> 0, the angle # is the measure of any angle in
standard position whose terminal side lies along the
line connecting the origin to the point 2, measured
from the polar axis (positive x-axis).

For example, the polar coordinates (5,%} represent a

pointSunitsnwnyfmmpoleatmnngl:uf% radians.

po Al

=5

L 4




Whmr'-‘-ﬂ the angle fis the measure of any
angle in standard position whose terminal side lies

along the line connecting the origin to the point (2, ¥

but the point ( is located || units in the opposite /’\ﬁ!
direetion (i.2., 6 + z) from the polar axis (positive < 114 >
x-axis). For example, the polar coordinates B=0

(—5,5] represents a point S units away from the

pole, but in the direction of = +:r-5—”radlans Q(—s, %)

m (5, w/4) and (5, 3x/4) repreaent the pame point in the plane ]
1.4.1 The Polar Form of a Complex Number
Consider the adjoining diagram representing the S
complex number z=x+iy . From the diagram, |- 8 4.9
we see that x=pcosfandy=rsingd , where 55 .
) y=rgind
r=|z| is modulus and # is called an argiment
of z. < Olx=rcoal M X
Hence  x+iy=rcosf+irsind (D
where r=|z/=Jx*+»* and g=tan’ 2
X
Equation (i) is called the polar form of the v
complex mumber z.
Example[F] Express the complex number 1++/3 in polar form,
. Stép—1: Putrcosf=1 andrsin =3
Step — I: :'-‘=(1)’+(\,"§]z
= 7#=1+3=4
= r=2

il

Ifx=0,y>0 then 6 = 9%0°
fx=0, y<0 then B=—90°
Ifx=0, =0 then 8 is mndafined.
Ify=0,5>0then 0=0°

_1J_ -1 a
BT 0 J_ o fy=0,x<0then 0= 180"

Thus 1+fﬁ=2mm°+;2mﬁo°

Principal Argument: The principal argument 8 of a complex number z = a + & is
the angle between the positive real axis and the line joining (a, 5) to the origin
in the Argand plane.




Unit 3 Complex Numbers <1_s> Mathematics

Argz=ﬂ=tm‘l[2] {a=0)

It iz denoted by Arg. It is & single, specific value of the argument, typically chosen

within a standard range: Arg z € (—=x, x].

1.3.3 Operations on Complex Numbers in Polar Form

Additien and Subiraction of Complex number in Polar form

Let z, =r(cosf, +ising, ) and z, =r,(cos8, +isind, ) be two complex numbers in

polar form. The addition and subtraction of these numbers can be computed simply as
2, +z, =7 {co88, +ising ) +r,(cosl, +isind, )

and z —z, =r(cos8, +isging, )—r,(cosd, +ising,)

Multiplication of Complex number in Polar form

Let z =#(cos@ +ginf ) and z, =r,(cosd, +ising, ) be two complex number in

polar form. The product of these numbers can be derived by multiplying them directly

z-z, =r{cos 8 +isin 6, }-n, (cos 8, +isin8,)

2,2, =% 1, 0086, cosf, -+icost) sing, +i8ing, cosd, +i* sind, sind, )

z,- 2, =r,-r; [ (086, cosd, —sin, sind, )+ i( cosf sind, +sind, cosh, )] -+ i =—1L

2,2, =n-5[ cos(, +6,)+isin(6,+8,)] (Using trigonometric identities)
Thus, multiplying two complex numbers in polar form involves omiltiplying their
moduli and summing their atgnments i.e., arg(z,- z,) =arg(z)+arg(z;)

Fmdtheprothctnfs(msﬁﬂmﬁ) s 4( %mm%}

T Lt =5 {son % +sin’ Jand 2, =4 con T+ %)
6 6 2 2

x . . Iz
Hﬂe;ﬁ=5aﬂdﬂl=E, whllerz=4m1d9==?

Substitute this value in the product formula
2,-2, =151, con(8, +8, ) +isin(8, +8,) |

7 3x LT 3= Sz . S
=5x4 —+= Wi +— || = = =
® I:oos(ﬁ 2) :sm[ﬁ ) ﬂ Zﬂ[ms 3 +igin 3)

Thus, the required product is 20[005{+:’sin?‘)




IR Demmsmn <> -
Division of Complex Number in Polar Form
Let z =r(cos#, +ising, ) and z, =r;(cosé, +ising, ) be two complex numbers in

pelar form. The formula for division of these numbers in polar form can be derived as
below:

z _ ri(cﬂs91+isin€1)
z, r,(cosd, +ising,)
z _ #{cosf +ising,) (cosd, —ising,) [MlﬂﬁplyanddividcﬂzeR_}LSJ

z, r(cosh,+ising,) (cost), —ising,) by conjugateof cos 8, - isind,

z _ 1, (cos8, cosd, + sind, sin#, ) +i(sind, cosd, —cosd, siné, )

2. K cos” 0, +8in’@,

=1 [cos(6, ~6,)+1sin(6, ~6,)] (Using trigonometric identities)
2 1

Thus, the modulus of the division of two complex numbers equals the quotient of
their moduli, while the arguments of the quotient is the difference between their
arguments.

Thus, when dividing two complex numbers, the modulus of the result is the ratio of
their moduli, and the argument of the result 1s the difference between their arguments

ie., wx(iJ =arg(z)—arg(z;)

=

Divide %(@‘%Hﬁnz) by E(cos(—ﬁ]min(—’in.

&6 5 2 2
[zel‘.s:l-:E coe '™ +igin 7| and ::2=E ms(—x)-fisin[—‘i)
i 6 6 5 2 2
2 = 3 x
SphT ity Mbm—.
Substitute value in the quotient formula
A4 —8,)+isin(8, -8
7 irz[“""”(‘5'1 ) +isin(6,-6,) ]

2

Here, 7




If 2= + iy, then write the equation [3z—i|=|3z+7] in terms of x and y.
Given Bz—i|=z+7 (@

Bz—i|= B+ ) —i|=Pr+iGy -1 = /G2 + Gy-D?
132 +7|=Bx+3ip+ 7|=[3x—3ip+ 7| = Bx+ T+1(B3y)| = yBx + T +(-3y)
Substitutes thege values in (i)
VG2 +@y-D ={@z+ 7 +(-3))
Taking square on both gides

(B +By-1)* =Cx+ 7 + (-3
WP+ P —6y+1 =9 +42x+49+ 9

= —Gy+1=42x+49
=% —6y =42x+ 48
or p=-Tx-8

The equation y=—7x— Brepresents a strmghﬂim in the complex plane.

Show that (x+2) + 57 =;8:if-ar’g[z+§% J:% for z=x+iy.
z—2i

z+2i  x+iv+H x+i(;_g'+ 2) _ x+i(y+2)x x—i{y—2)

Solutio = = =
2 x+iy=2 x+i(y-2) x+i(y-2) x-i(y-2)
= 3+2é='('12+y2—4)+4ix= P+y*—4 43 4x
z2=2F Jt:’+(_],r—2)2 24+(-2y IF+O-2¥
( 2\ 3«
A ) z+ _ 7
i Arg[z—ﬁ) 4
4 )
B} J:2+|(_1»=—2)2 3w 4x k2
tanl _ | =— " =tan— =-1
= Pty 4 24y -4 4
x‘+(y—2)2)
= 4x=—l(x’+y’—4) = xX+4x+y'=4

Completing the square for x%, we have
(x+2) +¥'=8




<}2> Mathematies
1.5 Complex Numbers in the Real World

(Voltage, Current and Resistance)
Ohm’s Law is a fundamental principle in physics that describes the relationship
between voltage ¥, current 7 and resistance R in an electrical circuit. Mathematically
Ohm’s Law can be expressed by the formula ¢ =IR.
When dealing with alternating cument (AC) cireuils, resistance generalizes
to impedance (Z). Resistance i a circuit is due to
inductor (X;) and capacitor (X,.). Their difference is
reactance X' = (A;) — (X)), Geometrically it is shown
in the adjacent figure, Here Z=R+iX
Then for AC circnits, Ohm’s Law in Terms of
Impedance is expressed by the formula ¥=I-Z.

| 010111117 If the impedance of cirenit is 11(cos 55.35°. +iain 55 35°) ohms ata
voltage of 25(cm3ﬂ tisin30') ¥, find the value of qurrent in the circuit.
Substitute the voltage 25(cos 30+ ¢ sin 30°) and impedance
11(cos 55.35° + { sin 55.35°) into the equation'F’=J.Z where ¥ is voltage, 7 denote
the current and Z is impedance.

25(cos 30°+1 sin 30°) = I .11(cos 553541 sin 55,357

25( cos'30°+1 sin 30°)
11(cas55.35° +isin 55.35%)

r=_.1,—2f.[ms(3o°-ss.3s°)+fsin(3aﬂ-55.35°) |

R

1= 2.27[cos(—25.35°) + i sin(—25.35°) ~

Express into rectangular form
T=2.27[0.90+{-0.42) |- 2.04-0.95{

Thus, currentiis 2.04 — 0,95: 4,

Cryptegraphy: It iz the science of securing information by transforming readable

messages called plaintext imto secret code called ciphertext using mathematical

algorithms and encryption keys. [t congists of two main processes i.e., encryption to

lock message with complex math, and decryption to unlock it with the right key.

Encrypt the word "MATH" by multiplying it with & complex number

k=12 + 3i and then decrypted back to its original form using the concept of

muyltiplicative inverse in complex mumbers.

Bach letter of the alphabet i assigned a numerical value as follows:
A=1,B=2,C=3,...,Z=26




0 <w> s (1
Fu'st, we assign each letter in the word “MATH™ a complex mumber with
zero imaginary part. The encryption and decryption are shown in the table below

Letter | Complex Number (z)| zenaypled=zxk |zdecrypied = zencrypled / k| Lafter
M 13+04 (13+0N(2+30)=26+3%| (26+39)/(2+3N=13+0i| M
A 1+0f (+0iX2+3n=2+3 | @+30/(2+3D=1+0¢ A
T 20 +0f 20+ 0)(2+3) =40+ 606 (40+600)/2+3i=20+0i | T
H 8 +0i (B+02+3)=16+24i| 16+24i/2+3i=8+0 H
P EXERCISE 1.5 _d
1. Plot the following points:

@ (2, 75 ) (ii) (—3, 120} (i) [2, E] ' -(ii?} (5, %)

5 ® . 2x ‘195! 5 5S¢
(v) ( 2 E) (vi) (—3, —?) (vid )( 12 ]("ﬂﬂ)(—i- E)

2.  Express ihe following complex numbers in pdlac Jorm:

@ 4+% ) 1+ tm} —+£: (iv) -%-%i
1-i B+ o 3+4i
== Vl
® 5 L5 J—i i 4+3i
3. Convert cach of the complex mmber z in the rectangular form x+iy:
® 4(ms3+isin£] (@) E{oos?—ﬂ smE)
3 q 2l 6 6
)23 . 117
(i) |2|=7,ﬂ'?(z)=i (iv) |z‘=ll,arg(z)=—ﬁ
) |z]';-1§; a:g(z)=-'f—2” (vi) 2 cos (-33) + i 2sin (-33)
4, IF31=9(was£+ﬁinsir) and z, = {msﬁ -+ igin— ]ﬂ:::.n find
4 4 3 3
§ o . Z
L z+z (i z-z (i) z-z, (iv} z_
2
5 ¥ z,:?[cmza—"r +;‘ui_1123 Jand z.—il[mn-”—+ ' llﬁ] then find the
12 12 12 12
following and cxpress the result inko x + 7y form
@ z+z () z-z (iii) 2z, ()




10.

11.

12.
13.

14.
15.

16.

17.

18.

19.

21.

22,

Ifz, :mdz2 are two mmplﬂxnumham, s]:mwﬂ:mt
() Adre(zz,) =drgz, +Argz, (i) Arg[z—l] =Argz —Argz,
2

Divide z, = 6(cos 150° + { sin 150°) by z, = 3{cos 30° + 7 sin 30°) and express in
x + iy form.

Multiply z; = 2{(cos 60" + i sin 60) and z, = 5{cos 90" + i sin 90°) end express in
x -+ iy form.

Find the modulus and argument of z=—2— 2},

Wiite the equation arg(z-2+i)=% in cartesian form, ifz=6®.

If 2= x+iv and arg| 2> 9—”,shnwﬂm .l:2+y"=-1;)1+2y—5=0.
z+1-2i

If z=x+iy and arg(z—2-3{)—arg(z+2+3i)=2% w that 2y =3x
Solve the equation |z— 24 = ‘z+ 2|for z=x Q‘}\?\
For z=x+iy, solwmneq.mum\sg;é:ﬁ 52-3+2i.
Determing the set of po x+iy that satisfy the equation
|32—2+:|=\3z+:|. Q
1=

Ifz=x+iyand w= —— that |w| =1 =z is real.
-5 |

Z
1fz andz, mf@tcumplummbmmmzﬂ— e
-Z2,|

An AC s@supphss a volape of F= m[mﬁ%+lmﬂi ]vo]ls to a circuit

with impedance Z = 1+;J_ ohms, Calculate the current in polar form,

An AC circuit has an impedance of Z = 3 — 6 ochms and is conmected to a voliage
source of V=90 + 30 volts. Find the current in both rectangular and polar form.
Encrypt the word "CODE" by multiplying the complex encryptionkey k=2 — 1.
Then decrypt it back to the original word.

Comsider the complex encryption key & = 3 — 3. Encrypt the word "QUIZ", and
then recover the original word using the inverse of the key.

Encrypt the word “CLASS" by adding the complex encryption key k=—-3 + 44,
Then decrypt it back to the original word.




